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Abstract: In this paper, we consider the discrete Legendre 

projection methods to solve the eigenvalue problem. Using 

sufficiently accurate numerical quadrature rule, we obtain the error 

bounds for gap between the spectral subspaces, eigenvalues and 

iterated eigenvectors for the eigenvalue problem in
2L  norm. We 

also obtain the superconvergence results for eigenvalues and 

iterated eigenvectors in discrete Legendre Galerkin methods. 

Numerical examples are presented to illustrate the theoretical 

results. 
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1. Introduction 

Consider the following integral operator  K  defined on 

]1,1[]1,1[2  CorLX  by 

            ]1,1[,)(),()(

1

1

 


sdttutsksKu . 

We are interested to find Xu such that 

)1(.1,  uuKu 

 

We cannot solve the above integral equations explicitly. So, 

many authors are interested to solve the above equations 

approximately to obtain the eigenelements. Some of the 

commonly used methods are projection (Galerkin and 

collocation), degenerate kernel methods, and Nyström 

methods to obtain the approximate eigenelements  of the 

eigenvalue problem of a compact integral operator K . In 

recent decades, spectral methods are being successfully 

applied in many fields.  

To solve the various integral equations and the eigenvalue 

problem, numerically spectral projection methods have been 

used by various researchers (see, [1-6]). Legendre spectral 

approximation method for eigenvalue problem of a compact 

integral operator is developed in [7]. In this paper, we use 

discrete Legendre spectral projection methods to solve the 

eigenvalue problem and evaluate the error bounds for 

approximate eigenelements with the exact eigenelements. 

The super-convergence results have been obtained for 

eigenvalues and iterated eigenvectors in discrete Legendre 

Galerkin method.hne 

We organize this paper as follows. In Section 2, we set up 

the abstract framework for the method and in Section 3, we 

discuss the discrete Legendre Galerkin and discrete Legendre 

collocation methods for the eigenvalue problem with smooth 

kernel. In Section 4, we discuss the convergence rates for 

eigenelements in the discrete Legendre projection (Galerkin 

and collocation) methods in 
2L -norm. In Section 5, we 

present numerical examples. 

 

We assume c is a generic constant throughout this paper.  

2. Abstract Framework 

Let ]1,1[2 L  be the space of complex valued square 

integrable functions with the inner product 

]1,1[,,)()(, 2

1

1

 


Lgfdttgtfgf , 

and
2/1

,2 fff
L
 . 

Let ]1,1[]1,1[ 2  LCX  be the space of complex 

valued continuous functions on ]1,1[ . Let 

)2(,]1,1[,)(),()(

1

1

 


sdttutsksKu

             

where the kernel XuCtsk  ]),1,1[]1,1([),(  and 

}.0{C Then K is a compact linear integral operator 

on ]1,1[C  and ]1,1[2 L . 

We are interested to Xu  and }0{C  such that 

                 

)3(.uKu                                           

Assume 0 be the eigenvalue of K with algebraic 

multiplicity m and ascent l . Let )(K  be a simple 

closed rectifiable curve such that }{)int()(  K , 

)int(0  , where )int(  denotes the interior of  . 

Since the above equations cannot be solved exactly, we are 

interested to use projection methods to solve the eigenvalue 

problem (3). To do this, we let }...,,,{ 10 nnX  be the 

sequence of Legendre polynomial subspaces of X of 

degree n , where }...,,,{ 10 n forms an orthonormal 

basis for nX . The i ’s are given by 
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,...,,2,1,0),(
2

12
)( nisL

i
s ii 


  

where iL ’s  are the Legendre polynomials of degree i . 

The Legendre polynomials can be generated by the 

following recurrence relation 

 

]1,1[,)(,1)( 10  sssLsL , 

and for  ,1...,,2,1  ni  

 

).()()12()()1( 11 siLssLisLi iii    

Since i  and j 's are polynomials, note that 

)4()()()()(, ,

1

1

jijijiji dtttdttt   


 

for  ....,,1,0, nji   Now to solve the eigenvalue problem 

(3) by using projection methods, i.e., Galerkin and 

collocation methods, we need to evaluate the integrals, which 

will appear due the inner products and the integral operator 

K . However, it is not possible to calculate the integrals 

exactly. So, we will replace the integrals with numerical 

quadrature rule and the method is named as discrete 

Legendre projection method. 

To do this, we approximate the integration by the following 

numerical quadrature rule: 

 

)5(),()(
)(

1

1

1





nM

p

pp tfwdttf   

        (5) 

where  )(nM is a constant depend upon n and 

(i) pw are the weights such that 

)6().(...,,2,1,0 nMpwp   

     

(ii) the above rule has degree of precision d which is  

     at least n2 that is 

)7(),()(
)(

1

1

1





nM

p

pp tfwdttf  

for all polynomial of degree dn  2 . 

From now onwards, we set .)( MnM  Using (5), the 

discrete inner product is defined by 

 

)8(]1,1[,,)()(,
1




Cgftgtfwgf
M

p

pppM

.     

Using (5), the integral operator K is approximated by the 

Nyström operator nK defined by 

 





M

p

pppn tutskwsuK
1

).(),())((         (9) 

 

 

For the rest of the paper we set the following notations.  

Let ]1,1[rC denote the space of r times continuously 

differentiable complex valued function on ].1,1[  

For ],1,1[ rCu  let 

                },1,max{ )(

,
riuu i

r



 

where 
)(iu denote the  i th derivative of  .u  Assume 

]),1,1[]1,1([.)(.,  dCk where  d   is the degree of 

precision of the numerical quadrature rule and 

.12  rnnd For fixed ],1,1[s we denote 

).,()( tsktks                  

)10(,2
1

1

1





M

p

pwds  

         

it follows that for ,...,,2,1,0 dj   

|)()(|sup)( )(

]1,1[

)( suKuK j

n
s

j

n



  

)(),(sup
1]1,1[

ppj

jM

p

p
s

tutsk
s

w



 



 

)(),(sup
]1,1[1

ppj

j

s

M

p

p tutsk
s

w







  

,2
,


j

ku             

  

where  )(max
,0],1,1[,

tk
ts

k sli

li

jlisj 







. Then 

)11(.

}0,)({max

,

)(

,









ukc

rjuKuK

r

j

n
jrn

                     

Also, for ,...,,2,1,0 dj  we have 

)12(.2

)()(max

)()(max)(

,

1

1
]1,1[

)(

]1,1[

)(



















uk

dttutk
s

sKuKu

j

sj

j

s

j

s

j

 

In the next theorem, the error bounds of  Nyström operator 

(9) with the integral operator K  defined in equation (2) are 

being quoted. 

 

Theorem 2. 1 [4] :  Let ]),1,1[]1,1([),(  dCk then 

for any ],1,1[ dCu we have 
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)13(,)(
,, 






dd

d

n ukcnuKK

 

where c is a constant independent of .n  

 

Lemma 2.2: [8] Let S is a relatively compact subset of a 

Banach space .X Let T and nT be the bounded linear 

operators from X into X . If  ,0TTn as 

n for each Sx , then ,0TTn uniformly 

for all Sx . 

 

3. Discrete Legendre projection methods: 

In this section, we will discuss on the discrete Legendre 

projection (Galerkin and collocation) methods to solve the 

eigenvalue problem of a compact integral operator with 

smooth kernel. To discuss discrete Legendre Galerkin 

methods first, discrete orthogonal projection operators have 

been introduced in the following manner. 

Discrete Legendre orthogonal projection operator: 

To discuss on the discrete Legendre Galerkin methods, we 

need to introduce the discrete orthogonal projection operator. 

Discrete orthogonal projection namely hyper interpolation 

operator n

G

n XXQ :  (Sloan [9]) is defined by 

)14(,,
0

, XuuuQ
n

j

jMj

G

n 


 

                       

for  ,...,,2,1,0 nj   and 
G

nQ  satisfy 

 

MM

G

n uuQ  ,,   for all nX . 

Now we quote some properties of 
G

nQ from [9, 4]. 

Lemma 3.1: Let n

G

n XXQ : be the hyperinterpolation 

operator defined as above. Then the following results hold. 

(i) For any Xu  

 

)15(.,min,
MXM

G

n

G

n uuuQuuQu
n







 

(ii) For any Xu , 

)16(,2
2 
 uuQ

L

G

n  

and 

0inf22 22


 Ln
XuL

G

n uuuuQ
nn

as n . 

(iii)  In particular, for ],1,1[ rCu and ,rn   

)17(,)(

2 

 rr

L

G

n ucnuuQ  

 

where c is a constant independent of .n  

 

Note that for any ],1,1[ rCu and ,rn  using 

Jackson's theorem  [10] and estimates (10) and  (15), we get 

)18(,2

inf

)}()({min

,min,

,

2/1

1

2/12

1

2/1
































r

r

X

M

i

i

i

M

i

i
X

MXM

G

n

G

n

ucn

uw

tuw

uuuQuuQu

n

n

n













 where c is a constant independent of .n  

 

Discrete Legendre interpolatory projection operator: 

Let }...,,{ ,10 n  be the zeros of the Legendre polynomial 

of degree n+1 and define the interpolatory projection 

n

C

n XXQ :  by 

      ,n

C

n XuQ        

)19(.,,...,1,0),()( XuniuuQ ii

C

n  

   

We quote some properties of 
C

nQ  [11, 2]. 

Lemma 3.2 : Let n

C

n XXQ : be the projection operator 

defined by (19). Then the following conditions hold: 

(i) ]1,1[,
2




CuucuQ
L

C

n , where c   is a 

constant independent of n . 

(ii) There exists a constant 0c such that for any            

Xu , 

.0inf
2




nasucuQu
nXL

C

n 


 

(iii) For any ],1,1[)(  rCu  there exists a constant c  

independent of n  such that 

.)(

2 

 rr

L

C

n ucnuuQ         (20) 

Remark:  If  1 nM and the quadrature points used 

in the discrete inner product (8) and the collocation nodes in 

(19) are the same, then  
G

nQ reduces  to 
C

nQ , i.e., in such 

case 
G

nQ  and 
C

nQ  are the same. 

For our convenience, from now onwards for this section, 

we set 
G

nn QQ  or
C

nQ  , according as the projection 

operator is taken to be the discrete orthogonal projection or 

interpolatory projection operator. From Lemma-3.1 and 

Lemma-3.2, we observe that 

     ,12 
 upuQ

Ln  

     ,0
2

 nasuQu
L

n  

for all ],1,1[Cu and for any ],1,1[ rCu  

     .
,2 


r

r

Ln ucnuuQ  

The discrete Legendre projection method for the 

eigenvalue problem (3) is 
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)21(,nnnnn uuKQ   

If nQ  replaced by  
G

nQ  , the above method leads to the 

discrete Legendre Galerkin method, whereas if nQ  is 

replaced by  
C

nQ  we get the discrete Legendre collocation 

method. The iterated eigenvector is defined by 

.
1~

nn

n

n uKu


  It follows that .~
nnn uuQ   

Theorem 3.3: nn KQ is   convergent to K   in 2L  

norm. 

Proof: To show nn KQ  is  convergent to K   in 2L  

norm, we need to show that  

(i) ,2 MKQ
Lnn   

(ii) 0)( 2 
Lnn KKKQ , 

(iii) 0)( 2 
Lnnnn KQKKQ , 

 as  n   [12]. 

Consider 

.12  nLnn KpKQ  

From Theorem - 2.1, we see that }{ nK converges to 

K pointwise. Thus }{ nK is pointwise bound. Since X  is a 

Banach  space, it follows that 2pKn 


, where 2p  is a 

constant independent of n  by using Uniform boundedness 

principle. This shows that ,2Lnn KQ  is uniformly 

bounded. 

By using the estimate (17), we obtain 

 

)22(.

)()(

.,

)(
2













ukcn

KucnKuIQ

r

r

rr

Ln

Next consider 

.)()()()(

)()(

)()(

tKuIQtuKKQ

tuKKQKQKQ

tuKKQ

nnn

nnnn

nn







 

Now using the estimate (16),  (22) and (13), we see 

)23(.,0

)()(

)()()(

,,,

2

222



















nas

ukcnukcn

KuIQuKK

KuIQuKKQuKKQ

r

r

rr

r

Lnn

LnLnnLnn

This gives that nn KQ  are point wise converges to .K  

Let }1,{  uXuB  be a closed unit ball in 

].1,1[C  Since K  is a compact operator, the set 

}:{ BuKuS   is a relatively compact set in 

].1,1[C Then by Lemma- 2,2, we have 

.0

}:)(sup{

}:)(sup{)(

2

22







nas

SuuKKQ

BuKuKKQKKKQ

Lnn

LnnLnn

Since nQ is uniformly bounded over BuuKn ,  and 

nK is compact, }:{ BuuKQS nn    is relatively 

compact set. Thus 

 

.0

}:)(sup{

}:)(sup{

)(

2

2

2









nas

SuuKKQ

BuuKQKKQ

KQKKQ

Lnn

Lnnnn

Lnnnn

 

Hence nn KQ  is  convergent to K  in 
2L     norm. 

This completes the proof.                                                      

Since nn KQ  is  convergent to K  in 
2L - norm, for all 

small n s, the spectrum of nn KQ  inside  consists of m  

eigenvalues, say mnnn ,,2,1, ....,,  counted accordingly to 

their algebraic multiplicities in side  . Let 

 

                      
m

mnnn

n

,2,1, ...
ˆ





  

denote the arithmetic mean and we approximate   by n̂ . 

Let 
S

n

S PP , and 
PS

nP ,
be the spectral projections of 

nnn KQandKK ,, respectively, associated with their 

corresponding spectral inside . Let  )(),( S

n

S PRPR  

and )( , PS

nPR be the ranges of  the spectral projections 

S

n

S PP , and 
PS

nP ,
,  respectively. 

If nQ  is replaced by ,G

nQ  
GS

nP ,
 will be the spectral 

projection, whereas if nQ  is replaced by ,C

nQ  
CS

nP ,
will be 

the spectral projection. Let  )( ,GS

nPR and )( ,CS

nPR be the 

ranges of  the spectral projections 
GS

nP ,
and 

CS

nP ,
,  

respectively. 

 

To discuss the closeness of eigenvectors of the integral 

operator K   and those of the approximate operators nn KQ  

recall the concept of the gap between the spectral subspaces. 

For nonzero subspaces 1Y and 2Y of X , let 

}1,:),(sup{),( 212212 
Lp yYyYydistYY , 

then 

)},(),,(max{),(ˆ
122212212 YYYYYY    

denotes the gap between 1Y and 2Y  in 2L  norm. 

Theorem 3.4 [13]:  Let )(, XBLKQK nn  with nn KQ  

is  convergent to K in 2L norm. Then for sufficiently 
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large n  there exists a constant c  independent of n  such 

that 

 

2)(

,

2 |)())(),((ˆ
LPRnn

SPS

n SKKQKcPRPR   

In particular, for any )( ,PS

nn PRu  , we have 

.|)(
22 )( LPRnn

L
n

S

n SKKQKcuPu   

 

Theorem 3.5: For sufficiently large n , there exists a 

constant  c  independent of  n such that 

 

2

2

)(

)())(),((ˆ ,

2

Lnn

Lnnn

SPS

nn

KKKc

KIQKcPRPRK




 

In particular, for any )( , PS

nn PRu  , we have 

 

.)(

)(

2

22

Lnn

Lnnn
L

nn

S

nn

KKKc

KIQKcuKPuK




 

Proof: Let nx  be arbitrary element of ).( , PS

nPR  We 

consider 

)24(.)()( nn

SS

nnn

S

n

nn

S

nn

xKPPxKPI

xKPxK





Using nn

PS

n xxP ,
the first term of the right hand side of 

the above equation, we obtain 

.)(

)(

)()(

2

2

22

,,

Lnnnnnnn

L
n

PS

n

S

n

PS

nn

L
n

S

nn
L

nn

S

n

xKQKKQK

xPPPK

xPIKxKPI







 

Since nn KQ  is uniformly bounded in 2L norm, it follows 

that 

)25(.)(

)(

)(

22

22

2

LnLnnn

LnnnLnnnn

L
nn

S

n

xKIQKc

xKQKKQK

xKPI







Now the second term of the equation (24) gives 

 

)26(.)()( 222 LnLnn
L

nn

SS

n xKKKcxKPP 

Since nx is an arbitrary element of 
PS

nP ,
and combining the 

estimates (24), (26) and (25), the result gives 

.)(

)())(),((ˆ

2

2

,

2

Lnn

Lnnn

SPS

nn

KKKc

KIQKcPRPRK




 

In particular, for any )( , PS

nn PRu  , we have 

.)(

)(

))(),((ˆ

2

2

2

,

2

Lnn

Lnnn

SPS

nn
L

nn

S

nn

KKKc

KIQKc

PRPRKuKPuK





 

 

This completes the proof.                                                  

 

Theorem 3.6:  [14] The following holds 

 

,)(

)(ˆ
2






KKQKKc

KKQKKQc

nnn

Lnnnnn

,)(

)( 2.






KKQKKc

KKQKKQc

nnn

Lnnnn

l

in
 

for ....,,2,1 mi   

4. Convergence Rates: 

In this section, we will discuss on various convergence rates, 

which helps to evaluate the error bounds of approximate 

eigenelements with exact eigenelements in the eigenvalue 

problem by using discrete Legendre Galerkin and discrete 

Legendre collocation methods. 

Lemma 4.1:  Let nK be the Nystrӧm operator defined by 

(9). Assume that ])1,1[]1,1([(.,.)  dCk  and 

,12  rnnd then 

                   ).()( 2

d

Lnn nOKKK   

Proof: By using equation (13) and (11), we obtain 

.

)(

2

,

,,















uknc

uKkcnuKKK

d

d

dnd

d

nn

 

Next, 

.

)()(

2

,

2











uknc

uKKKcuKKK

d

d

nnLnn

 

This completes the proof.                                                      

At first, we will evaluate the convergence rates by using 

discrete Legendre Galerkin methods. 

4.1 Discrete Legendre Galerkin methods: 

Theorem 4.2: Let K  be a compact linear integral 

operator with a kernel ])1,1[]1,1([(.,.)  rCk  

and
G

nQ   be the discrete Legendre orthogonal projection 

operator defined by (14). Then the following holds. 
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Proof: By using equations (12) and (17), we get 
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Using the estimates (13), (16) and (27), we obtain 
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By replacing u by Ku  in the above equation, we obtain 
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This completes the proof.             

 

Theorem 4.3: The following results hold. 
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Now by taking the supremum of the above equation, we 

obtain 
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Now using the above inequality, we obtain 
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Now by replacing u  by uK n  in the estimate (28) and using 

the estimate (11), we obtain 
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This completes the proof.                                                 

 

Theorem 4.4:  The following holds. 
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Now replacing u  by Ku in the estimate (29) and using the 

estimate (12), we get 
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Now the second term of the right hand side of (30) 
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Now by using the estimates (31) and (32) in (30), we 
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obtain 
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Now replacing u  by Ku in the above estimate, we obtain 

                 ).()( 2r

n

G

nn nOKuKQKK 


  

This completes the proof.                                                      

 

Next, we evaluate the error bound for eigenvector, iterated 

eigenvector and eigenvalues in the discrete Legendre 

Galerkin method. 

Theorem 4.5 :  Let X  be a Banach space and ,K  
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n KQ is  convergent to 
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This completes the proof.                                                     

 

Theorem 4.6:  For sufficiently large n , there exist a constant 

c independent of n such that 
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Proof: By using Theorem 4.3 and 3.5 with Lemma-4.1, we 
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This completes the proof.                                                      

 

Theorem 4.7: Suppose that  be the eigenvalues of K  with 

algebraic multiplicity m and ascent .l  Let 
G
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arithmetic mean of the eigenvalues 
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Proof:  By using Theorem -3.6 and Theorem -4.4    for 
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This completes the proof.                                                      

 

 

 

4.2 Discrete Legendre collocation methods: 

 

In this subsection, we calculate the convergence rates for 

discrete Legendre collocation methods. 

 

Theorem 4.8:  Let K  be a compact integral operator with 

the kernel  .1]),1,1[]1,1([),(  rCk r
 Then the 

following holds, 
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Proof:  The proof is similar to the proof of Theorem-4.2.  

Theorem 4.9: Let  K  be a ccompact linear integral operator 

with a kernel ]),1,1[]1,1([(.,.)  dCk and  
C

nQ  be 

the discrete interpolatory projection operator defined by 

equation (19). The following hold 
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Proof:  Using the estimate (20) and Schwarz’s inequality, we 
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Thus, 
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Now using the above inequality, we get 
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This completes the proof.                                                 

 

Theorem 4.10:  The following holds 
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Now by using Cauchy Schwartz inequality and the 

Theorem 2.1, we get 
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The proof completes by combining the estimates  (35),  (34) 

with  (33).                                                                          

Now, we will evaluate the error bounds for eigenelements 

using discrete Legendre collocation methods. 

 

Theorem 4.11:  Then for sufficiently large n , there exist a 

constant c independent of n such that 
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Proof: The proof follows directly from the Theorem- 3.4 and 

Theorem-4.8. 

 

Theorem 4.12:  Suppose that  be the eigenvalues of K  

with algebraic multiplicity m and ascent .l  Let 
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Proof:  The proof of this theorem is easy by using the 

Theorem-4.10 and Theorem -3.6.                                          

5. Numerical Results: 

In this section, we present the numerical results. Choose the 

approximating subspaces nX  to be the Legendre polynomial 

subspaces of degree less than equal to n. 

In Tables 1 and 2, we present the errors of approximated 

eigenelements with exact eigenelements in discrete Legendre 

Galerkin and discrete Legendre collocation methods in 
2L -

norm. We denote 
C

n

G

n

G

n uuu ,~, and 
C

nu~  are the eigenvector 

and iterated eigenvector in discrete Legendre Galerkin and 

discrete Legendre collocation methods, respectively. 

Let n


, be the exact eigenvalue and arithmetic mean of 

approximate eigenvalues, respectively. For different values 

of n , we compute 
C

n

G

n

G

nn uuu ,~,,,


and 
C

nu~ . The 

computed errors in 
2L  norm are presented in the following 

Tables. 

Example 1: We consider the eigenvalue problem 
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 ssudttutsk   

where the kernel .
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1
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ts
tsk
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             Table-1: Legendre Galerkin Method 

n  |ˆ| n   
2L

G

n

SG

n uPu   
2

~~
L

G

n

SG

n uPu   

2 8.087394e-06 1.567136e-03 2.097377e-05 

3 5.820741e-08 4.197827e-05 8.101305e-07 

4 4.232207e-09 7.533855e-06 1.994845e-09 

5 1.875486e-10 2.532415e-08 3.453123e-10 

6 1.078914e-12 3.547901e-09 2.526611e-11 

              Table 2: Legendre collocation Method 

n |ˆ| n   
2L

C

n

SC

n uPu   
2

~~
L

C

n

SC

n uPu   

2 7.456780e-05 4.777710e-04 1.726072e-05 

3 5.050314e-06 2.9525691e-04 7.824956e-06 

4 1.583437e-06 1.930987e-05 2.819752e-07 

5 1.494589e-07 1.252349e-05 1.653909e-07 

6 1.494589e-07 8.166315e-07 6.348285e-09 

7 2.410390e-09 5.459677e-07 4.73585e-09 
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