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Abstract: This study aims to examine the motion-nature of com-
plex wave with amplitude modulation and phase modulation. The
Amplitude Modulated Complex Wave and Phase Modulated Com-
plex wave have the potential to improve the localization of the time-
frequency for signal analysis and since they are a function of time
they tend to vary. In that regard, if the signal is nonstationary, the
spectrum of a function (signal) is represented in time domain, and
then the use of the constant coefficient of Fourier Series (FS) would
imply a loss of data from the spectrum. Additionally, Modulated
Complex wave has the potential to give a more accurate estimate of
function within the local time domain. As such, the observations
from the experiments indicate that the Amplitude Modulated Com-
plex wave and Phase Modulated Complex wave help in analyzing
the frequency spectrum as well as estimating its functions. Here
MATLAB R2018a has been used to experiment the result.

Keywords: Amplitude modulation, phase modulation, Fourier se-
ries, amplitude modulated complex wave, phase modulated complex
wave, spectrum.

1. Introduction

A complex wave can be represented by a Fourier series [1-3].
A combination of simple sine waves with various frequen-
cies, phases, and amplitudes can be used to represent any
complex wave. The magnitude, phase and frequency of these
different waves are known as the signal’s spectrum. Spec-
trum Analysis [4, 5] is a technique for studying different time
domain waveforms in order to determine their spectrum. In
addition, the two spaces namely; the domain of time as well
as its frequency can be used to explain a signal. Furthermore,
the Fourier series helps in analyzing signals that are station-
ary [6]. A signal is known as stationary [7] if it does not
change value over time in its frequency or spectral contents.

A complex wave U (t) can be expressed within the period
0 <t < T asfollows:

U(t) ~ % + Z (an cos(nQ%t) +b, sin(n?t)) (D)

n=1
t) ~ i an cos(nz—ﬂt) + i bn, sin(n2—7rt) ()
= T n=0 T
Z R, sin(n
Here, R,, = \/a2 +b2.
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Depending on the instant amplitude of the modulating sig-
nal, the amplitude of the carrier wave varies; where the phase
and frequency are retained as constant is defined as ampli-
tude modulation. Similarly, in compliance with the instant
amplitude of the modulating signal, the phase of the carrier
wave varies where the amplitude and frequency are retained
as constant is defined as Phase Modulation. If ¥(¢) is con-
tinuous function then Jy (t) expresses approximately W ()
within the period 0 <t <T.

For instance, if a frequency domain is stationary [8] it is
depicted by the symbol ¥ (¢) while the frequency itself is nw,
where w = % On the other hand, amplitude, R, is the struc-
ture of a spectrogram while R2 is the energy of the spectrum
that corresponds to its frequency nw.

In that regard, if the nonstationary [9] signal is in be-
tween [0,7] then the spectrogram will offer substandard re-
sults when conducting Fourier series. Meanwhile if a signal
that is nonstationary has a spectrum W(t) then it is described
as a dependent of time. However, if the Fourier coefficients
of a,, and b,, exceeds [0,7] it implies that the energy of the
spectrum R2 will not reveal the occurrence of the frequen-
cies. It is for this reason that when one opts to use the coeffi-
cients constant that exceeds [0, 7] it would mean there will be
a loss of signal from the local spectrum. This implies there
would be no localization of time-frequency [10—12] for the
Fourier series.

Fourier series is represented as the following way:

+ Z <an cos

The representation gives a clear physical meaning of the
frequency of the signal as nw, which is calculated by mul-
tiplying the integer by the base frequency w. In addition,
the Fourier coefficients (amplitude) R,, = /a2 + b2 corre-
sponds to the frequency and includes the phase shift (2"” +
0r).

The Fourier series can be broken down into sinusoidal sig-
nals. However, the weakness of this analysis is that its am-
plitudes are constant. Hence, the amplitude of the Fourier

) +bn sm(n2Tt)> [T =2L]



series can be modulated to enhance the localization of the
time-frequency [13, 14] for the Fourier series. But in order
to carry out the modulation of the amplitude of the complex
wave (FS), this can be presented in the manner of

ZR

The above expression is considered the amplitude modu-
lated complex wave. The Amplitude Modulation of complex
wave (FS) can also be figured as

Z R, (t)sin(n

Where vy (t) indicates noise. When there is a combina-
tion of amplitude modulation and phase modulation signals
it contributes to the Instantaneous Frequency (IF) and Instan-
taneous Amplitude (IA) [15, 16] study.

Thus, if IF and IA can be inferred as a branch of the Fourier
series, the sinusoidal signal will be revealed as follows

sin( n—t—|—9 ) &)

t+9 ) +oun(t) (6)

J(t) = bsin(27 ft+0) (N

Here, b indicates the amplitude of the signal, f indicates
the frequency, 6 indicates a phase difference.

Amplitude modulation and phase modulation has been de-
fined by Van der Pol [17] in the following way

i. Amplitude modulation:

b(t) = bo[1 + ng(t)] (®)

In which the modulating signal is specified by g(t).
ii. Phase modulation:

0(t) = o[L + Ah(1)] ©)
Therefore, Frequency modulation (FM):
J(t) =b(t)sineg(t) (10)

It is possible to define the multi-component FM signals as
Z In
where J,, (1) = by, (t) sin ¢y, (1).

Suppose ¢y, (t) = 2mnwt + 6,,, the multi-component signal
is

t)+on(t (11

N

s(t) = an(t) sin(2rnwt +6,) +on (t) (12)
n=0

The equation Eq. (12) is the same as the Fourier series [18,
19] with amplitude modulation Eq. (6).

For time-frequency measurement of signals, AMFS is very
suitable.

Then frequency % a‘bc’[t(t) = nw and amplitude |by, (t)[;
perfect spectrum analyzer is designed in which the local spec-
trum information is transparent.
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2. Implementation

2.1 Phase Modulation

Considering the modulating signal (e, ), is a pure sinusoidal
wave and the carrier signal (e.) having high frequency

em = Em coswpmt (13)
ec = E.sinw.t (14)

Equations Eq. (13) and Eq. (14) ignore the early stages of
modulating signals and carrier signals because of their not
contributing to the modulation process for constant values.
The stage of the carrier will not remain same after Phase
Modulation. Then the carrier equation is featured as

e=FE_.sinf (15)

The modulated carrier’s instantaneous phase is 6. Thus, 0
can be expressed as

0 =wct+ Kpem (16)

The proportionality constant for phase modulation is K,
putting the value of equation Eq. (13) in Eq. (16),

0 = wet + Kp By, coswp,t 17
The modulated index is K, E,, in Eq. (17), Let,
mp = KpEn, (18)

m,, indicates the modulation index of the phase modula-
tion, then from equation Eq. (17), we get,

0 = wet +my coswmt (19)
Putting the values of 6 in Eq. (15),

e = E.sin(wct +mpcoswyt) (20)
This is the phase modulation wave.

2.2 Amplitude Modulation

Amplitude modulation is the action of transmitting wave over
the amplitude of an uninterrupted highfrequency carrier. It is
possible to characterize the modulated AM waveform by

x(t) = [Ac + m(t)] cos(27 fet) (21)

where A, is the carrier amplitude, m(t) is the message signal
as desired, and f is the carrier frequency.

The modulation R, (f) can be carried out in two phases
R, (t) = A9 + A, (t). The first step will be to define, A%,
followed by the second step which is to estimate A, (¢). This
can be further simplified as a piecewise constant.

By the following step, the equation Eq. (6) is recognized.

Step 1: calculating Ry (t) = A8 =apand g =%

1 T
=7 /0 W(t)dt (22)



A. N. M. Rezaul Karim

Step 2: Calculating A} and ;. Let
Wi(t) =
W (t) =

¥ (t) —ao (23)
27t

27t
Uy (t)—cq cos%—dl sinT (24)

We gain from using the least square form,

2 (T 2t
o=z /O Ty () cos%dt (25)
2 [T 27t
= /O 0 sin%dt (26)
Then A9 = \/c? +d2, 01 = tan_l(c%).
Step 3:
Evaluating A1 ()
Assume 61 < 0
Within {%, W], let A;(t) be a constant A; (1)
in [T(WQ:fl) 7 T(Qgﬂ—el) )
Let A;(t) be another constant A1 (2).
. 27t
Vg (f,) =V, (t) — Ay (t) Sln(? + 91) 27
Then
T T
/ W3 (t)dt :/ W2 (t)dt
0 0
2 T(7,'75791) ot
2¢; T ;o204
+Z:A1(Z)/T((i—l)7r—61) sin( T +61)dt

T(z7r 01)

722141

ot
0, sin(% +o)dt (28)

T((i— 1)71' 01)

To construct f(;r WZ(t)dt = min it through the least square
process, we get

T(imt—671)
. 4 2 . 2mt )
A7) = T S Uy (t) 51n(? +61)dt, (i=1,2)
(29)
Step 2n: Calculating AY and 6,,.
Let,
2nmt 2nmt
Vo (t) = Yap_1(t) — cpcos st dy, sin ZZT (30)
Through the least square method,
2 [T 2nrt
Cp = T/o Won—1(t)cos T dt 3D
2 [T . 2nmt
"= T/o Wop—1(t)sin T dt (32)

Then A2 = \/c2 +d2, 0, =tan! ()
Step 2n + 1: Estimating A,, ()
Assume 6, <0

3
Within [T“’ Un—fn) T(T—0a)]
Let, A, (t) be constant A, (i), (i =1,2,...,n),
. 2nmt
Wont1(t) = Vo, (t) — Ap(t)sin( +6) (33)
then
T 2 T 2
/ \]:127L+1(t)dt:/ \I]2n(t)dt
0 0
T(iwr—0n) 9 "
2 2nm ) nm
+ZA /T((L 1220, sin (7T +0,)dt
T(ur On) 9 '
. 2nm
_2ZA — 1)Tr o) \Ifgnsm(T +0p)dt
(34)

To construct fOT W3, . 1(t)dt = min it through the least
square process, we get

T(im—6n)
) 2nT 2nmt
An (i) = T /;‘((i21)7r9n) Wan (t) SIH(T +6y,)dt,
(35
Phase by phase, we will be able to get
- 2nmt
Wont1(t) =V (t) —ag— z:l (A% + A, ( Sm(T +0n)
n=
(36)
That is
- 2nmt
Wont1(t) =W(t)— > Rn(t)sin( +0,) (37)

n=0

Therefore, Amplitude Modulated Complex wave can be
realized as W(t) ~ Yo% (R, (t)sin(22E +0,,) given the
proof that lim,, o fOT \Il%nJrl(t)dt =0.

Besides, when carrying out an estimation of Ry, (t) =
A% + A, (t), AV is a constant that corresponds with the
residual signal Wy, _1(¢) in which the functions sin 2mnwt
and cos2mnwt are of the orthogonal space. Thus to get
the orthogonal projections, in the residual signal Wa,,_1 (t)
and U, (t) the original terms A9 (¢)sin(257L 4 6,) and
Apg(t) sin(%” +0) (k <n) gets erased from U(t).

3. Result Analysis of signal in Time-frequency
localization

Localization of time-frequency is expressed using the ampli-
tude modulated Fourier series coefficients. Therefore given
the local time domain [T}, T3], if R, (t) = 0, it implies that
the signal component sin(2wnwt + 6,,) is nonexistent. Be-
sides the bigger the value of | Ry, (¢)| in the local time domain,
the larger spectrum energy from the corresponding frequency
nw.



Example 1: Analysis of singular signals

Let,
1, 0<t<3
Ui(t)=4¢0; 3<t<6 (38)
1, 6<t<9

Atthe point ¢t =3 and t = 6, ¥ (¢) is singular. The elevated
frequency at those points is also infinite. Extending

N
Uy (t) =) Ry(t)sin(2mnwt +0,) + vy (t)
n=0

drawing each term through Amplitude Modulated Complex
Wave and Ry, (t)sin(2mnwt +6,,) (connected with the curve
of (n+ 1)th), from R, (¢)sin(2mnwt + 6,,) (When n is big-
ger) we can see that in the interval [0,3 — d,], [3 + dp,6 —
0p] and [6 4 6y, 18] (limy,—s 00 8, = 0) the modulated signal
Ry, (t)sin(2mnwt 4 0,,) near zero, that is Ry, (t) = 0; Near to
a point only ¢t = 3 and ¢t = 6, R, (t) # 0, there is a elevated
frequency part R, (t)sin(2rnwt+6,,).

Let time reflect the x-axis, the frequency represented by
the y-axis (unit is w) and the zaxis represents the absolute
value of amplitude, that is, | Ry, ()|, The local time frequency
information of W1 (¢) is shown more clearly in figure 3

02 . . . . . . L S e
Figure 1. W (¢) can be approximated by J7(t)

4. Function approximation

The approximate speed between complex wave and Ampli-
tude Modulated Complex wave is compared in this section.
By the equation no 2 and 3, suppose,

al 2m > 27
JIn(t)=aog+ Z an, Cos(n?t) + Zlbn sin(n?t),

n=1

U (t) can be approximated by Jy (¢).

By equation 7, complex wave approximation, Say,
JN(t) = Zﬁ;l Ry, (t)]sin(2%E 4 6,,), it is possible to es-
timate W(t) with Jy, ().

Suppose, N = 7, Figures 1 and 2 indicate that ¥4 (¢) (as
shown in the example Eq. (38)) is estimated by J7(t) and
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Figure 2. U (¢) can be approximated by J7 (¢)
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Figure 3. U (¢) time-frequency analysis by Amplitude Modulated
Complex wave

Figure 4. approximating speed between complex wave and
Amplitude Modulated Complex wave
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Figure 5. approximating speed between complex wave and Phase
Modulated Complex Wave

J7(t) accordingly. Clearly, Amplitude Modulation of com-
plex wave can more accurately calculate Wy (¢) in the local
time domain [0,3 — 0], [3+ 9,6 —¢] and 6+ 6, 9]. The grounds
is that the Amplitude Modulated Complex wave coefficients
R, (t) is very much a function of time ¢; the local value of
WU (t) can be more accurately calculated.

fTU?\,(t)dt
Let{(N) = “%——.
et§(N) S w2 nar
) oy B vion
Here, vy(t) = W{t) = J(t) and €°(N) = -

where v}, (t) = W (t) — J5 ().

It can be proved that limy_,o&*(N) = 0,
limpy 00 £(IV) = 0 is obviously. In Fig 4, more specifically,
it can be shown that Amplitude Modulated Complex wave’s
approximate speed is higher than Complex wave compared
with (V) and £*(N); where £(IV) is measured as complex
wave without modulation and £*(N) is measured as mod-
ulated complex wave. In Fig 5, more specifically, it can be
shown that Phase Modulated Complex wave’s approximate
speed is higher than Complex wave.

5. Conclusion

From the analysis, it shows that the Amplitude Modulated
Complex wave & Phase modulated complex wave help in an-
alyzing frequency of the wave and approximating function. It
is also a useful tool for analyzing signals, processing images,
and control of systems. In that regard, the theory and appli-
cation of Modulated Complex wave wavelet analysis must
be further developed to be internationally recognized as a
minute tool for analyzing time-frequency. Also by drawing a
comparison with the wavelet analysis, findings indicate that
the Amplitude Modulated Complex Wave has its advantages.
For instance, the components of Amplitude Modulated Com-
plex wave Ry, (t)sin(2mnwt + 6,,) are said to be simple, of
which the frequency nw is clear. Future studies should there-
fore focus on combining the Amplitude Modulated Complex
wave with an analysis of wavelet in signal analysis as well
as control. On the other hand, Amplitude Modulated Com-
plex wave has its shortcomings. The first limitation is that
its function Ry, () is not continuous. Its other weakness is

that the frequency nw; which corresponds to the component
R, (t)sin(2mnwt +6,,). It is combined with a high frequency
of others. In that regard, future work should focus on im-
proving the shortcomings of Amplitude & Phase Modulated
Complex wave.
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