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Abstract: This paper contributes a scheme for solving linear optimal
control problem in systems run by Volterra integral equations. At
first, the original optimal control problem of Volterra integral
equations is transformed into an integral problem via the
Pontryagins maximum principle, and then, we applied homotopy
analysis method (HAM) to solve the integral problem. The
proposed method is compared with other methods. Numerical
results show that the HAM method is more powerful and faster.
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1. Introduction

The purpose of development of the theory of optimal control
was originally dealing with controlled ordinary differential
equations systems [1]. Ordinary differential equations cannot
adequately describe many physical, biological, technological,
and socio-economic problems. Volterra integral equations
can describe a broad category of systems. A class of systems
of controlled Volterra integral equations (VIES) can model
systems of controlled integro differential equations (IDES) or
controlled ordinary differential equations [2, 3].

To solve OCPs governed by VIEs different techniques
have been suggested during the past two decades. Some
studies, for example, can be mentioned such as the Schmidt’s
methods [4, 5], Belbas and Schmidt [6] and Belbas [7, 8]. In
this paper, we are going to solve Volterra optimal control
problems. To do so, we applied the HAM method to solve
the problem. This method has been successfully applied to
solve many types of problems [9, 10]. HAM is a powerful
and easy tool to use and does not require small parameters in
equations. In addition, it includes the h auxiliary parameter
which provides a simple way for us for adjusting and
controlling the convergence region solution series. This
paper includes the following parts: The Volterra optimal
control problem and some elementary related results are
stated in section 2. Section 3 is devoted to description of the
HAM method. In section 4, we discuss about the
convergence analysis of the method. In Section 5, we
demonstrate the accuracy of the method by considering two
test examples. Section 6 consists of conclusion.

2. Statement of the problem

Consider a controlled Volterra integral equation of the form

X(t) = x(a) + j; f(t, s, x(s), u(s))ds. 1

In such system, x(t) equals the n-dimensional continuous
state function, and u(t) equals the m-dimensional piecewise
continuous control function in a region U,u c r™M. It is

assumed that x(a) is fixed. In this paper, we consider the
following optimal control problem:

min j = f:F(t,x(t),u(t))dt, ©)
under the Volterra integral equation given by (1). We say
that a pair of functions (x, u) on [a, b] is an admissible pair if

X is a continuous function on [a, b] and u is a piecewise
continuous function on [a, b] with values in a region U,

U < R™, and the relations (1) are satisfied. We look for an
admissible pair (x*,u*) which solves the following problem:

min = f’ F(t, X(t), u(t))dt,

st x(t):x(a)+_[;f(t,s,x(s),u(s))ds. (3)

It is well known that the extremum principles give
necessary conditions for an optimal pair (x*,u*)of the
problem (3), so in the paper we adopt that the following
conditions are satisfied:

i) There is the continuity of the function f for all s, t with
s <t, together with some Lipschitz conditions to guarantee
the existence solution of equation (3), [11].

i) The partial derivatives f, and f exist and are
continuous, and for all t, swith t <'s, f(t, s, x, u) =0.
iii) F (t, x, u) is a smooth function.

Following [12], using the above assumptions, the
Pontryagin maximum principle can be stated as follows:
Suppose that the optimal control u*(t),a<t<b,and
corresponding trajectory x* (t),solve the problem (3). Then,
there exists a continuous real valued multiplier vector
A*(t), and a Hamiltonian H (t, X,u, A(.)) defined by
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H(t, x,u, A(.)) = F(t, x,u) +J;b f(s,t,x,u)A(s)ds,
such that,

1. The vector u*(t)maximizes the real valued function

H(t,x*(t),u,A())for almost all and hence
oH i whiehu* (i an | .
ELJ:U*(O— in whichu*(t)is an inner point of the

control setU .

for each t.

ey M
2. 420 = X lu:u*(t),x:x*(t)'

3. Basic idea of HAM

Given the following equation,

N[u()] =0, 4

where N is a non-linear operator, u(t) is an unknown function
and t represents independent variable. By generalizing the
traditional homotopy method, the so-called zero-order
deformation equation is constructed by Liao[13].

11— a)LLg(t; a) —ug (O] = ghHEON[4(t; )], ()

where g e [0,1] stands for an embedding parameter, h is for a
non-zero auxiliary parameter, H(t) is a function of non-zero
auxiliary, L is an auxiliary linear operator, U, (t) is an initial
guess of u(t)and ¢(t; g) function is unknown. It is worth

mentioning that, choosing auxiliary objects such as h and L
in HAM, is optional. At g = 0 and g = 1, we have

#(t;0) =u, (t)and @(t;1) = u(t), respectively. So, as the
embedding parameter g € [0,]]goes up from 0 to 1, the
solution ¢(t; () changes from the initial guess U, (t) to the
solution u(t).

Expanding ¢(t; Q) in Taylor series with respect to g, we
have

HED =0+ XU, 08" ©)

where

1 9"¢(t;0)
Up () = =20 | (7)
m! &g
The series equation (6) converges at q = 1, if the auxiliary
linear operator, the initial guess, the auxiliary parameter h,
and the auxiliary function are suitably adopted, then and we
have

() = Uy + Xty (1), ®

which based on Liao[9], is one of solutions of the original
non-linear equation. As h=-1 and H(t)=1Eq. (5
becomes

(L= a)L[4(t q) —u O+ aN[#(t )] = O, 9)

which is frequently applied in the method of homotopy
perturbation [14]. Based on (7), the zero-order deformation

equations may be resulted in the governing equations (5).
Define the vector

0 =, (0. ,1).. U, O} (10)

Differentiating Eg. (5) m times with respect to the
embedding parameter q and then setting g = 0 and finally
dividing them by m! we have the so-called mth-order
deformation equations

LU () = 2ol @] = HHOR, (U 1), (A1)
where
> 1 9"'N[g(t;q)]
Rm (U m—l) - (m —l)' aq m-1 |q:01 (12)
and
0, m<1],
& :{1, m>1. 3)

It must be highlight that U (t)for (m>1)is ruled by

linear equation (5) under the linear boundary condition from
the original problem that could be easily worked out by
symbolic computation software like Mathematica and Maple.

4. Convergence Analyses

In this part, we show that, the HAM solution series (8) is
convergent and it must be the solution of the suggested
problem.

Theorem 1: When the series

U ®+Yu, ), 14)

is convergent, if the high-order deformation equation (11)
under the definitions (12) and (13) governs U, (t), it must be

a solution of Eq.(4) [13].
Proof: Since, by hypothesis, the series is convergent, it
holds

s(t) = ium (®). (15)

So, the necessary condition for the convergence of the
series is valid, that is,

lim u,(t)=0.
Using (11) and (16), we have

AH O Ry U 0) = 2 L O~ 7385 (0] =

(16)

LNITHORPATINGIE an

LM D" (U ()~ 70t 2 ()] = LTI (U, ()] =0,

Since h# 0 and H(t) = 0, we must have
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SRy U)=0 8

1 0" Ng(t;q)]
R (unm ,=0. (19
2 (Un )= Z_l o ot k0 @
Generally, the original equation (4) is not satisfy ¢(t; q) .
Let &(t;q) = N[4(t; )],
denote the residual error of Eq.(4). Simply,
e(t;q) =0,

matches with the exact solution of the original equation Eq.
(4). As noted in the above, the Maclaurin series of the
residual error £(t; g) on the embedding parameter q is

® 1 Mgt © 1 dMN[a(t;
¥ L a(t q)| _ Y L [4(t; )]
m! 6qm m! 6qm

q=0 q=0"

m=0 m=0
When g = 1, the above expression gives, using (19)
0 m_ .
etg)= 3 02
m=om™ &M
As defined ine(t;q), we get the exact solution of the
original equation (4) if g = 1. Then, the series

U+ 3 U (),

must be the solution of the original equation (4). This ends
the proof. O

q=0

5. Applications

For assessing the accuracy and the advantages of HAM to
solve optimal control problems of Volterra integral
equations, the following examples will be considered. In all
of the test problems, the initial control has been set to zero.
All the computations have been done with Mathematica
software. We use the following notations in the Tables:

SD: Steepest Descent method, SDN1: Hybridization of
Steepest Descent and two-step Newton method stated at Eqs.
(12) based on Peyghami et al. [15], SDN2: Hybridization of
Steepest Descent and two-step Newton method are stated at
Egs. (13) in that study [15]. Let us set:

0
B M exO 0.u 0,29 ),
ou ou

e 010 =30, 0600 = 35,0

(20)

i

A0 (t) = le (t), are the control function, state function,
=0

and multiplier function in the ith—iteration of HAM method

respectively. For a given ¢ > 0, (x(') (1), u(') (t)) isan ¢ -
solution of problem (3), if Vi

()
I i I2< (21)

where|| . ||2 is L, —norm defined by
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On the other side, as stated in (12), we have

(M) A (i)
oH oH

~ 1dt. (22)

Example 1: Consider the minimization of the functional
1
3= [ @ -u+e*)dt,

subject to the integral equation

X(t) = j; (t(s) + tu(s))ds.

The Hamiltonian function can be stated as:

(23)

H(t) = tx(t) —u(t) +e®® + fi(s)(sx(t) +su(t))ds.

Let us suppose that u * minimize H. Using the maximum
principle, we express the necessary conditions for optimality
as:

A*(t) = @ _to Ll(sﬂ*(s))ds, (24)
2620 14 j (s1*(s))ds = (25)
X*(t) = jo (tx * (5) + tu * (s))ds. (26)

The analytical solution of the integral equation (24) may
be obtained as:

[
/1*(t)—t+e2[e2——»\/ erf(—) te 2+

EJﬂerf (%t)],

where

2
erf(z)_ﬁjoe dt.

So, from (25) we have

u*(t)== In[— —= j sA*(s)ds]. (27)
Now we should soIve the foIIowmg problem:

X(t) = j (tx(s) t( In[— _= j t/l(t)dt])j

Alt) =t + jt sA(s)ds, (28)

where the optimal control law is given by

u*(t) = —In[——— j sA(s)ds].

To solve the system (28) by means of homotopy analysis
method, we choose the linear operators

LilgGal=¢(a), =12

We now define non-linear operators as:

(29)
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N1[¢1,¢2]=¢1(I;Q)—
t 1.1 1p¢
L(t@(s:q)ﬁ(fn[;—ﬂs t¢2(t;q)dt])jds, (30)

N[ 1=, G-t~ [ s, (sq)ds. (3D)

Using above definition, we construct the zeroth-order
deformation equations

(l_ q) L1[¢1(t;q) —Xp (t)] = thHl(t)N1[¢l’¢2]!

(1-9)L,[¢, (t:a) - 4, (D] = ah,H, (N, [4,4,1.(32)

Differentiating EQ.(32) m times with respect to the
embedding parameter q and then setting g = 0 and finally
dividing them by m!, we obtain the following mth-order
(m > 1) deformation equation

L% () = 2w X2 (O = U H (DR, (X4), (33)
Ly [ ®) = ZnAn 1 O] = h,H, (DR, (441), (34)

where
_ 1 0"INjg, ]
|:zl,m (Xm—l) - (m _1)| aq m-1 |q:0’
_ 1 0"IN,[¢, 0]
Rz,m (lm—l) - (m —l)' 8q m-1 |q:0 '

Now the solution of the m-order (m >1) deformation
equations (33) and (34) becomes

Xm (t) = )(m Xm—l (t) + thl(t) R1,m (Xm—l)’
A (1) = X A2 (1) + 0y H, (1) Rz,m (Ans)-

By starting with an initial approximations

x,(t)=t, and  A,(t)=-5t%
and by choosing Hi =1,(i =1,2) we suppose
3 3
X(t) = D X, (1), A) = D A (1),
m=0 m=0

where the optimal control law is given by

u(t) :%In[%—% :S(Zim (s))ds].

For finding a suitable value of h, the h-curves of x(t) and
u(t) obtained form 3th-order HAM approximation are drawn
in Figures. 1 and 2 respectively.

Figures 3 and 4 show the state x(t) and the control u(t) for
3th-order HAM approximation. Also we compared the
results of HAM for u(t) with the analytical solution obtained
by (27).

(i)
Considering ¢ =10 30, the value of || aHa—u ||§
in each iteration have been shown in Tablel. Table 2
provides the errors between the exact solution u* and
approximate solution u, which is obtained from 3th-order

HAM for h =
formula:

lu-wi Pluo-ur@pe @9

The obtained values for J* from 3th-order HAM are given in
Table 3.

-0.3035728986424, with the following

o 4 ; T >
Figure 1. h - curve of x(t)

0.99
0.2 p

Figure 3. Approximation solution for x(t) with h=-1
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@
Table 1: || oH |5 for h =-0.3035728986424compared with the methods in [15]
Itr SDN SDN1 SDN2 HAM
1 1 1 1 -31
0.18599461% 10 0.185994612 10 0.185994612% 10 0.180937x10
2 0 0 0 -32
0.29258477210 0.29258477210 0.29258477210 0.846466x 10
3 0.29258477% 100 0.978499400« 10_1 0.978499400« 10_1 0.164841x10 32
4 083847258810 2 083847258810 2 083847258810 2
5 083847258810 2 046199496210 ° 079671488010 °
6 0.461993516« 10_5 0.2118656096¢10 14 0.601632398<10 10
! 027021430610 11
v Example 2
B minJ = [o () - u @)at,
-o0.24a [
oo F stx(t) = j(t) (tX(s) + tu(s))ds.
—0.26 [ The Hamiltonian function can be stated as:
oo H = tx(t) —u ) + JFA(s)(sx(t) + su(t)ds
-o0.28 | Let us suppose that u* minimize H. Using the maximum
\ principle, we express the necessary conditions for optimality
0.2 0.4 0.6 0.8‘ T 0-°° as:

Figure 4. Approximation solution for u (t) with h =-
0.3035728986424, solid line: analytical solution

Table 2: The errors of the actual and numerical control in

Examplel.

Method Errors
SDN 047973x10™ 8
SDN1 0.10391x10” 10
SDN2 0.23091x10 >
HAM 015216310 4

Table 3: Numerical results for cost functional J* in

examplel.
Itr J*
1 1.00427
2 0.825434
3 0.74411

A*(t) = %H :t+j,[l(sﬂ*(s))ds, (36)
AU (B) + [ (5A*(9)ds =0,  (37)

X*(t) = j; (% (s) +tu*(s))ds.  (38)

we should solve the following problem

X0 = [tx(s) +t(% [ tl(t)dt);]ds,

At =t+ [ sa(s)ds, (39)

where the optimal control law is given by

1 3
uxt) == j sA(s)ds | .
4%
For a proper value of h, the h-curves of u(t) generated by
4th-order HAM approximation, is extracted in Figure 5. The
aH® 5
value of|| T ||2 produced at each iterations together with

the corresponding iteration number of the algorithms are also
listed in table 4.
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Table 4. | %SI) ||§ for h = -1 compared with the methods in [15]
Itr SDN SDN1 SDN2 HAM
1 03454434 10" 0345443« 10" 03454434 100 0
2 0.2857226x 101 0.285722x 101 0.2857226x 101 0
3 0.1736043« 100 0.41128x 10_3 0.4342500x 10_1 0
4 0.411285x 10_3 0.12175x10 18 0.9061416x 10_7
5 0.261778x 10_8 0.139000x 10 19 0.1199313<10 15
6 011342010 18

. HAM method with the other solutions shows that the present

m

—2/ -1.5 -1 -0.5
Figure 5. h - curve of u(t)

0.2 0.4 0.6 0.8 1
Figure 6. Approximation solution for u (t) with h=-1

6. Conclusions

In this paper, the homotopy analysis method was proposed to
solve an optimal control problem of Volterra integral
equations. The comparison of the results obtained from the

method is effective and powerful. Illustrative examples have
been given to show the applicability and validity of the
method. We can choose the auxiliary parameter h to be
optimal to guarantee the convergence of series solution.
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