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Abstract: In this paper, an effective operational method will be used
to determine the numerical solution of a specific Nonlinear
Fractional Volterra-Fredholm integro-differential (NFVFID)
equation. The method is based on CAS wavelets and Block Pulse
Functions (BPFs) and their operational matrices. The main
characteristic of this approach is to reduce a NFVFID equation to a
system of algebraic equations, which greatly simplifies the
problem. Also some numerical examples are provided to illustrate
the accuracy and computational efficiency of the method.
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1. Introduction

The aim of this work is to present a numerical method for
approximating the solution of the following Nonlinear
Fractional Volterra-Fredholm Integro-Differential (NFVFID)
equation:

D f(x) - 4, j:kl(x,t) F,(t,  ()dt

25 [ ks (G DF, ¢,  (©)dt = g(x),

with supplementary conditions:

@

fO0)=f,i=01,..,r-1, r-1<a<r, reN,

)
where D” is the Caputo fractional differentiation operator,
parameters A A, and functions

Kk (x,t), Kk, (x,t), R (t, T (1), F(t f(t)) and g(x) are
given functions in L*[0,1)* and L*[0,1), respectively, and
f(x) is the unknown function. Here, we assume that

F(t, f(0)=fA(1) and F(t, f(t))= f™2(t), where
0, and Q, are positive integers.

In recent years, it has turned out that many phenomena in
signal  processing, control  engineering [1, 2],
electromagnetism [3], biosciences [4], fluid mechanics [5],
electrochemistry [6], diffusion processes [7], dynamic of
viscoelastic materials [8], continuum and statistical
mechanics [9] and propagation of spherical flames [10] can

be successfully modelled by the use of fractional derivatives
and integrals. It is well known that the fractional order
differential and integral operators are non-local operators.
This is one reason why fractional differential operators
provide an excellent instrument for description of memory
and hereditary properties of various physical processes.
Motivated by increasing number of applications of fractional
differential equations, considerable attention has been given
to provide efficient methods for exact and numerical
solutions of fractional differential equations.

In general, most of the fractional integro-differential
equations do not have exact solutions. Particularly, there is
no known method for solving NFVFID equations exactly.
Therefore the numerical solution of these problems is very
important. However, there are a few methods for solving
these equations, numerically, and most of these methods
have been applied to the linear and non-fractional problems,
see [11,12,13,14,15,16,17].

In this paper, we will introduce a new operational method,
based on CAS wavelets and Block Pulse Functions (BPFs),
to solve NFVFID equations. The method is based on
reducing Eqg. (1) to a system of algebraic equations by
expanding the solution via CAS wavelets with unknown
coefficients. The main characteristic of an operational
method is to convert a differential equation into an algebraic
one. This method does not only simplify the problem but
also speeds up the computation. The sparse structure of the
operational matrices will simplify the problem and reduce
the solution procedure. It is considerable that, our method

can be easily applied for solving Eq. (1), when a € N.

The plan of this paper is as follows. In section 2, fractional
integral and differentiation operators, CAS wavelets, Block
Pulse Functions and some of their properties are introduced.
Section 3 introduces function approximations via CAS
wavelets and BPFs in the matrix forms. In Section 4, the
CAS wavelet operational matrix of fractional integration is
derived. In Section 5, the approximation of CAS wavelets
and BPFs and their operational matrices are used to reduce
Eg. (1) to a system of algebraic equations. The error analysis
of the method is discussed in section 6. In section 7 some
numerical examples are presented to show the convergence,
accuracy and advantages of the proposed method with a
comparison to other methods. There is a conclusion of the
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whole work in section 8. In appendices A and B, some
details of calculations related to sections 4 and 5, are given.

2. Preliminaries

In this section, we present some notations, definitions, and
preliminaries that will be used in the rest of the paper.

2.1 Fractional Calculus

There are several definitions of a fractional derivative of
order & > 0. The two most commonly used definitions are
the Riemann- Liouville and Caputo fractional derivative.
Each definition wuses Riemann- Liouville fractional
integration and derivatives of whole order. The Riemann-
Liouville fractional integration of order ¢ is defined as:

1 (x) = %j:(x—t)“l f(x)dt, x>0, 1°F(x) = f(x),

and the Caputo fractional derivative of order ¢« is defined
as DIf(xX)=1"“D"f(x), where D"

integer differential operator of order m and is the
Riemann- Liouville integral operator of order M—a with
m-1<a<m.

The relationship between the Riemann- Liouville operator
and the Caputo operator is given by the following lemma
[18]:

Lemma2.l If mM=1<a<m,meN,then:

DI1“f(x)= f(x),and:

is the ordinary

I m-a

m-1 k
19D f (x) = f(x)—Zf(k)(O+)%,x>O.
k=0 :

2.2 CAS Wavelets and Block Pulse Functions(BPFs)

Wavelets are special kinds of oscillatory functions with
compact support that are constructed by using dilation and
translation of a single function, called the mother wavelet,

denoted by y(X) and must satisfy in certain requirements.

If the dilation parameter is @ and translation parameter is b
, then we have the foIIowing family of wavelets:

!//a,b (X) :l a |

The CAS wavelets employed in this paper, are defined as:

-1/2

(2 ) abeR,a=0. ®)

. 1
22CAS (2x—n), if -+ <x<
Wom(X) = n )i 2"
0 otherwise,
where:
CAS,, (x) = cos(2mzx) + sin(2mnx),
and n=0,1,...2 -1,k eNU{0}, me Z.
Let wus introduce the following useful notation,

corresponding to CAS wavelets:

n+1

2¥2CAS, (n—2X), i

0 otherW|se.

& n,m (X) =

Definition 2.1 An m- set of Block Pulse Functions (BPFs)
over the interval [0,T) is defined as [19]:

LT (i+1)T .
boo=4t T SX<T 0 i=012...m-1,
0 otherwise,

with a positive integer value for m. In this paper, it is
assumed that T =1, so BPFs are defined over [0,1) .
Now we explain some applicable properties of BPFs:
- Disjointness :

by (b, () = {bio(x)' - ; 4)
« Orthogonality :
Um, i=j;
jlbi(x)bj(x)dx={ mis 5)
0 0, i+ ]

« Completeness:
Forevery f e L*([0,1)), the sequence {b}is complete if
jbif =0 resultsin f =0, almost everywhere.

Because of the completeness of {b (x)}, Parseval’s
I . 1, % g2 2
identity holds, i.e. we have Lf (x)dx =" f"Ph (x)P?,
for every real bounded function f (x)  L?([0,1)), and:

f=m j: b, (x) f (X)dx. (6)
* BPFs have compact supports, i.e.:
i+1

Supp(h (0) =[]

3. Function Approximation

The set of CAS wavelets forms an orthonormal basis for
L?([0,1)) . This implies that any function f(x) defined over
[0,1), can be expanded as:

£ =53¢, Wan(¥)

n=0meZ

oK g

= z Z Cannm(X)

n=0 m=—-M

=c"¥(x),
where C, . =< f(X),p, () >= Ef(x)z//n’m(x)dx, and

< f,g > is the inner product of the functions f and g, C
and ¥ are 2(2M +1)x1-vectors given by:
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C=[Co_m1Comstr---ComsCimr-+1Crpm b Gy o€

W(X) = [Wo Vo miar-Wom Wi mrWim IRRL Y

1-M""

Vo

Also from the orthogonality property of BPFs, it is
possible to expand functions into their Block- Pulse series

[19]. This means that for every f(x) e L*([0,1)), we have:
0= 1h(x) =B, (x) )
i=0

where:
f=[f, f,.., fm_l]T,

B, (X) = [0 (X), 0, (X),.... b, T
such that fi ’s, i=0,1,...,m—1, are obtained by Eg. (6).

From the above representation and disjointness property, it
follows that:

bo(x) 0 ... 0
Bn (0B (X) = 0 bl'sX) 0 @)
0 ve 0 bpy(®
Bh(\)Bn(x) =1,
and:
B, (x)B(xa=2aB,(x), (8)

where @ isan M -vector and a = diag(a).
Moreover, we can clearly conclud that for every mxm
matrix A:

Bl (X)AB,,(x) = ATB,, (), 9)

where A is an M -vector with elements equal to the
diagonal entries of matrix A.
Notation. From now on, we define m’=2X(2M +1),

where k, M e NU{0}.

4. Operational Matrix of Fractional

Integration

There is a relationship between BPFs and CAS wavelets.

Providing some calculations outlined in appendix A, we have
found:

¥(X) = @B (%), (10)

The Block Pulse operational matrix of fractional

integration F“ is given as follows [20]:

(1“B,)(x) = F*B,, (%), (11)

where:

Kam

1M

T 1 & & & .o &y
I 0 1 & & o &
P11 0 0 1 é ém_s’
m' T(a+2)
00 0 1 &
0 0 O 0 1

and gk - (k +1)a+1_2ka+1+(k _1)a+1.

Remark 4.1 For =1, F* is the BPF’s operational
matrix of integration.

Let:
(1%, )(x) = Py

'xm

¥ (), (12)
where matrix p2_ is called the CAS wavelet operational

matrix of fractional integration. Using Egs. (11) and (12), we
have:

(1% ) () = (1D, By )(X) = @y (1°B iy )(X) = @y, iy F By (X).
(13)
By Egs. (13) and (14), we get:
P ¥ () =@ F“B_(X).
Therefore, the CAS wavelet operational matrix of fractional
integration P2 __ is given by:

m'xm’
a — aan-1
Pl =P P

m'xm’*

m'xm

5. Analysis of the Method

Consider Eq. (1), two variables functions
k. (x,t) € L*([0,1))* ,r =1,2, can be approximated as:
KoM 2Kka oM

K, (x,)= zz n;”fZMkri,,-wn,.l OO, ),
for i=n@2M +1)+L,+M +1, j=m2M +1)+1,+M +1,
or in the matrix form:

k. (x,1) =P (X)K, (1), (14)
where Kk =[kr jand kr, =< l/’n,|1(x),< kr(X,t),l//sz (t) >>,
for r =1,2. The right hand side of Eq. (1) can also be written

as:
g(x) =g"¥(x). (15)
Remark 5.1 CAS wavelets cannot be used directly for
solving  differential  equations because of their
discontinuities. There are two possible ways to overcome
this problem. The first possibility is converting the
underlying differential equation into an equivalent integral
equation and approximating the solution by truncated
orthogonal CAS series and using operational matrices of
integration to eliminate the integral operators. The second
possibility is to expand the highest derivative term,
appearing in the differential equation, into the CAS wavelet
series.
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So, let:
DY f (x) =c"W(X). (16)
By using lemma 2.1, Egs. (13) and (17), we have:
m-1 k
() =CPE W)+ FO (0*)%. (17)
k=0 .

Hence, substituting the supplementary conditions (2) in
(17) and approximating it via CAS walelets, we get:

)= (€7 Py +¢, ) (), (18)
where C, is an m’ -vector. According to Eq. (11):
f(x)= (P2, +¢,)®,,..B, (X). (19)

Define:
a= [a‘O’ ai""' am’—l] = (CT Pn?:'xm' + ClT )(I)m’xm" (20)
By some calculations which are mentioned in details in
appendix B, we will have:

[l DL f OF dt = N8B, (4), 22)
m
and:
J.Oxkz(x,t)[f ®]2dt= ATB_(x), (23)
where:
N = ((I)-rrn'xm’Kl(I)m’xm’ aql)T ’
aq =[ad,a/,..,a’ ],

and A is an M -vector whose elements are equal to the
diagonal entries of the following matrix:

A=o],  K,®  diag(@,,)F".

Now by substituting approximations (16), (17), (22) and
(23) into Eq. (1), we obtain:

m’xm’

D, B, ()~ 4 —NB, ()~ LA, () =g' DB, (X).
m

(23)
According to orthogonality of BPFs, we have the
following nonlinear system of algebraic equations:

1 ~

CTq)m’xm’ _ﬂl — N _/12AT = gT(I)m’xm" (24)
m

By solving this system, with respect to the unknown

vectorC' , the approximate solution of Eqg. (1) will be
obtained according to Eq. (17).

6. Error Analysis

Theorem 6.1 [21] A function f (x) € L?[0,1] , with bounded
second derivative, say Hf (X)H <N , can be expanded as an

infinite sum of CAS wavelets, and the corresponding series
converges uniformly to f (x), that is:

£ =35, Wan(¥)

n=0mezZ

We can easily check the accuracy of the method. Since the
truncated CAS wavelet series is an approximate solution of
Eg. (1), the resulting equation, (24), must be satisfied
approximately in the main equation, that is for x €[0,1):

R, (x) = ¢" @, B, (X)~ 4 —NB, (¥)
m

~2,ATB () -0"®, B, (X)]
~0.

Set X =X;, our aim is to have R (x,) <10'%, where I is
any positive integer. If we prescribe Max{r}=10", then we
increase m’as long as the following inequality holds at each
point x :

R, (x)<10",
in other words, by increasing m'the error function R (x;)

approaches to zero.

k=2, M=1
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1
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=

w
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=
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Output raspanss f (x)
o
&

o
h

op—"" Q

] 02 04 0.8 08 1 o 0z 04 08 08 1
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Figure 1. The comparison between approximate and exact
solutions of Exmple 7.1 for some K and M, with ¢ =1.

7. Numerical Examples

To illustrate the effectiveness of the proposed method,
several test examples are carried out in this section. Note
that:

ew 00, = ([, (00" = (32 1))

where e (x) = f(x)—f, (%), i=01,.,N, f(x) is the
exact solution and f_(x) is the approximate solution which
is obtained by Eq. (17).

The computations associated with the examples were
performed using Matlab on a Personal Computer.
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Table 1. The comparison between the approximate solutions
and the exact solution (Example 7.3)

Exact Presented | Presented mi':r::j d Adomian's
X solution method | method 2] method [23]

(k=4,M=1)|(k=5,M=1) (M=16) (m=16)

0.0 { 1.000000 | 0.999210| 0.999803| 1.000000| 1.000000

0.1 { 0.995004 | 0.994216 | 0.995507 | 0.995141| 0.994951

0.2 | 0.980067 | 0.982054 | 0.981213| 0.975784 | 0.980303

0.3 | 0.955336 | 0.952894 | 0.953794 | 0.960386| 0.955685

il T . 0.4 | 0.921061 | 0.925488 | 0.919364 | 0.918443 | 0.921165

° o oz os oty f o o oe ! 0.5 | 0.877583 | 0.861828 | 0.869898 | 0.862193| 0.877048

. . . . 0.6 | 0.825336 | 0.819314 | 0.827871| 0.828963 | 0.822596
Figure 2. The comparison between approxmate solutions of 07 1 0764842 | 0.770616 | 0.768348 | 0.752929 | 0.755333
Exmple 7.1 for some 05<a <1, with k=5 and M =1. 0.8 | 0.696707 | 0.690310 | 0.692816 | 0.710418| 0.667739
Example 71 Error! Reference source not found. 0.9 | 0.621610| 0.630059 | 0.618108 | 0.617232| 0.547241
1.0 | 0.540302 | 0.549002 | 0.542915 | 0.566917 | 0.364798

Consider a NFVFID equation, as follows:
a 1e s 1ex oo _ 25
D*f(x)—zj.otf (t)dt+§joxf (tydt = g(x), (25)

0= y2x— L, with the initial condition
10 10

f(0) =0, and the exact solution f(x) = x?, in the case ¢ =1
. A comparison between the CAS wavelets solutions with
some K and M, beside the approximate solutions and the
exact solutions, are shown in Figure 1. Also, Figure 2 shows
the numerical results for k =4, M =1 and various 0< ¢ <1.
The comparisons show that as «—1, the approximate
solutions tend to f (x) = x?, which is the exact solution of the
equation in the case « =1. Table 2 presents the 2-norm of
the absolute error in the case of ¢ =1.

Example 7.2 [22-23] For the following nonlinear integro-
differential equation:

D f (x) + j:scos(x—t) f2(t)dt = sin(2x), (26)
with the initial condition f(0) =1, and in the case o =1 the

exact solution is f(x)=cos(x). Table 2 presents the

comparison of the numerical solutions with the presented
solution and figure 3 gives a comparison between the
approximate solutions and the exact solution with some k
and ™ .

where

Ouputresponsef (x)

Ouputrezponzaf (x)
e 8 o o

Output resporee f(x)
2

Outpit rezparea fx)
s e o o

Figure 3. The comparison between approximate and exact
solutions of Exmple 7.2 for some k and m, with o =1.

k=2, M=1 k=3, M=1

Approximate selution
Exact Solufion

Approximate Solufien

——— Exact Solution

Output respanse fx)
Output response [x)

Output respanse | fx)
Output responze f {x)

o 02 04 06 08 1 0 02 04 08 08 1
x (Sec) x (Sec)

Figure 4. The comparison between approximate and exact
solutions of Exmple 7.3 for some k and M .

Example 7.3 Consider the following nonlinear integro-
differential equation:

D1 (1) - [t @Fde- [T OF =900, @7)

where: 1 83 x  x3(6x* -15x+10),
= — —2/X)— —
9() 1 (3 X X) 1260 30
F(E)

with the initial condition f(0)=0, and the exact solution
f(x)=x*-x. Table 1 and figure 4 show the comparison
between the approximate solutions and the exact solution.

Table 2. The 2-norm of the absolute error.

Examples| [El,:(k=3 M =1) | [E],.(k=4, M =1) | |E],.(k=5 M =1)
Example

, 71 ) 1.693401e-005 | 2.689175e-006 | 9.968712e-008
a =1

Example

( 7.2 ) 1.001033e-005 | 2.498805e-006 | 6.243634e-007
o =1

Bxample | 1.814125¢-004 | 9.614030e-005 | 4.942423e-005
Ex‘;jp'e 1.184921e-004 | 6.636244e-005 | 3.507248e-005
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k=4, M1
T

Output resparss f (x)

L L 1 . . L L
01 02 03 04 0.5 0.6 07 08 02 1
* [Sec)

Figure 5. The comparison between approximate solutions of
Exmple 7.3 for some 0.25<a <0.75.

Example 7.4 For the following nonlinear integro-
differential equation:

1
O (x)— jo(x+t)2 f3(t)dt — j:xztf 2W)dt = g(x),  (28)
where:
_ox*® 3x® sx® x” 15x* x* X! X 1
gr=- 42X 22 P X P X o
8 7 8 2 64 16 128 5632 11264
with  the initial  conditions

1 3
fO=-5. =7
,f"(0)=-3, f""(0)=6and the exact solution f(x):(x—1)3'

2

the comparison between the CAS wavelets method, with
different values of K and M, beside the exact solutions, are
shown in table 3 and figure 4.

k=3, M=1 k=4, M=1

Approximate Solution
Exact Solltion

Approximate Solution
Exact Solutian

Output response 1 (x)
Output rezponse 1 (x)

0 0z 04 05 [E) 1 o 02 0.4 0% 08 1
x (Sec) x (Sec)

k=6, M=1

Approximate Solution
Exact Salution

k=5, M=1

Approximate Solution
o Exact Solutian o1

Output respansa f (x)
Output respansa f (x)

1 0 02 04 06 08 1
% (Ses)

% (Sec)

Figure 6. The comparison between approximate and exact
solutions of Exmple 7.4 for some k and M .

8. Conclusion

A numerical scheme, based on operational matrices of
integration for CAS wavelets and BPFs, transforms a
fractional nonlinear Volterra-Fredholm integro-differential
equation to a set of algebraic equations without applying any
projection method. Solving this system by an iterative
method gives an approximate solution which is a linear
combination of m=2@2M+1) CAS wavelets. The

applicability and accuracy of the method are checked by
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some examples. In these examples the approximate solutions
are briefly compared with the exact and approximate
solutions obtained by the other methods.

Increasing the number of CAS wavelets over [0,1),

decreases the error of the solution rapidly. To show its
convergence and stability, the current method can be run
with increasing m, until the computed results have
appropriate accuracy. The advantage of this method is the
low cost of setting up the equations without using any
projection or collocation method and integration. The most
interesting ability of this method is that, it can be simply
applied to the cases where « is integer which is observed in
the numerical examples.

Appendix A: Expanding CAS Wavelets Via BPFs

First, let us introduce the following useful notation,
corresponding to CAS wavelets:
. N n+1
~ 2¥2CAS (n—2%x), if —<x< :
4 n,m (X) = m ( ) 2k 2k
0, otherwise.

Eq. (7) implies that CAS wavelets can be also expanded into
an m’-term BPF as:

!//nm(x) = riflbl (X)

By using the properties of CAS wavelets and Eq. (6), we
get:

f=m [y ()i
i+1

m'’ - i -
m{v/nm(W) - l//nm(W)}!

for:
i=n@2M +1),...,n(2M +1)+(M -1),n2M +1) + (M +1),...,(n+1)(2M +1)-1.

Note that for i=n(2M +1)+M, We have f =2 and
otherwise f =0. Therefor, we get:

i+2M, -~ i+2M+1
)V (—— )
m m

m' U NPT S
Vo0 = —100,..0y () =¥ ()W
2 m m

1
M7z eme)

nm(

0,...,01B,,(x),
where j =n(2M +1), n=0,1,....2*-1 and m=—-M, ..
Hence:

+M.

‘P(X) = (Dm’xm’Bm’(X)l (29)
such that @, =Diag(®,, ®,,... D, ), and @  for
n=0.1,...,2"-1 is a (2M +1)x(2M +1) matrix which is

introduced as:

D wlh W*Zx”)”
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1 1 i 23k/2+17z, i i
-M -M+1 7 -1 m’ -1 M
/ 1 1 i 23k/2+l7z_ i i
=T l-M -M+1 7 -1 om 1 M
| S |
1 1 1 23k/2+17z_ 1 i
-M -M+1 7 -1 m’ -1 M
- T
{i}n (X) = l/7n,—M (X) &n,—Mﬂ(X) Vim (X)

Appendix B: Expanding the Integral Part of the Main
Equation Via CAS Wavelets

According to Egs. (19) and (20), we have
f(x)=aB,, (x). From the disjoint property of the BPFs, we
get:
[f () =[aB, ()’

=[aghy (X) +ayb, (X) +...+a,,_,b, 4 (X)]?

=a2b, (X) +a2b, (X) +...+22 by, (x)

= aZBm’ (X)v
CHRT Y |

It is easy to show by induction that:

where 3, =[a?,

[f (0] =[ad,a%,...,a% ,]B,, (x) =34 B, (x), (30)
where:
aqg =[ad,a’,...,a’,1, (31)
Using Egs. (11), (15) and (31), we will have:
jk (x,O)[f ()] dt = J"I’T(X)K (1B, ()2 4 d
= j:\lﬂ (K, @B, (DB ()3 4 d
=¥ (K, D, j B, ()B ()3 o d (33)

Applying properties (4) and (5), we simplify the integral
part of (33) as:

b, (t) 0 | at
b1 ® afi
B, (BL (&, dt=: g C Dt
J‘O m’( m L - o . :
O bm’—l (t) ailv,l

= ﬁa&lb (t). 2, (1), a% b, (O] dt

q
-_[ao' R |

1.
= Waqu.
Thus in (33), we have:

j:kl(x,t)[f(t)]qldt;— TOOK @, g, (34)
or.
[ (O 1" dt = BL (007, KD By

1 -

7((Dm 'xm’ Klq)m'xm' aql) Bm'(x)

m'’

= i NB,, (X). (35)
m

Also the second integral part of Eqg. (1), by the following
process, can be written via CAS wavelets. Using Egs. (11),
(15) and (31), we will have:

jk (x, [ ()] dt —jqﬂ (K, ¥(®B, (1)@, d

:LX\I'T(x)chp B, (DBl ()3 o, d

=¥ (KD, j B, (B ()3 4, d (33)
Using Eq. (8), we simplify the integral part of (36) as:

joXBm, (0BT (t)a" 4, dt = joxdiag (34,)B, (t)dt
= diag (3, )| B, (t)dt

= diag (5q2 YF'B,, (%).
Thus in (36), we get:

[l (OLF O] dt = ¥T (K@, diag (Bq, )F'B,, (X)

=Bl ()@, K, @, diag(ds,)F'B,, (X) = AT, (X),

(34)

where A isan M -vector with elements equal to the
diagonal entries of the following matrix:

A=o; K,®  diag(@s)F".
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