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Abstract: The purpose of this paper is to use a kind of analytical
method called new homotopy perturbation method (NHPM), to
solve nonlinear system of second order boundary value problems.
The NHPM yields solutions in convergent series form with easily
computable terms, and in some cases, yields exact solutions in one
iteration. This method can be applied directly to the second order
boundary systems needless of converting to the first order initial
systems. To illustrate the application of the method, numerical
results are derived using the calculated components of the NHPM.
Comparisons with exact solutions show the efficiency and accuracy
of NHPM in solving nonlinear system of second order boundary
value problems.
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1. Introduction

The homotopy perturbation method (HPM) was established
by Ji-Huan He in 1999 [23]. The homotopy perturbation
method (HPM) has been used to investigate a variety of
mathematical and physical problems, since it is very
effective, simple, and convenient to solve nonlinear
problems. This technique is used for solving nonlinear wave
equations [11], boundary value problems [9,10], the
quadratic Riccati differential equation [7], partial differential
algebraic equations [8], integral equations [12], systems of
ordinary differential equations [13], stiff systems of ordinary
differential equations [14], delay differential equation [15],
systems of integro-differential equations [16], partial
differential equations [17], and many others [18-20].

It is well known that a wide class of problems which arise
in several branches of pure and applied sciences can be
formulated as a system of boundary value problems. In this
paper, we consider a class of nonlinear systems of second-
order BVPs of the form:

u” +a, ()’ +a, (t)u +a, (V" +a, (V' +ag (Vv +G,(t,u,v)= f,(t)
V" + b, (V' +b, (D)V + by (t)u” + b, (t)u’ + by (D)u + G, (t,u,v) = ,(t)

1)
subject to the boundary conditions:
u(@)=u@=0 @)
v(0)=v(@)=0

where 0<t<1, G,and G, are nonlinear functions of u
and v. Also &, (t),b, (t) for i =1,2...5are given continuous

functions and f, and f, are known.

However, many classic numerical methods used for
second-order initial value problems cannot be applied to
second-order boundary value problems (BVPs). For a
nonlinear system of second-order BVPs, there are few valid
methods to obtain numerical solutions [4-6]. M. Dehghan
and A. Saadatmandi applied a numerical method based on
Sinc-collocation method [1] and in [2] Chebyshev finite
difference method has been used for this problem. Also a
numerical method based on the cubic B-spline scaling
functions is proposed in [22] to find the solutions of (1) and
(2). In [3] HPM is applied for solving nonlinear system of
second-order BVPs.

In the present paper, the system of BVPs will be solved by
the  NHPM which is introduced by Aminikhah and
Hemmatnezhad [14]. This numerical scheme is based on the
Taylor series expansion and is capable of finding the exact
solution of many nonlinear differential equations.

NHPM has been successfully applied to stiff systems of
ODEs [14], initial-type differential equations of heat transfer,
nonlinear strongly differential equations, and stiff delay
differential equations (DDEs) [21].

2. New Homotopy Perturbation Method

To illustrate the basic ideas of this method, we consider the
following nonlinear differential equation:
Au) - ft)=0, u@)=u, tQ (3)
where A is a general differential operator, u, is an initial
approximation of Eq. (3), and f(t) is a known analytical
function on the domain Q. The operator A can be divided
into two parts, which are L and N, where L is a linear
operator, but N is nonlinear. Eq. (3) can be, therefore,
rewritten as follows:
L(u)+N(u)-f(t)=0

By the homotopy technique, we construct a
homotopy U(t, p) : 2x[0,1] — R , which satisfies:
H(U,p) = (1-p)[LU®) - Lu, ) 1+ p[AUD) -ft)] =0,

pel0,1],teQ

(4)
or
H(U,p) = LU() - Lug () + pLu, (1) + p[NU(t) - ft)] =0, (

5
pel0,1],teQ )
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where p<[0,1] is an embedding parameter, which satisfies
the boundary conditions. Obviously from Egs. (4) or (5) we
will have
H(U,0) = LU(t) - Luy(t) = 0, H(U,1) = AU(t) - fit) =0 (6)
The changing process of p from zero to unity is just that of
U(t, p) from uy(t) tou(t). In topology, this is called
homotopy. According to the HPM, we can first use the
embedding parameter p as a small parameter, and assume
that the solution of Egs. (4) or (5) can be written as a power
seriesin p:

o0

U=2"p" U, =Ug+pUy +p?U, +p° Uy +--- ©
n=0
Setting p =1, results in the approximate solution of Eq. (3)
u®) =limu=Ugy+U; +U, +U; +--- (8)
p—1

t
Applying the inverse operator L? = j ()dt to both sides of
0

Eqg. (5), we obtain
t t t

u(t) = U() + j Lug (t)dt - pJ' Lug (t)dt - p[J.(NU(t) f)dt] (9
0 0 0

where U(Q) = u, .
Now, suppose that the initial approximations to the
solutions, Lu, (t), have the form

Lup ©=Y P, © (10)
n=0

where a,, are unknown coefficients, and Py (t), P, (t), P, (t). ...

are specific functions.
Substituting (7) and (10) into (9) and equating the
coefficients of P with the same power leads to

© t
p:Ug (0 =y + ) ay [ Py (Dt
n=0 0

o t t
pHiUs 0 =) ap [ Pa®dt- [ (NUG () - f O)clt
n=0 0 0 (11)

t
p2:U,(t) = -INUl(t)dt
0

t
pliU;(t) = -J'Nuj_l(t)dt
0

Now, if these equations are solved in such a way
that U, (t) = 0, then Eq. (11) results in

Up®=U,®=Uz()=-=0.
and therefore the exact solution can be obtained by using

o t
U =Uo (=g + Y _a, [ Py @)t (12)
n=0 0
It is worth noting that, if U(t) is analytic at t=t,, then

their Taylor series

U= a(t-t,)"
n=0

can be used in Eq. (11), where ag,ay,a,,... are known

coefficients and @, are unknown ones, which must be

computed.
We explain this method by considering several examples.

3. Test Problems

3.1 Example 1.

Consider the system of second-order boundary value
problems [3].
u"(t) +tu(t) + tv(t) =2
{v"(t) + 2tv(t) + 2tu(t) = -2 0<t<1
subject to the boundary conditions
u0)=u@®=0, v(0)=v@®)=0
The exact solutions of this problem are
u(t) =t>—t, v(t)=t—t> (14)
For solving system (14) by NHPM, we construct the
following homotopy:
{(1— PILUE® - Lup®]+ plLUO + VO + V() -2]=0 )
@- pP)[LV(t) - Lvp(®)]+ p[LV () + 2tV (t) + 2tU (t) + 2] = 0
or
LU(t) — Lug (t) + pLug(t) + p[tU(t) + tV(t) —2]=0
{LV(t) — Lo (t) + pLvy (t) + p[2tV (t) + 2tU(t) + 2] =0

(13)

(16)

2
where L= c(:t_z and p €[0]] is an embedding parameter.

Assume that

Lug () = > oPy ),

"0 17)
Lo ®=Y APa®, P ®=t"

n=0
and from the initial conditions
u@0)=0,v(0)=0
and for U'(0)andV '(O)we let U'(0)=4,V'(0)=4,
where 4, and A, are unknown constants which should be

determined.
Substituting (17) into (16) and applying the inverse

tt
operator |1 = J' I ()dtdt to Eq. (16), we have
00
_ . S %o 2 N %o ez ([ _
Ut =U() +U (0)t+n2=;n+2t an;MZt pJ'0 J.O(tU(t)+tV(t) 2)dtdt,
_ ' & ﬂn n+2 _ wﬁmz_ tt
V@) =V(0) +V' Ot + Z(;mt pzt; St pjﬂ jo (2tV () + 2tU (t) + 2)dtclt,

or

N % n+ N 9 o+ trt
U(t):thJr;mt z-pgmt 2—pJ.OL(tU(t)HV(t)—Z)dtdt, (18)

n+2

N ﬂn n+2 N ﬂn n+2 e
V() = At —t - —t - 2tV (t) + 2tU (t) + 2)dtdt,
0= dat 3 03 pf, [v@ + 20 +2)

Suppose the solutions of system (13) to be in the following
form
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U= anun =Ug +pU; +p°Uy +p°Uy +---
n=0
= anvn =V +pVy +pV, +pVy + -
n=0

where in U; and V; for j=0,1,2,3,...

should be determined.
Substituting (19) into (18) and equating the coefficients of
p with the same powers leads to

(19)

are functions which

=, ,
Ug(t) = 4t + y —t"e,
nzzon+2

p
> ﬂn n+2
Vo) = At + —t
NOES Z:(;rwz
N O n+2 _ e _
Uy =3 "t J’O J'O(tuo(t)+tv0(t) 2)dtt,
pl: n=0

0

V(1) = Z i t”*z I j (2tV, (1) + 2tU, (t) + 2)ditt,

;U= L IO(tU () +tV, L (0)dtdt,
p’: j=23,...
v, = .[0' J-Ot(ZIV L()+2tU o),
Now, if we set the Taylor series of U, (t) and V,(t) at t=0
equal to zero, leads to

‘ZO:Z'O‘I:O'U‘Z=_ﬂf1_/12v0‘3:0'a4=010‘5:%2’1+%/12,
1 1
=0y =0,dg =—— Iy ——Jy...
Qg =07 ag 5621 562
Bo=-251=0, By =24, -221,83=0, 84, =0, s = /12+ /1'1
1
-8, =0, 1, 1
Bs =P Bs 2872 2811

Substituting this numbers in U, (t) and V;(t), we find:

Ul(t):ﬂit+t2+%(—21—12)[4+i2(%21+%/12)t7+
1 10,
90( 56%_%%}

Vy(t) = At — t2+—( 24 - 2/12)t4+—[ A+ zzj

1 10,
EX N
90( 2871 28 2]

with unknown coefficients 4, and A,. For determining

A and A, we use the boundary condition att =1. We have:
4649 391

{Ul(l) =0_ 50402 " 504072 =

V() =0 @ﬂrl— 391 4, =0

2520 2520

By solving this system we have

=1 Z=1

Therefore, the approximate solutions of the system of

differential equation (14) can be expressed as

u(t) =U,(t) = -t +1t?,

v(t) =V, (t) =t -t

which are the exact solutions. In standard HPM, U, (t) and

V, (t) gives the exact solutions.

3.2 Example 2.

Consider the following differential equations [3]
u"(t) + (2t —u'(t) + cos(z tV'(t) = ,(t)

{v”(t) +u(t) = f,(t) 0<t<1

with the boundary conditions:

u@)=u@®=0, v(0)=v(@)=0,

where f,(t)=—z?sin(zt)+ (2t —1)z cos(rt)+ (2t —1)cos(zt)

and  f,(t)=2+tsin(zt). The solutions  are

u(t)=sin(zt)and v(t)=t>-t.

For solving system (20) by NHPM, we construct the

following homotopy:

@- p[LU® - Luy )]+
p[LU(t) + (2t —2)U'(t) + cos(zt V' (t) - f,(t)] =0
- pLV () - Lvp )]+ p[LV () +tU(®) - f,(t)]=0
(21)

(20)

exact

or
LU(t) — Lug(t) + pLug(t) +
p(2t =1 '(t) + cos(zt V' (t) - f,(t)]= O
LV (t) — Lvy (t) + pLvy (1) + p[tU (t) - f,(t)]= 0
2
where L= (;jt—z and p €[0]] is an embedding parameter.

(22)

Assume that

I-UO (t) = ianpn (t) )

“;0 (23)
Lo =D AP ®), P (®)=t"

n=0
and from the initial conditions
u@)=0,v(0)=0

and for U'(0)andV '(0)we let U'(0)=4,V'(0)=4, where
A and A,

determined.
Substltutlng (23) into (22) and applying the inverse operator

I f ()dtdt to Eq. (22), we have
00

Ut)=U(@©)+U'O) + Z%t“*z -y gz
n=0 n

= n+2

are unknown constants which should be

p'”‘ (2t —2)0(t) + cos(z V' (1) — f, (t))dtt,
V() =V(0)+V' (0)t+z Pr t”*z pz ﬁ: "2 - pJ:_[[:(tU(t)—fz(t))dtdt,
or
_ wa'inrwz_ wimz_
U<t)7%t+nz:;n+2t Pnz:(;n+2t

"Lt f;«ﬂ —1U(R) + cos(m (1) - f (t))dedt,

- N ﬁn n+2 _ N ﬂn n+2 _ et _
V(t)-12t+§n+2t pémzt ijL(tU(t) £, (¢,

(24)

Suppose the solutions of system (20) to be in the following
form

U= anun =Ug +pU; +p?Uy +p°Uy +---
n=0

\% =Zw:p
n=0

(25)

"V, =V +pVy +p2V, +pNg 4o



26 Journal of Computer Science & Computational Mathematics, Volume 2, Issue 5, May 2012 %

where in U; and V; for j=0,1,2,3,... are functions which

should be determined.
Substituting (25) into (24) and equating the coefficients of p
with the same powers leads to

B
Ug(t) = Agt+ D —1t™?,
=n+2

N ﬂn n+2
Vo(t) = Aot + Y 0t
—=n+2

o

t ot
N Uy(t) = Z{; In_t 2-IO'L((Zt—l)J{J(t)+cos(7rt)\/0'(t)— £, (t)dtdt,

V() = z i Lo jftu () - £, (t))dtdt,

N U J-(t):-jo L (2t —1U 1 () +cos(tV, " (©) — Fy (t)ktat,

V0 =~ [U,40- L0k
Now, if we set the Taylor series of U,(t) and V,(t) at

t =0 equal to zero, leads to
g =1+~ g =—7° 1= X+ 72y,

j=23,..

3 5 5 1
2=,y At +7ﬂz+5ﬂ'212+ 72,
1 1 1 3 3
a3=87r5 Eﬂi—aﬂ+§+§/’tz+fﬂ'zﬂz+fﬂz,.
1 11
Bo=2p=0,B=—Ay+7 fB3=- E’ﬁ** +2+212
11 1
ﬂ4** */11—*” Eﬂz

Substituting this numbers in U, (t) and V;(t) , we find:

Ul(t):ﬂit+%(flfﬂ+ﬂifﬁ,2)t2+%(77r3
1(1, 3
—| =zt + =+
22" "2

V(1) = At +12 +—( o+t + —(—714_ = + o jqj

—1+7r—/11—ﬂ,2}3+

5 5 3. 1, V4
—T——Mh+—A+=a A, T+
PR A 2]

with unknown coefficients 4, and A,. For determining
A and A,we use the boundary condition att=21and we
have:

u@®m=0
{Vl(l) =0
By solving this system we find
= A=-1

Therefore, the approximate solutions of the system of
differential equation (20) can be expressed as

1 3
u(t) =U,(t) :ﬂt-g(ﬁ t) t o0

5040
=sin(z t)
v(t) =V, (t) =t° —t,
which are compatible to the exact solutions.
N N
If we use Zant” and Zﬂnt” instead of infinite series,
n=0 n=0

we get approximate values for 4, and 4, , hence we achieve

approximate U(t) andv(t).

Table 1 shows the comparison between exact solution and

the series solution obtained by the standard HPM [3] by n-

term approximation and NHPM by N+1 terms of summations
N

Zant"and iﬂnt”.
n=0 n=0

Table 1. The comparison between the exact solution, HPM,

L L (rty+

and NHPM

n 9 11 13
Eu, pwy | 1.8x10° | 14x10™ | 1.8x10™
By, (wpmy | 6.1x10° | 1.4x107" | 3.8x107**

N 15 20 25
Ey,(NHPM) | 1.8x10° | 8.8x107** | 2.5x107"
Ey, (NHPM) | 9.0x107%° | 4.1x107™° | 1.1x107*®
Where

E,, =max{U, ) -u®),0<t<1]
E,, =max{V, () —v(t),0<t <1}

3.3Example 3.
In this example, consider the non-linear system [3]

{u”(t) —tv'(t) +u(t) = f,(t) 26)
V'(t) +tu' (t) +ut)v(t) = f,(t) 0<t<1

with the boundary conditions U(0)=u(l)=0, and
v(0) =v(1) =0 where

f(t)=t>—2t2+6t and f,(t)=t>—t*+2t° +t* -t + 2.

The exact solutions are u(t) =t®—t and V(t) =t*-t.

For solving system (26) by NHPM, we construct the
following homotopy:
@-p)[LU®) - Lu, ]+
pLU® -tV () +U () - f,(t)]=0

(1= P)[LV (1) - Ly, (®)]+ p[LV (®) +tU" ®) +U (t)V (1) - f,(t)]=0

or

LU(t) — Luy (t) + pLu,(t) +

pl-tv' () +U (1) - f,(t)]=0
LV (1) — LV, (t) + pLvy (t) + p[tU ' (t) +U (®)V (1) - f,(t)] =0
(27)
where | :diz. Assume from the initial conditions that
dt

U(@0)=0,V(0)=0 and let U'(0) =4,V '(0) = A, where
"2, and A, are unknown constants.
Substituting (23) into (27) and applying the inverse operator

tt
= jf(.)dtdt to Eq. (27), we have

ut)=U()+U’ (0)t+z t"*z pz 2

n0n+2
pf[ [L(-tv' () +U () — £, (0)dtat,
V() =V (0)+V' (0)t+z ﬁ Loz b3 oo

=n+2

o [ ® +U @V @) - 1, O)det,
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or

n tn+2

u)= A1t+z t"*2 pzn+2

p” —tV'(t) +U (t) — f,(t))dtdt,
V(t) ﬂt*“z ﬂn tn+2 Z :Bn tn+2

Tn+2
[ [0U @ +U @V @) - 1, (),

Suppose the solutions of system (26) to be in the following
form

(28)

U= p"U,=Ug+pU; +p?U, +p°U, +-

M8 EMH

V=) p"V, =V +pVy +pAV, +pig e

I}
o

where in U, and V; for j=0,1,2,3,...

should be determined.
Substituting (29) into (28) and equating the coefficients of
p with the same powers leads to

U, (t) = ﬂﬁt+z

(29)
are functions which

n tn+2
ﬂ n+2
V,(t)=A,t+ > —"+t
O=rte 3 e
U ) =-Y -

1. e n+2

f, (t))dtt,
V, (1) = i Py t”*2 f, (t))dtdt
n=o N+ ? ’

Now, if we set the Taylor series of U, (t) and V,(t) at

t =0 equal to zero, leads to
a,=0, og=6+14,-4, a,=0,

£+ ” —tV,"(t) + U, (t) -

SNNCURGRGYAGE

11 1 11
R T N A=y N
a3 2 sﬂi 6 2 a, 3 sjl 2
Bo=2 p=-1-4 p=1-44,
1 1
R |
ﬂS 211 2 2
1 1 1 1
ﬁ4:—1+gﬂl+gﬂf—ﬂz—gﬂg'i‘gﬂlﬂz,...

Substituting this numbers in U, (t) andV,(t), we find
U, (t) and V,(t) with unknown coefficients A, and A, . For
determining A and A,we use the boundary condition
att =1and we have:

u,®m=0

{Vl (1) =0

By solving this system we find

A=l A=-
and

A, =35.574680, 4,

If we choose A,

=124.90329
=-1 and A, =-1, then U,(t) and
V,(t) are the exact solution of this example. The second

values for A s are not acceptable because U, (t) and V,(t)
with these values do not satisfy in the differential equations.

Table 2 shows the comparison between exact solution and
the series solution obtained by the standard HPM [3] by n-
term approximation and NHPM by N+1 terms of summations

iant"and iﬂnt” ;
n=0 n=0

Table 2. The comparison between exact solution, HPM, and
NHPM

n 7 9 11

Bu, iy | 89x10° | 3.4x10° | 46x10°°

Ev, wpmy | 20x10° | 2.9x107* | 2.2x10°°

N 2

E,, (NHPM) 0.0

E,, (NHPM) 0.0

3.4 Example 4.
Consider the non-linear system
u"(t) +tv(t) +tu?(t) = f,(t)
{v”(t) +tu' (t) +v(t) = f,(t)
where
u0)=u@® =0, v()=v@= 0’

f(t)=—z?sin(zt)+tsin(zt) +1* =3t +2t>  and
f,(t)= st cos(zt)+1t° —3t* +8t - 6 The
solutions are u(t)=sin(zt)and v(t)=1t> —3t* + 2t .
If we do similar to previous examples, we get /11 =7
and 4, = 2, and hence

i (;;3:)3 L7 (@t

ol 7

exact

U,(t) =zt +...=sin(rt)

V,(t) =2t-3t° +t°
which are compatible with the exact solutions.

Table 3 shows the comparison between exact solution and
the series solution obtained by NHPM by N+1 terms of

N N
summations Zant" and Zﬂnt” ;
n=0 n=0

Table 3. The comparison between exact solution and NHPM

N 20 25
Ey, (NHPM) | 89x107*? | 2.6x107
Ey, (NHPM) | 7.1x107%° | 2.1x107*®

4. Conclusion

In this paper, we’ve proposed an efficient modification of the
HPM which achieves the exact or approximate solution of
the nonlinear systems of BVPs with less computational work
compared to the standard HPM and solves the problem
without any need to discretise the variables.

The new modification can usually provide the exact
solution using just one single iteration and improves the
performance of the standard HPM. This method doesn’t need
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to transform the BVPs into higher order systems of integral
equations.

Several examples were tested by applying the NHPM and
the results have shown remarkable performance.
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