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1. Introduction

Motivation for the research presented here lies both in the
capability of the pseudo-analysis and generalization of the
classical analysis to extend the range of possible
applications. Instead of the usual field of real numbers, the
pseudo-analysis, (see [3, 7, 8, 9]), is based on a semiring
acting on the real interval [a,b] < [—oo,+0], denoting the

corresponding operations as @ (pseudo-addition) and &
(pseudo-multiplication) of the following form:

x@y=g7(g(x)+g(y), x®y=g"(g(x)g(y)).

where @ is a strictly monotone and continuous generating
function. By using these pseudo-operations [4, 5, 6, 9], new
solutions for the considered nonlinear equation have been
obtained. This method is capable of supplying solutions that
were not achieved by the classical tools.

The reduction of the order of a nonlinear ordinary
differential equation (NLODE) is a basic procedure in the
reduction of a NLODE to quadratures. Using the pseudo-
analysis and the reduction of a second order pseudo-
differential equation to a first order pseudo-differential
equation, it is possible to obtain solutions that can be
interpreted in the aforementioned classical method.

2. Preliminaries
We consider a particular type of algebra, by means of a
strictly monotonic function g : R — R, which we assume

to be of class C? together with its inverse: we also require

that g(0) =0, that g'(x) =0 for all X, and that g is

onto, so its inverse is defined on the whole real line.
Using this map, we shall introduce some new operations in
the real line as follows:

— -1 — ~-1

X®@y=9g"(9()+9(y)), x®y=g(a(x)g(y)),
1)

(see [2, 4, 9] for details). It is not difficult to determine that

these operations are well-defined.

The operations @ and & also give R an order relation <:

x<y < g(x)<g(y).

It is easy to determine that this kind of order always

coincides with its usual type in R, provided that ¢ is

strictly monotonic.

Now we introduce the notion of a ¢ -derivative, as follows:

Definition 2.1 Let the function f be defined on the interval

[c,d] and with values in [a,b], if f is differentiable on

(c,d)and has the same monotonicity as the function ¢,

then we define the @ -derivative of f at the point
x e (c,d) as
d®f(x 4, d
R T ) @
dx dx

Theorem 2.1 If there exists nth g -derivative of f , then we
have

d™M® f (x) _
dx"

d (n)
g~ (d_” g(f(x)) ©)
X

Proof. The proof follows directly from Definition 2.1 and
properties of pseudo-operations [4].

Example 1 Let g(u)=u® then we have
g (u) = (u)*. The g - derivative is given by

d®y | d — -1 d 3

o 9 (L9 =g (3 v)
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=97 Byy")=@yy*)". @)

Also, the second ¢ -derivative and third Q -derivative are
given by

d(2)®y_ . 2) .

o Y ( -9(Y)=9 (dzy)
= 9’1(&33/'3/2) =g (3y"y* +6y"y)
= (3y"y* +6y"?y)"”

and
djj;y =g j—gg(y))

= d " i
=97 ( By"y +6y"y))
X
- g—1(3ynly2 +18yny/y+6yr3)
= (SymyZ +18yrryry+6y13)l/3.

For nth g -derivative of this pseudo-addition, we have
d™% _
dx"

d(n) .
OIny)

(m

=g

=g (OI y.y?)

d n

- g-l(z(kjy“-“.(yzrk))
- (i(EJy(n_k) '(yz)(k))l/?:.

Similarly, a notion of ( -integral can be introduced as
follows:
Definition 2.2 Let ¢ be a generating function and @ and
® pseudo-operations given by (1). The pseudo-integral for
afunction f :[c,d]—[a,b] reduced onthe g -integral is
given by

Jioy OO = g "a(F ). ®

Example 2 Let Then we have

g(u) = log,.
“(u) = a". The pseudo-integral is given by

["xdx = g (g0 = g ([ logax)

LR '”—de) g‘l(ﬁ [nxax)

’1(i(xln X—X+¢,))
Ina

xInx x & xInx  x
: +C
=a Ina Ina Ina = a Ina Ina

which
Cl
Ina_

Now, we use the pseudo-analysis counterpart of the
fundamental theorem of the usual calculus.

Theorem 2.2 Suppose that f has continuous ¢ -derivative
on (c,d). Then we have

J-@ d®f _ ©)
[cx] dx '

for X € (c,d).

Proof. The proof is based on pseudo-operations and the
fundamental theorem of the usual calculus [4].

2.1 Application

We shall apply the (¢ -derivative and (@ -integral on
nonlinear differential equations.

Theorem 2.3 Suppose that T :[c,d]x[a,b] —[a,b] is
continuous, that i is defined and continuous on

J ={x: X, —h <x <X, +h}c[c,d] with values in

[a,b] that (X,,Y,) €[c,d]x[a,b] with w(x,) = Y,.
Then the necessary and sufficient condition that ¥ be a

solution of
€}

- Y =t (xp(0), @)
X

on J isthat i satisfies the g -integral equation

v=ye @[ fy)d ®

for Xxe J.

Proof. We apply the (g -integral on both sides of (7) and
pseudo-adding 1 (X,) to both sides and we obtain (8) (see
[4]).

Example 3 Let © and & be pseudo-operations. Taking
g(u) = tanhu, we can consider the simple ¢ -differential
equation

@
d’y =X, le.
dx

' 2
lln(1+y sechy _

7 9
2 1-y'sech’y ©
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In a simple way, we can obtain the general solution of this
equation, only applying the corresponding g -integral on

both sides (i.e. for g(u) = tanhu, then
gt(u) = 1 |n(1+—u) ). Then we obtain
2 1-u

&}

d
I ydx = jxdx.
dx
Therefore, by theorem (2.3) we have

y= _[®de = g‘ljg(x)dx = g‘lj.tanhxdx

= g~*(Incosh x+c,)
1  1+Incoshx+c,

2 “1-Incoshx+c,”

1. 1+Incoshx+c,, . _
Hence, y = —In( ) is a general solution

2 1-Incoshx+c,
of the nonlinear differential equation (9).

3. Main Result
3.1 Application on reduction of order in pseudo-
differential equations
There are certain second order pseudo-differential
equations that reduce to first order pseudo-differential
equations. We will describe some of these here.

TYPE 1 When the variable Y is missing from the right side,
we have
d )@ y d @ y
).
dx? dx
So we proceed as follows.
®
y
dx
d@e y _d ® P
S— = = f(x, p).
dx dx
Thus, we obtain a first order d.e. for p . We can solve this
@eo y

= f(x,

. We obtain

Set p=

and obtain Yy by reduction of >

dx
Example 4 Let us solve the following nonlinear second
order differential-equation in the usual way:

—In(-y"e”Y +y% ) = —x. (10)
This can be done by choosing g(u)=e™" and
g *(u) = —Inu. By means of the formula concerning first
and second order pseudo-derivatives, we obtain

d% _ :

=y=In(=y),
dx
q@e y

=—In(-y"e”’ +y'%”).

dx?

So the equation (10) can be written as
d e y
ax®>
Now, by reduction of the pseudo-derivative, we have
d @ y d )@ y d @ p
x Ve o

Hence, our pseudo equation reduces to
d ®
P ==X
dx
We have

—X. (11)

(12)

(13)

—In(ie‘p) = —x:>ie‘p = e
dx dx

=de ? =e"dx.
Now, applying the integral on both sides, we obtain
jde"’ = J‘exdx:>e’p =e*+c,

=-p=In(e*+c).
Alternatively, we have
_d%
P

therefore,

d
—In(—e?)==In(e*+c
(&) =-InE" +c)

d _ _
—=—e’'=e'+c,=>-ye’ =e"+¢,
dX 1 1
applying the integral on both sides, we obtain

[-yedx=[(e* +c,)dx

=e 7 =e"+¢,X+C,,
and
y =—In(e* +c¢x+c,).
Hence, V is the solution to the equation (10).

Example 5 Now we also present an equation of the second
order, the solution of which is similar to the previous
example

12 \—

—In(-y"e”? +y“e?)+y-In(-y)=—x (14)

Again, we shall choose g(u) =e™. Hence, we have

d° ,

o =y=In(-y),
)®

dd 2y =—In(-y"e” +y'%”).
X

Therefore, the equation (14) can be written as
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d(2)® d@
v 4y
dx dx
Now, by reduction of the pseudo-derivative, the pseudo
equation reduces to

=—x. (15)

+Pp=—X (16)

dx
We have

—In(S e ") =~(x+ p)

:>O|ie‘p =P =g*ef
X

de™®
eP
now, applying the integral to both sides, we have

_[(e“’de‘p :Iexdx

=

= e*dx,

_2p
—>-——=e"+c, e P =2e"+2¢
X 1 X
-2p=In(2e*+2¢c)=p= —Eln(Ze +2¢)).
Alternatively, we have
d@
p= J

dx

Hence, we must have

d 1
—In(—e?Y)===In(2e* +2¢c
(5 &7 =7 n(2e"+20)

d

= —e” =(2e" +2c)"”
dx

—y'e”’ =(2¢* +2¢)"?

applying the integral on both sides, we obtain

j— y'eVdx = I(Zex +2¢,)"%dx

—eV = j (26" +2c,)M2dX,

by variation of variable for the right side, we have;
2e* +2¢, = u? = 2e*dx = 2udu,

by integration we have

Iu —ch _2-[

)du

2cl+2c2d
u —2c

:2j(1+uz

— C]_

1 1
SN S
—2e, u+2c,

= ZI(1+ )du

B

=2(u+=42c (In ———)+C,).
A

Therefore, we have
e’ =2(y2e" +2c,
+1\/2_c1(l V2" +2¢ \/_
2 J2e* +2¢, ﬂ/%
then

y =—In(2v2./e* +c,
\2e* +2¢ \/_
2¢, (In
+\/_C( \2e" +2¢, +\/§

which is the solution to the equation

)+C,),

(14).

Example 6 Let g(u) = In(1—u) . We solve the following
equation using the characteristic method:

—Y'(@--(y) _

1-exp 7
1-y)’
We have
d®y d
=1-exp —In(1-vy),
o D (1-v)
d®@e® —V"(1=V) = (V)2
Vo1 e y'( y)z(y) _
dx (1-y)
Therefore, the equation (17) can be written as,
d(2)®y
=X (18)

dx?
Now, by reduction of the pseudo-derivative, the pseudo
equation reduces to

d®p
dx
We have

1—exp d In(1- p) =—x
dx

= —x. (19)

:>iln(1— p) = In(x+1).
dx

Applying the integral on both sides, we have
jd In(1- p) = jln(x +1)dx

=In(1-p) = ((x+1)In(x+1)—x+c,)

1-p=exp((x+1)In(x+1)—x+c,)

= p=1l-ep((x+1)In(x+1)—x+c,).

Alternatively, we have
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d®y d

= =1-exp —In(1-vy),
P=— P (1-y)
Therefore

1—exp iIn(1— )

dx
= l1-ep((x+1)In(x+1)—x+c,)
%In(l— y) = (x+1)In(x+1)—x+c,

Applying integration on both sides, we have
jd In(1-y) = j((x+1) In(x+1) — X+, )dx.

Using integration by parts for the right side, we have

u=In(x+1)=du :idx
X+1

2
dv:(x+1)dx:v:M,

Therefore
2
In(1-vy) = (@ In(x+1)

2
idx) —X?Jrclxjtc2

_J-(x+1)2
2 x+1

In(1-y) = %(x +1)2In(x+1)
—%(xjtl)2 —%xz +CX+C,.

We finally obtain
y=1-

exp (%(x +1)? In(x+1) —%(x +1)° —%xz +C,X+C,),

which is the solution to the equation (17).

TYPE 2 When the independent variable is missing, we have

d )@ y d ® y
= f(y, .
e =)
@
Again, we set p = and obtain
d®p
= f(y, p).
o p)
We attempt to treat Y as a new independent variable. Then
d% _
P
d )@ d @ d ® d ®
J=C P8V p P typ)
dx dy dx dy
@

we solve this and then integrate Y = to obtain Y .

Example 7 As an example, let us solve the following
equation, using the classical method:

—In(-y"e” +y?%e )+ y(y-In(-y)) =0. (20

This can be done by choosing g(u)=e™ and

g *(u) = —Inu. By means of the formula concerning first
and second order pseudo-derivatives, we obtain

d )@ d @

Y, y9y
dx dx

Hence, our pseudo equation reduces to

® @

d

P +y.p=0= P
dy dy

Alternatively, we have
d®p
dy

Therefore, we have

d
—In(—eP)==-
(Oly )=-Y

=0.

p +y=0.

—— d — d -p
=g (d—yg(p))——ln(d—ye )-

:>O|ie‘p =e'=de? =¢e’dy,

y
Applying the integral on both sides, we obtain
J‘de’p =e’dy

—e’=e’+¢,=>-p=In(e’ +c).
®

We have p:d y

, therefore,

d
In(—e™)=In(e’ +¢
(&)= +c)

d _ _
=—e'=e'+c,=>-yeV =e’ +cC
dX 1 1

y y
_ &te _ c+e

y'= P 1 =—e’(c, +¢’)
e
dy y y
— 2 =_gY(c, +e
- (c,+¢%)
dy _
—e'(c,+¢e’) '

by integration on both sides, we have

dy  _
I oo 1®



6 Journal of Computer Science & Computational Mathematics, Volume 3, Issue 1, March 2013 $

-1.,1 1
—|(=+ dy = |dx
C, J.(ey cl+ey) y I

-1 d
e[ =

dy
c +e’’

by variation of variable of U =c, +e€”, for I we

have

du 1 -1
I(u—cl)u _I((u—cl) BT

= l(In(u —c,;)—Inu)
Cl

:Cl(ln(ey)—ln(cl+ey))

1

1
=—(y-In(c,+e")).
C1
Then, we finally have

_—1(—e‘y —l(y—ln(cl+ey))) = X+C,.
Cl Cl

Therefore, we obtain the solution to the equation (20).

4. Conclusion

In this paper, we have introduced a new method for solving
nonlinear differential equations. Using pseudo-analysis, the
reduction of a pseudo-differential equation, as it was shown,
allows us to obtain solutions of some nonlinear differential
equations using the classical method, which were not
achieved by the classical tools. Some further developments

related to more general pseudo-operations with applications
on nonlinear differential equations were obtained in [5, 6].
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