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Abstract: Suppose that T is a tree. AbuHijleh has shown that T 2 is
a divisor graph iff T is a caterpillar with djam(T) <5. In this paper

we characterize when T ® and T * are divisor graphs.

Keywords: tree, divisor graph, power of a graph, r-starlike tree.

1. Introduction

A graph G is called a divisor graph if there is a bijection
f .V (G) — S, for some finite nonempty set S of the positive
integers such that uv e E (G) if and only if ged(f (u),f (v))
=min{f u),f ¢v)}(This means yv cE(G) if and only if
f @)[f (v) or f ()[f (u))- The function f is called a divisor

labeling of G .
Moreover, for a finite nonempty set S of the positive
integers, the divisor graph G(S) of S has S as its vertex set

and two distinct vertices i and j are adjacent if i |jor jli . A
graph G is a divisor graph if G is isomorphic to G(S), for
some S. While the divisor digraph D(S) of S has vertex set
Sand (i, j) isanarcof p(s) iff i divides j. Inadigraph
D, a transmitter is a vertex having indegree 0, a receiver is a

vertex having outdegree 0, while a vertex v is a transitive
vertex if it has both positive outdegree and positive indegree
such that (uw)eE (D) Whenever (u,v) and ¢ w)eE (D). An
orientation D of a graph G in which every vertex is a
transmitter, a receiver, or a transitive vertex is called a
divisor orientation of G .

The length g(n) of a longest path in the divisor graph

whose divisor labeling has range {1,2,..,n} was studied

before [1-3]. The concept of a divisor graph involving finite
nonempty sets of integers rather than positive integers was
introduced by Singh, and Santhosh [4]. It was shown by them
[4] that odd cycles of length greater than three are not divisor
graphs, while even cycles and caterpillars are. Indeed, not
only caterpillars, but also all bipartite graphs are divisor
graphs, as shown in another study [5]. Divisor graphs do not
contain induced odd cycles of length greater than three, but
they may contain triangles, for instance, complete graphs are
divisor graphs [5].

The distance between any two vertices X and Y, is the

length of a shortest path between them. We denote this
distance by d, (x,y). The diameter of a graph G is equal to

sup{d, (x,y):x,y €V (G)},denoted by d, or diam(G). The

neighborhood of a vertex u is the set of all vertices that are
adjacent to u, we denote the neighborhood of uby N (u).
The k™ power of a graph G is denoted by G*, where the
vertex set of G* is v (G) and two vertices X and Yy are
adjacent if and only if d_ (x,y)<k. A complete
characterization of powers of paths, cycles, hypercubes,
folded hypercubes, and caterpillars that are divisor graphs
were studied before [6-10].

More results on divisor graphs can be found in [5, 11, 12].
For undefined notions and terminology, the reader is referred
to Agnarsson, & Greenlaw [13].

2. Preliminaries

The following two theorems were used in characterizing
divisor graphs, see [5].

Theorem 1. Let G be a graph. Then G is a divisor graph if
and only if G has a divisor orientation.

Theorem 2. Every induced subgraph of a divisor graph is a
divisor graph.

The following result was shown in [9], which determines
when some powers of a graph is not a divisor graph.

Theorem 3. For any integer k >2,if G is a graph of
diameter d > 2k +2, then G* is not a divisor graph.

In [6, 7], a full characterization is a divisor graph was
given when T2. We state this characterization in the
following theorem.

Theorem 4. Suppose T is a tree. Then T 2is a divisor graph
ifand only if T is a caterpillar with diam(T ) <5.

Next, we state the definition of the starlike tree.

Definition 1. A starlike tree T is represented by a
subdivision of the edges of a star graph into paths (call each
one of these paths a leg). Moreover, the starlike tree with
central vertex u, where deg(u)=rand legs are of lengths

a,..a, is called an r-starlike tree, see [14].
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3. Some Powers of Trees that are not Divisor
Graphs

Here we determine some powers of trees that are not divisor
graphs. We start with the following definition.

Definition 2. Let T, be the 3-starlike tree with central
vertex u and the set of vertices of T, | is u}U{a, b, @i =1...,
k -1 +3u{c, :i =1...,I}. Moreover, the legs of T , are

{a,..a .} {o,.b ..} and {,,...c,}. Note that, k and
| are positive integers with | _, {EJ and k >3, see

2
Figure 1.
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Figure 1: T

Theorem 5. Suppose that T is a tree containing an induced

subgraph which is isomorphic to T, , with | _, {EJ and
' L2

k >3, see Figure 1. Then T * is not a divisor graph.

Proof: We show that Tk'fl is not a divisor graph. Suppose that
D is a divisor orientation of Tkk,l , Where (b, ,,c,)eE(D).
Since b,_,.c, ¢ E(T,)wehave (b, ,)eE(D). We
get b..a)e E(D) because bk—l+1al EE(Tkk,l)- But
a b, ¢E (Tkk,l ), sowe get (a,_, ;.8 )<E(D).

Moreover, we get (a _,,c,)eE(D), because
¢E (Tkk,l ) & .G £ E (Tkk,l ), we
@.,.3,,,)e E(D). We get (a_ b)eE(D), because
a0 2ETY). But b, .a  ¢ET}), SO we get
®,,...b,)€E(D). Now, since b, a ¢E(T) We get
(&,b)eE(D). BUt(ak7|+1,a|)eE(D), &Y (@ ab)
< E (D), which is a contradiction. Hence, Tkk.l is not a

ak —Ibk -

Since must  have

divisor graph. Since T, is an induced subgraph of T then,

by Theorem 2, T ¥ is not a divisor graph.
Also, if diam(T )> 2k —2(I —1), then T * is not a divisor
graph. O

Definition 3. Let T be the 3-starlike tree with central vertex
U and diam(T,)>6,say d, where the set of vertices of T_ is
@yofa b, c i :11_.%}_ Moreover, the legs of T_ are

{a,...a,}, {o,,...b, 3, and {,....c,}, see Figure 2.
B B 2

2
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Figure 2: T,

Theorem 6. For the 3-starlike tree T _, TSd 2 s not a divisor
graph.

Proof: According to Figure 2 of T, it is easy to check that
the induced subgraph on the set {ag:ad 1,bg,bg_1,cg,cd }

2 2 2 2 2 2
in TS“‘2 is isomorphic to G, (see Figure 3). But, G, is nota

divisor graph, see [5]. So, Ts“*2 is not a divisor graph. O

Figure 3: G,

4. Characterizing when T ¥ is a Divisor Graph
for k =3 and 4

Let T be a tree, we decide when T, for k =3 and 4, is a
divisor graph. For k =3, we have two general subcases to
consider.

Theorem 7. Suppose T is a tree with diam(T )<5. Then T°

is a divisor graph.

Proof: Firstly, assume that diam (T ) =5. To show that T ° is

a divisor graph, we will assume that the vertices of T are
named as shown in Figure 4.

Figure 4: A tree T with diam(T ) =5

We give a divisor labeling f of T2, as follows:
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f(a)=p,, f (@) =pp,,

f@)=[]p.

f (a11) = le Pi; f (aiz) = pfl;[ Pi»
i=1 i=1

f(aﬁl)=pill_i[pi,

f (a21) = sz Pi;
i=1

f @) =ps]]p.,
i=1
f@)=p]]p:
i=1
f @)= T 070
i=1
f (o,) =0},
f (b21)=q2' T
f(by,)=0y,
f(bsl)=qs' e

_ |s i=r i=s
Fb,,)=0:, fe)=p]]a"

f (b,) =q1ﬁ P, li[qi" ,
i=1 i=1

I=r

t®,)=aT]p o’
i=1 i=1

f 0)=a; [ e []ar"
i=1 i=1

f@=a;[]p*[]a",
i=1

i=1

where, {p,}}= and {g,}'= are distinct primes. Hence, T* is

a divisor graph. By the work above and Theorem 2, we get
T3 isadivisor graph when diam(T ) <5. O
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Theorem 8. Suppose T is a tree with diam(T )=6 or 7.

Then T°® is a divisor graph if and only if the center(s) of
T has (have) degree two.

Proof: At first, assume that the center (a center) of T has
degree more than two. Then T has an induced subgraph
which is isomorphic to T, with k =3 and | =1. Hence, by

Theorem 2 and Theorem 5, T * is not a divisor graph.
Conversely, assume that the center(s) of T has (have)
degree two. To show that T* is a divisor graph, we give a
divisor labeling of T 2. This divisor labeling is similar to that
in Theorem 7.
If dian(T )=6, then we name the vertices of T as in

Figure 4 and add a vertex u between a and b . The divisor
labeling f of T2 is:

f (@) =p.,

f (a)=p/, f (@,)=p7p,,

f@)=nlp.,

ey

f@)=pi[ ] f @) =p[]p:

f (anl) = pllHlH Pi,
ey i1
f @) =p.p.[ [P,
i=1

f @) =p.p7 [P
i=1

f@.)=p.p.J]p:
i=1

i=r f b — ,
f @, )=pp [P bu) =0
i=1
f (blh):qlh,
f (b,)=0,, s
f (b,,) =0y,
f (b,,)=q,, s

f b — IS, i=s
ba)=a. f6)-p] ol
i=1
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f (0,)=pa,][a’
i=1
f (0,)=pas*[[a",
i=1
t ®)=pa [la [Te:,
i=1 i=1

f@)=pas [a" [Tpd,
i=1 i=1

where, {p,}5 and {g,}= are distinct primes. Hence, T * is
a divisor graph.

For diam(T )=7, we name the vertices of T as shown
in Figure 4 and add the vertices y, and u, between a and

b . A divisor labeling f of T3 is similar to the previous
case and we omit it. O

In the case of diam(T )>8, one can use Theorem 3 to get
T 2 that is not a divisor graph.

For k =4, we want to see when T * is a divisor graph.
First suppose that T is a tree with diam(T)=7 and T does
not contain an induced subgraph that is isomorphic to T, with
diam(T,)=6. In this case the general form of T is given in
Figure 5 and we name this general form by T_.

Figure 5: 7,

Lemma 1. Let T, be the graph given in Figure 5, then T_* is
a divisor graph.

Proof: We give a divisor labeling f of T_* as follows:
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f@)=p, f ) =p.p,,
f (u,)=p,p;,
fU)=p.p;, f(&)=p’p,,

f(a)=p"p,,
f (@) =p"?p,,

1

f (airl) — p11+r+r1p;, f (a21) — p12+r+r1 pé:

f (a,,)=p""""p,
""" | fa)=p = p
| fa)=p 5 pl
f @,,)=pa,p,, -
f @y)=Pacp,,
5 f (by) =0,
f@y)=pa* ps
f (b,)=0",
f (0,) =0,
f(b,,)=0%",

i=s
i

s
f g )=a",

S %
fb)= plpéqf qli:1 ,

i=t i=s
t 1+25,

DY
f (0,)=p,p07 g =

Mo f)=p"p;"
fb)=ppa<a =,

fuy,)=p""p,",

T I+§Ii

f,)= p1r+lp2 o
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I+§Ii iiti s—1+i§:si
fo)=p"p, " q7q, =,

I+ilI 1+ii:t, s—1+iis:si
fe)=p"p, " a,=a =,

I+§Ii t—1+i§:ti s—1+iis:si
f)=p"p,"q, "“aq 7,

i=l i=t

o I+Zli t+Zti s—1+i§si
f (b): p1 1p2 i=1 q2 i=1 q1 i=1 ,
r+l+iirrI I+§:Ii t+iitI s—1+i§:sl
f (V)Z p1 i=1 p2 i=1 q2 i=1 q1 i=1 ,

r+1+i§:ri | +§:Ii t+i§:ti s+i§:si
f (u): p1 i=1 p2 i=1 q2 i=1 q1 i=1 ,
where, {p, }=? and {g,} = are distinct primes. Hence, T_* is
a divisor graph. O

We get a similar result when diam(r )=6. The proof of

this result is similar to that of the previous lemma. We state
that, in the following lemma.

Lemma 2. Let T be a tree with diam(T)=6 and T does
not contain an induced subgraph that is isomorphic to T

with diam(T,)=6. Then T “is a divisor graph.

In the case, diam(T )<5, then T * is an induced subgraph
of T.* and hence T * is a divisor graph. We state this in the
following lemma.

Lemma 3. Suppose T is a tree with diam(T )<5. Then T *
is a divisor graph.

In Theorem 6, we have seen that T ‘% with diam(T,)

=d is not a divisor graph. Hence, we get the following
result.

Lemma 4. Suppose T is a tree with diam(T )=6 or 7 and
T contains an induced subgraph that is isomorphic to T,

with diam(T,) =6. Then T *is not a divisor graph.

We summarize all of these results in the following
theorem.

Theorem 9. Suppose T is a tree with diam(T )<7. Then

T * is a divisor graph if and only if T does not contain an
induced subgraph that is isomorphic to T_ with diam(T,)=6.

Next, we will discuss the case where diam(T )=8 or 9.
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Theorem 10. Suppose T is a tree with diam(T )=8 or 9.
Then T # is a divisor graph if and only if the center(s) of T

has (have) degree two and T does not contain an induced
subgraph that is isomorphic to T, with diam (T.)=6.

Proof: At first, assume that the center (a center) of T has
degree more than two. Then T has an induced subgraph

which is isomorphic to T, | with k =4 and | =1, then by

Theorem 5 and Theorem 2, T “is not a divisor graph. Also,
when T has an induced subgraph that is isomorphic to T_
with diam(T,) =6. Then, by Theorem 6, T * is not a divisor

graph.

Conversely, assume that the center(s) of T has (have)
degree two and T does not have an induced subgraph that
is isomorphic to T_ with diam(T,)=6. To show that T * is a

divisor graph, we give a divisor labeling of T *. This divisor
labeling is similar to the one in Lemma 1. We give this
divisor labeling for diam(r)=9. In this case we name the

vertices of T as shown in Figure 5 and add the vertices
c,and ¢, betweenV and U (c,eN (/) and c, eN (u)).

The divisor labeling f of T * is:

f(c,)=p, fu)=p7

f (@) =p?’, f (u)=p/p,,
f U,)=p,p,,

1+3

f ) =p;"p,, f (&) =p"p,,
f@)=p""p,,
fuy)= p1|+r+3p21 T

f (ulll) = p1|+r+ll+z P2 e

I+r+2+IZ:I:Ii
f (uu,)= p, P2
f@)=p,""p;.

f (a1r1): pll+r+2 ;Jrrl, ey

i=r

4y
f@,)=p""?p, =,
f (Vll):plqz’ e

f (Vltl):plq;l’ ey



66

iit- f (bll) =0,
f vy )=pd;" .

- f (blsl):qlsl,

S
fb,)=a"

i=t

f (bl): p1q;1 q;z1 )

i=t

> 1+iissi
f (bz): p;qui:1 q1 .

i=t

> s—1+i§:si
fb)=paa, "™,

i=t

>y s—1+i§:si
f@)=paaq 7,

1+§t, s—1+i§:s, LRRE]
f@,)=p7, Fq =,

1

t—l+§ti s—1+iZ:5:si AR ]
fe)=pa, “a 7,

i=t i=s
Y s-1+Y s
i=1

f)=pX4, T q =,

1

t+lit, s—1+§s,
f&)=p"pa, “a, ",

I+r+2+§li t+§ti s—l+i§:si
fe)=pp, g, Ta T,

where {p,}1-2 and {q,}:=? are distinct primes. Hence, T * isa
divisor graph.

In the case that diam(T ) =8, we name the vertices of T as
shown in Figure 5 and add the vertex ¢, between u and v .

A divisor labeling f of T * is similar to the previous case
and we omit it. a

Divisor Graphs and Powers of Trees

In the case of diam (T ) >10, one can use Theorem 3 to get
T * that is not a divisor graph.

References

[1] P. Erdos, R. Frued, N. Hegyvari, “Arithmetical
properties of permutations of integers”, Acta Math.
Hungar., vol. 41, no. 1-2, pp. 169-176, 1983.

[2] A. D. Pollington, “There is a long path in the divisor
graph”, Ars. Combin., vol. 16-B, pp. 303-304, 1983.

[3] C. Pomerance, “On the longest simple path in the
divisor graph”, Cong. Numer., vol. 40, pp. 291-304,
1983.

[4] G.S. Singh, G. Santhosh, “Divisor graph-17, Preprint.

[5] G. Chartrand, R. Muntean, V. Seanpholphat, P. Zang,
“Which graphs are divisor graphs”, Cong. Numer., vol.
151, pp. 180-200, 2001.

[6] E. A. AbuHijleh, “Characterizing when some powers of
a tree are divisor graphs”, Doctoral dissertation
submitted to the University of Jordan, 2013.

[71 E. A. AbuHijleh, O. A. AbuGhneim, H. Alezeh,
“Characterizing when powers of a caterpillar are divisor
graphs”, Ars Combin., vol. 113, pp. 85-95, 2014.

[8] E. A. AbuHijleh, O. A. AbuGhneim, H. Alezeh,
“Characterizing which powers of hypercubes and folded
hybercubes are divisor graphs”, Discussiones
Mathematicae Graph Theory, vol. 35, no. 2, pp. 301-
311, 2015.

[9] S. Aladdasi, O. A. AbuGhneim, H. Alezeh, “Divisor
orientations of powers of paths and powers of cycles”,
Ars Combin., vol. 94, pp. 371-380, 2010.

[10]S. Aladdasi, O. A. AbuGhneim, H. Alezeh,
“Characterizing powers of cycles that are divisor
graphs”, Ars Combin., vol. 97, pp. 447-451, 2010.

[11]S. Aladdasi, O. A. AbuGhneim, H. Alezeh, “Merger and
vertex splitting in divisor graphs”, Int. Math. Forum.,
vol. 5, no. 38, pp. 1861-1869, 2010.

[12]S. Aladdasi, O. A. AbuGhneim, H. Alezeh, “Further
new properties of divisor graphs”, J. Combin. Math.
Combin. Comput., vol. 81, pp. 261-272, 2012.

[13]G. Agnarsson, R. Greenlaw, “Graph Theory: Modeling
Applications, and Algorithms (1st ed.)”, Pearson
Education, 2007.

[14]M. Kobeissi, M. Mollard, “Disjoint cycles and spanning
graphs of hypercubes”, Discrete Mathematics, vol. 288,
no. 1, pp. 73-87, 2004.



