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Abstract: The purpose of this paper is to use a kind of analytical 

method called new homotopy perturbation method (NHPM), to 

solve nonlinear system of second order boundary value problems. 

The NHPM yields solutions in convergent series form with easily 

computable terms, and in some cases, yields exact solutions in one 

iteration. This method can be applied directly to the second order 

boundary systems needless of converting to the first order initial 

systems. To illustrate the application of the method, numerical 

results are derived using the calculated components of the NHPM. 

Comparisons with exact solutions show the efficiency and accuracy 

of NHPM in solving nonlinear system of second order boundary 

value problems.  
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1. Introduction 

The homotopy perturbation method (HPM) was established 

by Ji-Huan He in 1999 [23]. The homotopy perturbation 

method (HPM) has been used to investigate a variety of 

mathematical and physical problems, since it is very 

effective, simple, and convenient to solve nonlinear 

problems. This technique is used for solving nonlinear wave 

equations [11], boundary value problems [9,10], the 

quadratic Riccati differential equation [7], partial differential 

algebraic equations [8], integral equations [12], systems of 

ordinary differential equations [13], stiff systems of ordinary 

differential equations [14], delay differential equation [15], 

systems of integro-differential equations [16], partial 

differential equations [17], and many others [18–20]. 

It is well known that a wide class of problems which arise 

in several branches of pure and applied sciences can be 

formulated as a system of boundary value problems. In this 

paper, we consider a class of nonlinear systems of second-

order BVPs of the form: 

   
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subject to the boundary conditions: 
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where 1t0  , 1G and 2G  are nonlinear functions of u 

and v. Also )(),(i tbta i  for 5...2,1i are given continuous 

functions and 1f  and 2f  are known. 

However, many classic numerical methods used for 

second-order initial value problems cannot be applied to 

second-order boundary value problems (BVPs). For a 

nonlinear system of second-order BVPs, there are few valid 

methods to obtain numerical solutions [4-6]. M. Dehghan 

and A. Saadatmandi applied a numerical method based on 

Sinc-collocation method [1] and in [2] Chebyshev finite 

difference method has been used for this problem. Also a 

numerical method based on the cubic B-spline scaling 

functions is proposed in [22] to find the solutions of (1) and 

(2). In [3] HPM is applied for solving nonlinear system of 

second-order BVPs. 

In the present paper, the system of BVPs will be solved by 

the NHPM which is introduced by Aminikhah and 

Hemmatnezhad [14]. This numerical scheme is based on the 

Taylor series expansion and is capable of finding the exact 

solution of many nonlinear differential equations. 

NHPM has been successfully applied to stiff systems of 

ODEs [14], initial-type differential equations of heat transfer, 

nonlinear strongly differential equations, and stiff delay 

differential equations (DDEs) [21]. 

 

2. New Homotopy Perturbation Method 

To illustrate the basic ideas of this method, we consider the 

following nonlinear differential equation: 

       t,)0(      ,0)()( 0uuu tfA        (3) 

where A  is a general differential operator, 0u  is an initial 

approximation of Eq. (3), and )(tf  is a known analytical 

function on the domain  . The operator A  can be divided 

into two parts, which are L  and N , where L  is a linear 

operator, but N  is nonlinear. Eq. (3) can be, therefore, 

rewritten as follows: 

0)()()(  tfNL uu  

By the homotopy technique, we construct a 

homotopy  ]1,0[:),( ptU  , which satisfies: 

 t[0,1],p                

  0,=f(t)]-(t)p[A+] (t) L-(t)p)[L-(1=p),H( 0 UuUU
 

 (4) 

or 

 t[0,1],p  

0,=f(t)]-(t)p[N+(t) pL+(t) L-(t)L=p),H( 00 UuuUU
 (5) 
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where [0,1]p  is an embedding parameter, which satisfies 

the boundary conditions. Obviously from Eqs. (4) or (5) we 

will have 

0=f(t)-(t)A=,1)H( 0,=(t)L-(t)L=,0)H( 0 UUuUU   (6) 

The changing process of p from zero to unity is just that of 

),( ptU  from (t) 0u  to )(tu . In topology, this is called 

homotopy. According to the HPM, we can first use the 

embedding parameter p  as a small parameter, and assume 

that the solution of Eqs. (4) or (5) can be written as a power 

series in p : 

+ p+p+p+=  p= 3
3

2
2
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0=n

n
n

UUUUUU 


    (7) 

Setting 1p , results in the approximate solution of Eq. (3) 

+ +++=lim=(t) 3210
1p
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       (8) 

Applying the inverse operator  

t

0

1- )dt(=L  to both sides of 

Eq. (5), we obtain 

]f(t))dt-(t)(Np[-(t)dt Lp-(t)dt L+(0)=(t)

t

0

t

0

0

t
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where 0=(0) uU . 

Now, suppose that the initial approximations to the 

solutions, (t) L 0u , have the form 

 (t) P=(t) L n

0=n

n0 


αu               (10) 

where nα  are unknown coefficients, and …(t),P(t),P(t),P 210  

are specific functions. 

Substituting (7) and (10) into (9) and equating the 

coefficients of p  with the same power leads to 
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Now, if these equations are solved in such a way 

that 0=(t) 1U , then Eq. (11) results in 

0=···=(t) =(t) =(t) 321 UUU . 

and therefore the exact solution can be obtained by using 

 )(P+=(t) =(t)

t

0

n

0=n

n00 


dttαuUU         (12) 

It is worth noting that, if  (t)U  is analytic at 0tt  , then 

their Taylor series 

 


0

0t-t(t)

n=

n
n= aU  

can be used in Eq. (11), where ,...,, 210 aaa  are known 

coefficients and nα  are unknown ones, which must be 

computed. 

We explain this method by considering several examples. 

 

3. Test Problems 

3.1  Example 1. 

Consider the system of second-order boundary value 

problems [3]. 
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subject to the boundary conditions 

0)1()0(,0)1()0(  vvuu  

The exact solutions of this problem are 
22 )(,)( tttvtttu              (14) 

For solving system (14) by NHPM, we construct the 

following homotopy: 
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where 
2

2d
L

dt
  and ]1,0[p  is an embedding parameter. 

Assume that 
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and from the initial conditions 

(0) 0, (0) 0U V   

and for ' (0)U and ' (0)V we let 
1 2'(0) , '(0)U V    

where 1  and 2  are unknown constants which should be 

determined. 

Substituting (17) into (16) and applying the inverse 

operator  
t

0

t

0

1- dt)dt(=L  to Eq. (16), we have 
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Suppose the solutions of system (13) to be in the following 

form 
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where in iU  and iV  for j=0,1,2,3,... are functions which 

should be determined. 

Substituting (19) into (18) and equating the coefficients of 

p with the same powers leads to 
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Now, if we set the Taylor series of )(U1 t  and )(V1 t  at 0t  

equal to zero, leads to 
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Substituting this numbers in )(U1 t  and )(V1 t , we find: 
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with unknown coefficients 1  and 2 . For determining 

1 and 2 we use the boundary condition at 1t . We have: 
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By solving this system we have 

1,1 21    

Therefore, the approximate solutions of the system of 

differential equation (14) can be expressed as 

,)()(

,)()(

2

0

2

0

tttVtv

tttUtu




 

which are the exact solutions. In standard HPM, )(2 tU  and 

)(2 tV gives the exact solutions. 

 

3.2  Example 2. 

Consider the following differential equations [3]  

   
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with the boundary conditions: 
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and    tttf sin22  . The exact solutions are 

   ttu sin and   tttv  2 . 

For solving system (20) by NHPM, we construct the 

following homotopy: 

 
      

    













0)()()()()1(

0)('cos)(12)(

)()()1(

20

1

0

tfttUtLVptLvtLVp

tftVttUttLUp

tLutLUp

   

 (21) 
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where 
2

2d
L

dt
  and ]1,0[p  is an embedding parameter. 

Assume that 
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and from the initial conditions 

(0) 0, (0) 0U V   

and for ' (0)U and ' (0)V we let 
1 2'(0) , '(0)U V    where 

1  and 2  are unknown constants which should be 

determined. 

Substituting (23) into (22) and applying the inverse operator 
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Suppose the solutions of system (20) to be in the following 

form 
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where in iU  and iV  for j=0,1,2,3,... are functions which 

should be determined. 

Substituting (25) into (24) and equating the coefficients of p 

with the same powers leads to 
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:

2n

0=n

n
20

2n

0=n

n
10

0





























n
V

n
U

p







 

      

  

   

,dt)(-t
2

-=(t)

,dt)('cos)(12-t
2

-(t)

:
t

0

t

0
20

2n

0=n

n
1

t

0

t

0
100

2n

0=n

n
1

1





















 

 







dttfttU
n

V

dttftVttUt
n

U

p





 

      

  
2,3,...j         

,dt)(-=(t)

,dt)('cos)(12-(t)

:
t

0

t

0
21j

t

0

t

0
111j
















 

 





dttfttUV

dttftVttUtU

p

j

jj
j

  

Now, if we set the Taylor series of )(U1 t  and )(V1 t  at 

0t  equal to zero, leads to 





,
6

1

6

1

6

1

6

1

,
2

1

2

1

2

1

2

1
-,,0,2

,
6

1

6

1

2

3

2

3

2

1

2

1

6

1

,
2

1

2

1

2

3

2

5

2

5

2

3

,1,1

214

2131210

2
2

2
21

5
3

2
2

2
212

21
3

1210





















 

Substituting this numbers in )(U1 t  and )(V1 t , we find: 

   













4
2

2
21

2

3
21

32
2111

2

1

2

3

2

5

2

5

2

3

2

1

12

1

1
6

1
1

2

1
)(

t

ttttU




 

  







 5

21
4

1
2

21
2

1

2

1

2

1

2

1

20

1

12

1
)( tttttV   

with unknown coefficients 1  and 2 . For determining 

1 and 2 we use the boundary condition at 1t and we 

have: 









0)1(

0)1(

1

1

V

U
 

By solving this system we find 

1, 21    

Therefore, the approximate solutions of the system of 

differential equation (20) can be expressed as 

     

 

,)()(

tsin

t
5040

1
-t

120

1
+t

6

1
-t)()(

2

0

753

0

tttVtv

tUtu









 

which are compatible to the exact solutions. 

If we use 
n

N

t
0=n

n and 
n

0=n

nt
N

  instead of infinite series, 

we get approximate values for 1  and 2 , hence we achieve 

approximate )(tu  and )(tv . 

Table 1 shows the comparison between exact solution and 

the series solution obtained by the standard HPM [3] by n-

term approximation and NHPM by N+1 terms of summations 

n
N

t
0=n

n and 
n

0=n

nt
N

 . 

Table 1. The comparison between the exact solution, HPM, 

and NHPM 

n  9  11 13  

nUE
(HPM) 

8108.1   
11104.1   

14108.1   

nVE
(HPM) 

9101.6   
11104.1   

14108.3   

N  15  20  25  

0UE (NHPM) 8108.1   
12108.8   

17105.2   

0VE (NHPM) 10100.9   
13101.4   

18101.1   

Where  

 10,)()(UmaxE nUn
 ttut  

 10,)()(VmaxE nVn
 ttvt  

3.3 Example 3. 

In this example, consider the non-linear system [3] 

 

 







10)()()(')(

)()(')(

2

1

ttftvtuttutv

tftuttvtu
 (26) 

with the boundary conditions ,0)1()0(  uu  and 

0)1()0(  vv  where 

   ttttf 62 23

1   and   22 2345

2  ttttttf . 

The exact solutions are   tttu  3
 and   tttv  2

. 

For solving system (26) by NHPM, we construct the 

following homotopy: 

 
  

    













0)()()(')()()()1(

0)()(')(

)()()1(

20

1

0

tftVtUttUtLVptLvtLVp

tftUttVtLUp

tLutLUp

or 

  
  














0)()()(')()()(

0)()('

)()()(

200

1

00

tftVtUttUptpLvtLvtLV

tftUttVp

tpLutLutLU
 

                    (27) 

where 
2

2d
L

dt
 . Assume from the initial conditions that 

(0) 0, (0) 0U V   and let 
1 2'(0) , '(0)U V    where 

1  and 2  are unknown constants. 

Substituting (23) into (27) and applying the inverse operator 

  
t

0

t

0

1- dt)dt(=L  to Eq. (27), we have 

  

  

   

,dt)()()('p-

t
2

p-t
2

(0)t'(0)=(t)

,dt)()('p

-t
2

p-t
2

(0)t'(0)(t)

t

0

t

0
2

2n

0=n

n2n

0=n

n

t

0

t

0
1

2n

0=n

n2n

0=n

n



























 



 















dttftVtUttU

nn
VVV

dttftUttV

nn
UUU


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or 

  

  

   

,dt)()()('p-

t
2

p-t
2

t=(t)

,dt)()('p

-t
2

p-t
2

t(t)

t

0

t

0
2

2n

0=n

n2n

0=n

n
2

t

0

t

0
1

2n

0=n

n2n

0=n

n
1



























 



 















dttftVtUttU

nn
V

dttftUttV

nn
U







   (28) 

Suppose the solutions of system (26) to be in the following 

form 





+p+p+p+= p=

+p+p+p+= p=

3
3

2
2

10

0=n

n
n

3
3

2
2

10

0=n

n
n

VVVVVV

UUUUUU








       (29) 

where in iU  and iV  for j=0,1,2,3,... are functions which 

should be determined. 

Substituting (29) into (28) and equating the coefficients of 

p with the same powers leads to 
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Now, if we set the Taylor series of )(U1 t  and )(V1 t  at 

0t  equal to zero, leads to 
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1

6

1

6

1

6

1
1

,
2

1
1

2

1
-
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3

1

3
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1

2

1
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2
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2

114

213

212110

214213

21210
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

















 

Substituting this numbers in )(U1 t  and )(V1 t , we find 

)(1 tU  and )(1 tV  with unknown coefficients 1  and 2 . For 

determining 1 and 2 we use the boundary condition 

at 1t and we have: 









0)1(

0)1(

1

1

V

U  

By solving this system we find 

1,1 21    

and 

124.90329= 35.574680, = 21   

If we choose 11   and 12  , then )(1 tU  and 

)(1 tV  are the exact solution of this example. The second 

values for  s are not acceptable because )(1 tU  and )(1 tV  

with these values do not satisfy in the differential equations. 

Table 2 shows the comparison between exact solution and 

the series solution obtained by the standard HPM [3] by n-

term approximation and NHPM by N+1 terms of summations 

n
N

t
0=n

n and 
n

0=n

nt
N

 : 

Table 2. The comparison between exact solution, HPM, and 

NHPM 

n  7  9  11 

nUE
(HPM) 

4109.8   
5104.3   

6106.4   

nVE
(HPM) 

3100.2   
4109.2   

5102.2   

N  2    

0UE (NHPM) 0.0    

0VE (NHPM) 0.0    

3.4 Example 4. 

Consider the non-linear system 

 

 







10)()(')(

)()()(

2

1

2

ttftvttutv

tfttuttvtu
   (30) 

where 

0)1()0(,0)1()0(  vvuu
,

      23422

1 23sinsin tttttttf    and 

    683cos 23

2  ttttttf  . The exact 

solutions are    ttu sin and   ttttv 23 23  . 

If we do similar to previous examples, we get  1  

and 22  , and hence 

     
 tsin+

!7

t
-

!5

t
+

!3

t
-t)(

753

1 


  tU  

32

1 t+3t-2t)( tV  

which are compatible with the exact solutions. 

Table 3 shows the comparison between exact solution and 

the series solution obtained by NHPM by N+1 terms of 

summations 
n

N

t
0=n

n and 
n

0=n

nt
N

 : 

Table 3. The comparison between exact solution and NHPM 

N  20  25  

0UE (NHPM) 12109.8   
17106.2   

0VE (NHPM) 13101.7   
18101.2   

4. Conclusion 

In this paper, we’ve proposed an efficient modification of the 

HPM which achieves the exact or approximate solution of 

the nonlinear systems of BVPs with less computational work 

compared to the standard HPM and solves the problem 

without any need to discretise the variables. 

The new modification can usually provide the exact 

solution using just one single iteration and improves the 

performance of the standard HPM. This method doesn’t need 
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to transform the BVPs into higher order systems of integral 

equations. 

Several examples were tested by applying the NHPM and 

the results have shown remarkable performance. 
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