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Abstract: The research on prime numbers is an interesting topic in 

Analytic Number Theory. The Fibonacci sequence is one of the most 

popular sequences in mathematics. In this paper, we will discuss the 

prime numbers of the Fibonacci sequence, which we call Fibonacci 

primes. The goal of this paper is to prove that starting with F5 = 5 , 

all the Fibonacci primes p  are satisfied with p º1 mod4( ) , on 

the basis of the Pythagorean theorem. 
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1. Introduction 

The Fibonacci sequence (sometimes called Fibonacci 

numbers), which is named after Leonardo Fibonacci (c.1170 – 

c.1250), are the numbers in the following integer sequence: 

 1,1,2,3,5,8,13,21,34,55,89,144,  

In some cases [1], the first two numbers in the Fibonacci 

sequence are 0 and 1. It depends on the chosen starting point 

of the sequence. In this paper, we choose the first two 

numbers to be 1 and 1, since it relates immediately to the 

rabbit family size. 

 

The constitution of the sequence is such that each subsequent 

number is the sum of the previous two. In mathematics terms, 

the sequence Fn  of the Fibonacci numbers is defined by the 

recurrence formula 

Fn = Fn-1 +Fn-2
 

with initial values [2] 

F1 =1,F2 =1. 

 

There are some interesting identities on Fibonacci numbers. 

For example, since 
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we have 

Fn+1Fn-1 -Fn
2 = (-1)n. 

Also, there exists  

Fn+3

2 = 2Fn+2

2 +2Fn+1

2 -Fn
2. 

 

The common item equation of the Fibonacci sequence is 
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Several methods can be used to get this equation [3]. It is 

known that the Fibonacci sequence is closely related to golden 

ratio [4]. 

 

The Fibonacci numbers are also closely related to Lucas 

numbers, since they are a complementary pair of Lucas 

sequences [5], [6]. 

 

There are many applications of the Fibonacci sequence, 

including computer algorithms such as the Fibonacci heap [7] 

data structure, and graphs called Fibonacci cubes [8] used for 

interconnecting parallel and distributed systems. The 

Fibonacci numbers are also Nature's numbering system. They 

appear almost everywhere in Nature [9], from the leaf 

arrangement in plants, to the pattern of the florets of a flower, 

the bracts of a pinecone, or the scales of a pineapple [10]. The 

Fibonacci numbers are therefore applicable to the growth of 

every living thing, including a single cell, a grain of wheat, a 

hive of bees, and even mankind [10]. 

 

In light of the applications mentioned above, it is clear that the 

Fibonacci sequence plays an important role not only in 

mathematics but also in our daily lives, such as the 

obfuscation or encryption of the software code in C++ [11]. 

As such, research on the sequence becomes more and more 

important. Fibonacci primes are one of such topics. 

 

A Fibonacci prime is a Fibonacci number that is prime. The 

few seeds are: 

F3 = 2,F4 = 3,F5 = 5,F7 =13,F11 = 89,  

 F13 = 233,F17 =1597,  

Although Fibonacci primes with thousands of digits have 

been found, it is not known whether there are infinitely many 

Fibonacci prime numbers [12]. It is one of the unsolved 

problems in mathematics. The divisibility of Fibonacci 

numbers by a prime, p , is related to the Legendre symbol 

p
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It is also not known whether there exists a prime, p , such 

that, 

F
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º 0 mod p2( ). 

 

Such primes (if there are any) would be called Wall-Sun-Sun 

primes or Fibonacci-Wieferich primes. Wall–Sun–Sun primes 

are named after Donald Dines Wall, Zhi Hong Sun and Zhi 

Wei Sun; Fibonacci-Wieferich primes are named after Arthur 

Wieferich. 
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It is not known whether there are an infinite number of 

Fibonacci primes, but we can determine the property of 

Fibonacci primes, which is the goal of this paper. 

 

2. Revisiting the Pythagorean Triple 

A Pythagorean triple is made of three positive integers, x, y  

and z , such that x2 + y2 = z2. Such a triple is often denoted as 

x,y,z( ), and a well-known example found a few thousands 

years ago is (3,4,5). The name is due to the Pythagorean 

theorem (Chinese: Shang Gao Theorem), describing that any 

given right triangle has side lengths that satisfy the formula 

x2 + y2 = z2. So, Pythagorean triples describe the relationship 

of the three integer side lengths of a right triangle. 

 

Euclid's formula [13] is fundamental for generating 

Pythagorean triples when given an arbitrary pair of positive 

integers m  and n  with m> n . The formula states that 

integers 

x =m2 -n2

y = 2mn

z =m2 +n2

ì
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form a Pythagorean triple. The triple generated by Euclid's 

formula is primitive if, and only if, m  and n  are coprime 

and m-n is odd. 

 

Euclid's formula does not generate all triples, but can generate 

all primitive triples. This can be remedied by inserting an 

additional parameter, k , into the formula. The following 

formula will generate all Pythagorean triples uniquely: 

 

x = k(m2 -n2 )

y = k(2mn)

z = k(m2 +n2 )

ì

í
ïï

î
ï
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where m,n  and k  are positive integers with m> n , 

m-n odd, and with m  and n  coprime. 

 

The Euclidian formula is so prominent that the proof can be 

seen in almost every elementary number theory book [14]. So, 

we will not give the proof here. 

 

3. The Parity Lemmas and Proofs 

The Pythagorean triples can be used to prove the following 

lemma. 

 

Lemma 1. Starting with F5 = 5 , every second Fibonacci 

number is the length of the hypotenuse of a right triangle with 

integer sides, or in other words, the largest number in a 

Pythagorean triple. 

 

Proof. We can prove this lemma by the following table. 

m  n  m2 -n2
 2mn m2 +n2

 

F3 = 2
 

F2 =1 3 4 F5 = 5  

F4 = 3
 

F3 = 2
 

5 12 F7 =13 

F5 = 5
 

F4 = 3
 

16 30 F9 = 34  

F6 = 8
 

F5 = 5
 

39 80 F11 = 89 

          

Fi+1
 Fi  Fi+1

2 -Fi
2

= Fi+2Fi-1

 

2FiFi-1

= F2i+2

2 -Fi+1

2
 
F2i+1

= Fi
2 +Fi+1

2

 

 

According to the table listed above, we can see 

F2i+1

2 = (2FiFi-1)
2 + (Fi+1

2 -Fi
2 )2. 

That is to say, starting with F5 = 5 , every second Fibonacci 

number can be the largest number in a Pythagorean triple.  □ 

 

Lemma 1 tells us that starting with F5 = 5 , the Fibonacci 

number with an odd index is the length of a right triangle with 

integer sides. 

 

Lemma 2. Starting with F5 = 5 , Fibonacci primes have a 

prime index. In other words, starting with F5 = 5 , all 

Fibonacci primes have an odd index. 

 

Proof.  Suppose there exists a Fibonacci prime with a 

composite index m  and a  is a factor of m , then a  divides 

m . For if a  divides m , then Fa  divides Fm , meaning that 

Fa  is a factor of Fm . It is a contradiction. Therefore, lemma 2 

is proved.                                                                □ 

 

What we need to point out is that though starting with F5 = 5 , 

Fibonacci primes have a prime index, not every prime larger 

than 5 is an example of a Fibonacci prime, 

F19 = 4181= 37´113 is a counter example. 

 

4. The Modulo Theorem and Proof 

By lemma 1 and lemma 2, we can easily get that, starting with 

F5 = 5 , all the Fibonacci primes can be the length of the 

hypotenuse of a right triangle with integer sides. 

Consequently, if we want to prove that, starting with F5 = 5 , 

all the Fibonacci primes satisfy p º1 mod4( ) , we just need to 

prove that for all prime numbers p , if p º1 mod4( ) , then 

x2 + y2 = p2  has integer solutions. 

 

Before we prove the proposition, we need to introduce another 

conclusion in Algebraic Number Theory. 

 

Lemma 3. (1) If p  is a prime number congruent to 1 modulo 

4, then there exists a prime element a  in  [i]  such that 

p =aa  (a  is also a prime element of  [i] ). 
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(2) If p  is a prime number congruent to 3 modulo 4, then p  

is a prime element in  [i] . 

 

Note. An element a  in  [i]  is a prime element if it 

satisfies: 

 

(a) a  is nonzero and not a unit (invertible element). 

(b) If  a,bÎ [i]  and  abÎa [i] , then  aÎa [i]  or 

 bÎa [i]. 

 

Proof. (1) Let p  be a prime number and p º1 mod4( ) , since 
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Also, there exists an integer a  such that a2 º -1 mod p( ) . 

Since 

 (a+ i)(a- i) = a2 +1Î p [i], a+ i /Î p [i], a- i /Î p [i]. 

So, p  is not a prime element in  [i] . 

 

On the other hand, because p  is not a unit in  [i] , it follows 

from the prime factorization of p  in  [i]  that there exists a 

prime element a  in  [i]  dividing p . Let 

 p =ab,b Î [i]. Because p  is not a prime element, b  

is not a unit, we have 

p2 =ab ×ab =aa ×bb ,  

and because both aa  and bb  are natural numbers, aa  

must be one of the divisors of p2
, i.e. 1, p, p2

. If aa =1, 

then a  would be a unit and we will get a contradiction. If 

aa = p2
, then b  would be a unit, since bb =1. Thus, 

there must be p =aa . 

 

(2) Let p  be a prime number and p º 3 mod4( ) , and let 

a  be a prime element in  [i]  dividing p. Let 

 p =ab,b Î [i]. Then, as is shown above, we have  

p2 =ab ×ab =aa ×bb . 

Because aa ¹1  and we cannot write p = x2 + y2
 

(  x,yÎ ) (since there exists  x,yÎ  satisfying 

p = x2 + y2
 if and only if p º1 mod4( )  or p = 2 ), we can 

get that p ¹aa . Thus, there must be aa = p2,bb =1, 

and b  is a unit. Hence p =ab  is a prime element.          □ 

 

Note. Moreover, we can prove that in the former part of this 

lemma,  a [i] is not equal to  a [i]. 

 

By this lemma, we have  

Theorem 1. Starting with F5 = 5 , all Fibonacci primes p  

satisfy p º1 mod4( ) . 

 

Proof. Let's prove this conclusion in two steps. 

 

Step 1.  Let p  be a prime number and p º1 mod4( ) , then 

there exists a right triangle with integer sides such that the 

length of hypotenuse is p . 

 

Because p º1 mod4( ) , by lemma 3(1), p  can be written 

as p =aa , where a  is a prime element in  [i] . Suppose 

 a
2 = x+ iy,(x,yÎ ), we have 

p2 =a2a 2 = x2 + y2. 

If we show x ¹ 0,y ¹ 0 , we see that p  is the length of the 

hypotenuse of a right triangle whose three sides are | x |,| y | 

and p . If x = 0 or y = 0 , the argument of a  is a multiple 

of 
p

4
, and thus there exists an integer m  such that 

a =mb, where  b Î {1,1+ i,i,-1,-1+ i}. 
This contradicts the uniqueness of the prime factorization in 

 [i] . It is obvious that the equation 22 = x2 + y2
 does not 

have a solution satisfying x ¹ 0,y ¹ 0 . 

 

Step 2. If p  is a prime number and p º 3 mod4( ) , then 

there will be no right triangle that the length of the hypotenuse 

is p . 

 

Let  p
2 = x2 + y2(x,yÎ ). If we set a = x+ iy, then we 

have p2 =aa . By lemma 3(2), p  is a prime element in 

 [i] . It follows from the uniqueness of factorization that 

a = p´(±1,or ± i). 

This implies x = 0 or y = 0 . 

 

According to the two steps shown above, lemma 1 and lemma 

2, the theorem is proved.                                                          □ 

 

5. Conclusion 

In this paper, we have studied the Fibonacci numbers that are 

prime and started with the simple seed 1 and 1. We have 

proven that, in this case,  modulo 4 be 1 can be used to offer a 

quick judgment and if the number obtained during the 

computer program iteration belongs to a prime. This operation 

saves the complicated computation time for finding a prime 

that fits well for applications like obfuscation of intellectual 

property protected code. The applications of this new finding 

will not be limited. 
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