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Abstract: In this study, a steady stagnation point flow due to a
permeable shrinking sheet with the slip effects is investigated.
Employing similarity transformations, the governing boundary
layer equations are transformed into the nonlinear ordinary
differential equations. The transformed equations are figured out
numerically using the shooting method. Results show that dual
solutions for velocity and temperature distribution exist for a certain
range of the shrinking parameter. The results also indicate that the
skin friction coefficient and the local Nusselt number increase for
the upper branch solution as the suction parameter increases.
Meanwhile, for the lower branch solution, the skin friction
coefficient decreases and the local Nusselt number increases as the
suction parameter increases. It is also found that the velocity slip
and suction process delay the boundary layer separation whereas
the temperature slip does not affect the boundary layer separation.

Keywords: boundary layer, stagnation point flow, shrinking sheet,
slip effects, dual solutions.

1. Introduction

The boundary layer flow due to shrinking sheets is very
significant for many practical applications in advanced
manufacturing. It seems that the steady two-dimensional
stagnation-point flow towards a stretching sheet was first
investigated by Chiam [1] considering the strain-rate of the
stagnation-point flow and the stretching rate of the sheet to
be equal. Mahapatra and Gupta [2,3] studied the same
problem considering the strain-rate and the stretching rate to
be different. Weidman et al. [4] have pictured the forced
convection boundary layer flow past a semi-infinite plate
that concentrates the simultaneous effects of transpiration
and plate movement. Presently, the slip effects towards a
stretching or shrinking sheet have been the field of many
studies among researchers. Wang [5] investigated the flow of
a stretching flat boundary due to partial slip which is solved
by similarity transformation. Rosca and Pop [6] developed a
mathematical model to study the flow and heat transfer over
a vertical permeable stretching/shrinking sheet using a
second order slip flow model. They reported that the second
order slip flow model is requisite to anticipate the flow
characteristics accurately. Aman et al. [7] numerically solved
the hydromagnetic stagnation point flow towards a
stretching/shrinking sheet with slip effects on the boundary.
They described the effect of magnetic, slip and
stretching/shrinking on skin friction and heat transfer rate.

Furthermore, the behavior of flow and heat transfer over a
vertical shrinking sheet with suction was discussed by Rohni
et al. [8,9] involving exponential velocity and temperature
distribution. Suction or injection of a fluid through the
bounding surface, for example, in mass transfer cooling, can
significantly change the flow field and, as a consequence,
can affect the heat transfer rate at the plate. In general,
suction tends to increase the skin friction and heat transfer
coefficients, whereas injection acts in the opposite manner
(Al-Sanea [10]). Injection or withdrawal of a fluid through a
porous bounding heated or cooled wall is of general interest
in practical problems involving boundary layer control
applications such as film cooling, polymer fiber coating,
coating of wires, etc. The stretching/shrinking sheets are
relevant to many manufacturing industries, such as, paper
production, polymer processing, glass-fiber production, etc.
(Sparrow and Abraham [11]). It appears that flow towards a
shrinking sheet was widened by Bhattacharyya [12],
Bhattacharyya et al. [13], Bhattacharyya and Pop [14],
Bhattacharyya and Layek [15] and Bhattacharyya and
Vajravelu [16]. In the meantime, Vajravelu [17], Nazar et al.
[18], Nadeem et al. [19] and Rohni et al. [20] have explored
the flow and heat transfer over a stretching sheet under
different physical aspects by using the fourth-order Runge-
Kutta integration scheme, the Keller-box method and the
homotopy analysis method (HAM). Further, Bhattacharyya
[21] and Yao et al. [22] have contemplated the problem for
both shrinking and stretching sheets and walls, respectively,
with time dependent surface temperature and convective
boundary conditions. There are also several important
published papers on this topic, such as Seini et al. [23],
Makinde [24], Shateyi and Makinde [25], Makinde et al.
[26], Olanrewaju and Makinde [27], Rosca and Pop [28], and
Rosca et al. [29].

Motivated by the work reported by Weidman et al. [4] and
Bhattacharyya et al. [13], we extended the problem by
investigating the steady stagnation point flow over a
permeable shrinking sheet with velocity and temperature slip
effects. To the authors' present knowledge, this study has not
been reported in literature and it is hoped that the results will
serve as a complement to the previous studies as well as to
provide useful information for real applications.
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2. Basic Equations

Consider a steady, two-dimensional laminar flow and heat
transfer of a viscous and incompressible fluid near the
stagnation point past a permeable shrinking surface
coinciding with the plane y =0 where the fluid occupies the

upper half plane (y>0) as it is shown in Figure 1. Here y

is the coordinate measured normal to the surface of the sheet
in a vertical direction and the x coordinate is measured
along the surface of the shrinking sheet. It is assumed that
the shrinking surface has a variable velocity u,(x) and a

variable temperature T, (x), while the velocity of the flow
external to the boundary layer is u, (x) and the temperature
is T, .
v, (x), where v, (x)<0 corresponds to suction and

v, (x)>0 Under

assumptions, the governing boundary layer equations are
given as (Bhattacharyya et al. [13]):

It is also assumed that the mass flux velocity is

corresponds  to injection. these
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where u and v are the velocity components along x and y
axes, respectively, T is the temperature, « is the thermal
diffusivity of the fluid, x is the dynamic viscosity, v is the
M (x) and N(x) are
the velocity and temperature slip variables, respectively, and
A is the constant stretching (A >0) or shrinking (4 <0)

U, () T (x),

kinematic viscosity, p is the density,

parameter. We assume here that u, (X),
M (x) and N(x) have the following forms:

w

)=
(x)= ,/2 av(m+1)x*"? Al p (5)
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a, m, n and T, are positive constants, while

A(>0) and B(>0) are constant slip parameters, and the

constant ¢>0 corresponds to a stretching and c<0
corresponds to a shrinking sheet. Further, it is worth
mentioning that m=1 corresponds to the stagnation point

(x

cx", U (x)=ax"(x), T,(x)=T,+T,x"

where

flow, n=0 corresponds to the constant surface temperature
and n=1 corresponds to the linearly variation of the surface
temperature, respectively.

We introduce now the following similarity variables

2va " T-T
Vo1 (n). 0(n) T, -T,
. (6)
nt Ja(m+1)
n=yx? |—o—
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where  is the stream function which is defined in the
classical form as u=0w/oy and v=-0y/ox. Thus, we
have

u=ax"f'(n)
)

av(m+1) 12

) o [f(ny;‘_jnf'(n)}

where primes denotes differentiation with respect to 7.

V=—

Thus, we define v,, (x) as

av(m+1
v, (X) =~ % x("/2g (8)
where S is the constant mass flux parameter with S >0 for
suction and S <0 for injection. Substituting (6) and (7) into
(2) and (3), we obtain the following set of ordinary

(similarity) differential equations.
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Figure 1. Physical model and coordinate system
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subject to boundary conditions

f(0)=S, f'(0)=2+Af"(0), 6(0)=1+B&'(0)
f'(n)>1 6(n)—>0 as
where Pr=v/«a is the Prandtl number and A =c/a, where

A >0 for stretching sheet and A <0 for shrinking sheet. It is
worth mentioning to this end that Eq. (9) is the classical
(Falkner-Skan [30]) problem if A=A=S=0 where it is

(11)
17— o
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more convenient to put 2m/(m+1)=4. Thus, Eq. (9)
becomes

f"+ff"+p01-12)=0 (12)
subject to the boundary conditions of:
f(0)=0, f'(0)=f"(0
) =10
f'(n)—>1, as n—> 0

There is then a critical value g= /. ~-0.19884and the
solution of Eq. (12) is limited in the range of: S > £..

The quantities of physical interest are the skin friction
coefficient C; and the local Nusselt number Nu,, which are

defined as:
T Xq
C,=—%, Nu, = ———— 14
"opul k(T,-T.) )
where 7, is the skin friction or the shear stress along the
surface,q, is the heat flux from the surface of the

stretching/shrinking sheet and k is the thermal conductivity,
which are given by:

ou oT
I A
(anyO [ayjyo

Substituting (6) and (7) into (15) and using (14), we obtain

(15)

Re*C, = mT”f"(o)
(16)
ReY Nu, = — mTJrle'(o)

where Re, =u, (x)x/v is the local Reynolds number.

3. Results and Discussion

The system of ordinary differential equations (9) and (10)
along with the boundary conditions (11) was solved
numerically using the shooting method in Maple for
m=1(stagnation point flow), n=0(constant surface
temperature), n=1(linearly variation of the surface

temperature), constant suction parameter S(>0) and

shrinking parameter A(<0). In order to simplify the

calculations and to conserve space, we consider only the
cases m=1, n=0, n=1 and Prandtl number Pr=0.71 of
air, throughout the paper. The skin friction coefficient

Re’?C,, the local Nusselt number Re’’Nu, the
f'(7) and the dimensionless

temperature 9(77) profiles have been obtained and are

dimensionless velocity

illustrated in Figures 2 to 15. In order to verify the accuracy
of our present method, the values of critical values A, for
A=B=m=0 and several values of positive S (suction)
are compared with those reported by Weidman et al. [4] in
Table 1. Meanwhile, Table 2 shows the comparison of the

values of skin friction coefficient for different values of
shrinking parameter when A=B=S=0 (impermeable
sheet with no slip effects) and m=1 (stagnation point flow)
with the results obtained by Bhattacharyya et al. [13]. It can
be observed that both results are in very good agreement and
this gives assurance that our numerical results are accurate
and correct.

Table 1. Comparison of the critical values A for different
values of S when A=B=m=0

S A, (Present study) A, (Weidman et al. [4])
0.00 -0.3541 -0.3541
0.25 -0.5223 -0.5224
0.50 -0.7201 -0.7200

Table 2. Comparison of the values Re?? C, for different
values of 4 when A=B=S=0 and m=1

Present study Bhattacharyya et al. [13]

A First Second First Second

solution  solution solution solution
-0.25 1.40224 1.40224
-0.50 1.49567 1.49567
-0.615 1.50724 1.50724
-0.75 1.48930 1.48930
-1.00 1.32882 0 1.32882 0
-1.15 1.08223 0.11670 1.08223 0.11667
-1.20 0.93247 0.23365 0.93247 0.23365
-1.2465  0.58428 0.55429 0.58429 0.55429

Figures 2 and 3 show the variations of the skin friction
coefficient Re!?C, and the local Nusselt number Re"? Nu, ,
respectively, with shrinking parameter A4 for different values
of the suction parameter S . These two figures indicate that

dual solutions (upper and lower branch solutions) for Egs.
(9) and (10) with the boundary conditions (11) exist in the

range A, <A <0 (shrinking sheet), where A (<0) is the
critical value of A for which solutions of the boundary
value problem (9 - 11) exist. Unique solution exists for
A=274, and no solution exists for A <4 <0, where the

boundary layer separates from the surface of the sheet and
the solutions based upon the boundary layer approximations
are not possible for each value of S. In this case, the full
Navier-Stokes and energy equations have to be solved. It is

seen in Figures 2 and 3 that both Re!’C, and Re!’ Nu,

increase with the increase of the suction parameter S for an
upper branch solution. However, it is found that Re"?C,

decreases for the lower branch solution, but Re!® Nu,
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increases as the suction parameter S increases. Figures 2
and 3 also show that the suction parameter S delays the
boundary layer separation.
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Figure 2. Variation of Re’>C, with 4 for several values of
S when A=B=0.5, m=1
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Figure 3. Variation of Re?? Nu_with 4 for several values

of S when A=B=0.5, S=25 m=1, n=0 and
Pr=0.71

Figures 4 to 8 depict the variations of the skin friction
coefficient Re’?C, and the local Nusselt number Re!* Nu,

with shrinking parameter A for different values of the
constant velocity slip parameter A and constant temperature
slip parameter B. Here, in Figures 7 and 8, we have
investigated the effects of both parameters A and B at a
constant surface temperature (n=0). From Figures 4, 5 and
7, we found that the values of shrinking parameter || for
which the solution exist increases as the parameter A
increases. Hence, the velocity slip parameter A delays the

boundary layer separation. However, based on different
observations examined in Figures 6 and 8 the critical value

A, is the same (A4, =-6.9760) for any value of the
considered  parameter B(B=0,0.513). Therefore,

parameter B does not affect the boundary layer separation.
It is, however, worth mentioning that parameter B does not

affect the variation of Re?C, due to the decoupled
Equations of (9) and (10).
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Figure 4. Variation of Re’?C, with 4 for several values
of A when B=0.5,5=25 and m=1
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Figure 5. Variation of Re”? Nu_ with 4 for several

values of A when B=0.5, S=25, m=n=1 and
Pr=0.71
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Figure 6. Variation of Re?? Nu_ with 4 for several values
of B when A=0.5, S=25, m=n=1and Pr=0.71
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Figure 7. Variation of Re!” Nu, with 4 for several values
of A when B=05, S=25 m=1, n=0and Pr=0.71
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Figure 8. Variation of Re’> Nu_with 4 for several values
of B when A=0.5, S=25 m=1, n=0 and Pr=0.71

The velocity and temperature profiles for several values of
suction parameter S are depicted in Figures 9 and 10.
Meanwhile, the velocity and temperature profiles for several
value of positive constant velocity slip parameter A and
positive constant temperature slip parameter B are shown in
Figures 11 to 15. However, Figures 14 and 15 display the
temperature  profile  when  n=0(constant  surface
temperature). It is obvious that the upper branch solution
shows the thinner boundary layer thickness compared with
the lower branch solution. Figures 9, 10 and 15 show that the
boundary layer thicknesses decrease (upper and lower
branches) with the increasing value of suction parameter
S (Figures 9 and 10) and positive constant temperature slip
parameter B (Figure 15). This finding supports the fact that
a suction process on a laminar boundary layer reduces the
thickness of the boundary layer and makes the boundary
layer fuller near the wall. It can be seen that in Figures 11
and 14, the velocity and thermal boundary layer thicknesses
decrease for the upper branch solutions and increase for the
lower branch solutions with the increase of positive constant
velocity slip parameter A. It can also be illustrated that by
Figures 12 and 13, for both upper and lower branch
solutions, the thermal boundary layer thickness increases as
positive constant temperature slip parameter B increases. It
is also shown in Figures 9 to 15 that the boundary layer
thicknesses are much larger for the lower branch solutions
than for the upper branch solutions. These profiles support
the existence of the dual nature of the solutions presented in
Figures 2 to 8. They also satisfy the far field boundary
conditions (11) asymptotically.
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Figure 9. Velocity profile f'(7) for several values of S
when A =-0.5, A=B=05and m=1



Figure 10. Temperature profile 9(77) for several values of
S when 1=-05, A=B=05, m=1, n=0 and

Figure 11. Velocity profile f'(77) for several values of A
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A when 2=-5.0, B=0.5, S=25, m=n=1 and

~ A4=5.0,05,1.0
\
™.
- . R
e

x%““‘i‘:_\__
v

1-05,10,50 7
A=0.5,1.0,5 /{
2 // \
Ve
s
\ /
| 7/ A=-5.0.m=n=1
-4 \ 7
\ // —— upper branch solution
N 7/
b) R lower branch solution
-6 T T T T
0 1 2 3 4
n

Pr=0.71

24~
N
\ B=3.0,05,1.0
4 .
! N X
\\\ \
oA
T
-“\L“m__‘
o(n) o N =
//’\
B=0.5, 1.(),3.0/ A
e 4
14 /
s A=-5.0,m=n=1
s
// — upper branch solution

2 e

~ —— lower branch solution

T T T T T T T

] 1 2 3 4 3 6

n

Figure 13. Temperature profile 0(77) for several values of
B when 1=-5.0 A=05, S=25, m=n=1and

Pr=0.71
. ﬁ_}\ ———— upper branch solution
A
‘{{‘\ — — —— lower branch solution
y

A=-5.00m=1,n=0

A4=0.5,1.0,5.0

Figure 14. Temperature profile 9(77) for several values of

A when 21=-5.0, B=05,S=25, m=1, n=0 and
Pr=0.71

upper branch solution
064 \ — — — — lower branch solution

A=-50m=1,n=0

Figure 15. Temperature profile 6’(77) for several values of

B when A=-5.0, A=05,S=25, m=1, n=0 and
Pr=0.71
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4. Conclusion

The problem of stagnation point flow and heat transfer over
a permeable shrinking sheet with slip effects has been solved
numerically to exhibit the effects of the suction parameter on
the velocity and temperature distributions. From this study,
we can conclude that:

o dual solutions exist (first and second solutions) for a
certain range of the shrinking parameter,

e the suction parameter increases the skin friction
coefficient and the local Nusselt number for the
upper branch solution, while decreases the skin
friction coefficient and increases the local Nusselt
number for the lower branch solutions,

e the suction process reduces the boundary layer
thickness and delays the boundary layer separation,

e the wvelocity slip delays the boundary layer
separation. Meanwhile, temperature slip does not
affect the boundary layer separation.
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