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Abstract: This study aims to examine the motion-nature of com-
plex wave with amplitude modulation and phase modulation. The
Amplitude Modulated Complex Wave and Phase Modulated Com-
plex wave have the potential to improve the localization of the time-
frequency for signal analysis and since they are a function of time
they tend to vary. In that regard, if the signal is nonstationary, the
spectrum of a function (signal) is represented in time domain, and
then the use of the constant coefficient of Fourier Series (FS) would
imply a loss of data from the spectrum. Additionally, Modulated
Complex wave has the potential to give a more accurate estimate of
function within the local time domain. As such, the observations
from the experiments indicate that the Amplitude Modulated Com-
plex wave and Phase Modulated Complex wave help in analyzing
the frequency spectrum as well as estimating its functions. Here
MATLAB R2018a has been used to experiment the result.

Keywords: Amplitude modulation, phase modulation, Fourier se-
ries, amplitude modulated complex wave, phase modulated complex
wave, spectrum.

1. Introduction
A complex wave can be represented by a Fourier series [1–3].
A combination of simple sine waves with various frequen-
cies, phases, and amplitudes can be used to represent any
complex wave. The magnitude, phase and frequency of these
different waves are known as the signal’s spectrum. Spec-
trum Analysis [4, 5] is a technique for studying different time
domain waveforms in order to determine their spectrum. In
addition, the two spaces namely; the domain of time as well
as its frequency can be used to explain a signal. Furthermore,
the Fourier series helps in analyzing signals that are station-
ary [6]. A signal is known as stationary [7] if it does not
change value over time in its frequency or spectral contents.

A complex wave Ψ(t) can be expressed within the period
0≤ t≤ T as follows:

Ψ(t)∼ a0
2 +

∞∑
n=1

(
an cos(n2π

T
t) + bn sin(n2π

T
t)
)

(1)

Ψ(t)∼
∞∑
n=0

an cos(n2π
T
t) +

∞∑
n=0

bn sin(n2π
T
t) (2)

Ψ(t)∼
∞∑
n=0

Rn sin(n2π
T
t+θn) (3)

Here, Rn =
√
a2
n+ b2n.

Let,

JN (t) =
N∑
n=0

Rn sin(n2π
T
t+θn) (4)

Depending on the instant amplitude of the modulating sig-
nal, the amplitude of the carrier wave varies; where the phase
and frequency are retained as constant is defined as ampli-
tude modulation. Similarly, in compliance with the instant
amplitude of the modulating signal, the phase of the carrier
wave varies where the amplitude and frequency are retained
as constant is defined as Phase Modulation. If Ψ(t) is con-
tinuous function then JN (t) expresses approximately Ψ(t)
within the period 0≤ t≤ T .

For instance, if a frequency domain is stationary [8] it is
depicted by the symbol Ψ(t) while the frequency itself is nω,
where ω = 1

T . On the other hand, amplitude, Rn is the struc-
ture of a spectrogram while R2

n is the energy of the spectrum
that corresponds to its frequency nω.

In that regard, if the nonstationary [9] signal is in be-
tween [0,T ] then the spectrogram will offer substandard re-
sults when conducting Fourier series. Meanwhile if a signal
that is nonstationary has a spectrum Ψ(t) then it is described
as a dependent of time. However, if the Fourier coefficients
of an and bn exceeds [0,T ] it implies that the energy of the
spectrum R2

n will not reveal the occurrence of the frequen-
cies. It is for this reason that when one opts to use the coeffi-
cients constant that exceeds [0,T ] it would mean there will be
a loss of signal from the local spectrum. This implies there
would be no localization of time-frequency [10–12] for the
Fourier series.

Fourier series is represented as the following way:

Ψ(t) = a0
2 +

∞∑
n=1

(
an cos(n2π

T
t) + bn sin(n2π

T
t)
)

[T = 2L]

The representation gives a clear physical meaning of the
frequency of the signal as nω, which is calculated by mul-
tiplying the integer by the base frequency ω. In addition,
the Fourier coefficients (amplitude) Rn =

√
a2
n+ b2n corre-

sponds to the frequency and includes the phase shift (2nπt
T +

θn).
The Fourier series can be broken down into sinusoidal sig-

nals. However, the weakness of this analysis is that its am-
plitudes are constant. Hence, the amplitude of the Fourier
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series can be modulated to enhance the localization of the
time-frequency [13, 14] for the Fourier series. But in order
to carry out the modulation of the amplitude of the complex
wave (FS), this can be presented in the manner of

Ψ(t)∼
∞∑
n=0

Rn(t)sin(n2π
T
t+θn) (5)

The above expression is considered the amplitude modu-
lated complex wave. The Amplitude Modulation of complex
wave (FS) can also be figured as

Ψ(t)∼
∞∑
n=0

Rn(t)sin(n2π
T
t+θn) +vN (t) (6)

Where vN (t) indicates noise. When there is a combina-
tion of amplitude modulation and phase modulation signals
it contributes to the Instantaneous Frequency (IF) and Instan-
taneous Amplitude (IA) [15, 16] study.

Thus, if IF and IA can be inferred as a branch of the Fourier
series, the sinusoidal signal will be revealed as follows

J(t) = bsin(2πft+θ) (7)

Here, b indicates the amplitude of the signal, f indicates
the frequency, θ indicates a phase difference.

Amplitude modulation and phase modulation has been de-
fined by Van der Pol [17] in the following way

i. Amplitude modulation:

b(t) = b0[1 +µg(t)] (8)

In which the modulating signal is specified by g(t).
ii. Phase modulation:

θ(t) = θ0[1 +λh(t)] (9)

Therefore, Frequency modulation (FM):

J(t) = b(t)sinφ(t) (10)

It is possible to define the multi-component FM signals as

J(t) =
N∑
n=0

Jn(t) +vN (t) (11)

where Jn(t) = bn(t)sinφn(t).
Suppose φn(t) = 2πnωt+θn, the multi-component signal

is

s(t) =
N∑
n=0

bn(t)sin(2πnωt+θn) +vN (t) (12)

The equation Eq. (12) is the same as the Fourier series [18,
19] with amplitude modulation Eq. (6).

For time-frequency measurement of signals, AMFS is very
suitable.

Then frequency 1
2π

∂φn(t)
dt = nω and amplitude |bn(t)|; A

perfect spectrum analyzer is designed in which the local spec-
trum information is transparent.

2. Implementation
2.1 Phase Modulation
Considering the modulating signal (em), is a pure sinusoidal
wave and the carrier signal (ec) having high frequency

em = Em cosωmt (13)
ec = Ec sinωct (14)

Equations Eq. (13) and Eq. (14) ignore the early stages of
modulating signals and carrier signals because of their not
contributing to the modulation process for constant values.
The stage of the carrier will not remain same after Phase
Modulation. Then the carrier equation is featured as

e= Ec sinθ (15)

The modulated carrier’s instantaneous phase is θ. Thus, θ
can be expressed as

θ = ωct+Kpem (16)

The proportionality constant for phase modulation is Kp,
putting the value of equation Eq. (13) in Eq. (16),

θ = ωct+KpEm cosωmt (17)

The modulated index is KpEm in Eq. (17), Let,

mp =KpEm (18)

mp indicates the modulation index of the phase modula-
tion, then from equation Eq. (17), we get,

θ = ωct+mp cosωmt (19)

Putting the values of θ in Eq. (15),

e= Ec sin(ωct+mp cosωmt) (20)

This is the phase modulation wave.

2.2 Amplitude Modulation
Amplitude modulation is the action of transmitting wave over
the amplitude of an uninterrupted highfrequency carrier. It is
possible to characterize the modulated AM waveform by

x(t) = [Ac+m(t)]cos(2πfct) (21)

whereAc is the carrier amplitude, m(t) is the message signal
as desired, and fc is the carrier frequency.

The modulation Rn(t) can be carried out in two phases
Rn(t) = A0

n +An(t). The first step will be to define, A0
n,

followed by the second step which is to estimate An(t). This
can be further simplified as a piecewise constant.

By the following step, the equation Eq. (6) is recognized.
Step 1: calculating R0(t) =A0

0 = a0 and θ0 = π
2

∴ a0 = 1
T

∫ T

0
Ψ(t)dt (22)
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Step 2: Calculating A0
1 and θ1. Let

Ψ1(t) = Ψ(t)−a0 (23)

Ψ2(t) = Ψ1(t)− c1 cos 2πt
T
−d1 sin 2πt

T
(24)

We gain from using the least square form,

c1 = 2
T

∫ T

0
Ψ1(t)cos 2πt

T
dt (25)

d1 = 2
T

∫ T

0
Ψ1(t)sin 2πt

T
dt (26)

Then A0
1 =

√
c21 +d2

1, θ1 = tan−1( c1
d1

).
Step 3:
Evaluating A1(t)
Assume θ1 < 0
Within

[
T (−θ1)

2π , T (π−θ1)
2π

]
, let A1(t) be a constant A1(1)

in
[
T (π−θ1)

2π , T (2π−θ1)
2π

]
.

Let A1(t) be another constant A1(2).

Ψ3(t) = Ψ2(t)−A1(t)sin(2πt
T

+θ1) (27)

Then∫ T

0
Ψ2

3(t)dt=
∫ T

0
Ψ2

2(t)dt

+
2∑
i=1

A2
1(i)

∫ T (iπ−θ1)
2π

T ((i−1)π−θ1)
2π

sin2(2πt
T

+θ1)dt

−2
2∑
i=1

A1(i)
∫ T (iπ−θ1)

2π

T ((i−1)π−θ1)
2π

Ψ2 sin(2πt
T

+θ1)dt (28)

To construct
∫ T
0 Ψ2

3(t)dt= min it through the least square
process, we get

A1(i) = 4
T

∫ T (iπ−θ1)
2π

T ((i−1)π−θ1)
2π

Ψ2(t)sin(2πt
T

+θ1)dt, (i= 1,2)

(29)

Step 2n: Calculating A0
n and θn.

Let,

Ψ2n(t) = Ψ2n−1(t)− cn cos 2nπt
T
−dn sin 2nπt

T
(30)

Through the least square method,

cn = 2
T

∫ T

0
Ψ2n−1(t)cos 2nπt

T
dt (31)

dn = 2
T

∫ T

0
Ψ2n−1(t)sin 2nπt

T
dt (32)

Then A0
n =

√
c2n+d2

n, θn = tan−1( cndn ).
Step 2n+ 1: Estimating An(t)
Assume θn < 0

Within
[
T ((i−1)π−θn)

2nπ , T (iπ−θn)
2nπ

]
.

Let, An(t) be constant An(i), (i= 1,2, . . . ,n),

Ψ2n+1(t) = Ψ2n(t)−An(t)sin(2nπt
T

+θn) (33)

then∫ T

0
Ψ2

2n+1(t)dt=
∫ T

0
Ψ2

2n(t)dt

+
n∑
i=1

A2
n(i)

∫ T (iπ−θn)
2nπ

T ((i−1)π−θn)
2nπ

sin2(2nπt
T

+θn)dt

−2
n∑
i=1

An(i)
∫ T (iπ−θn)

2nπ

T ((i−1)π−θn)
2nπ

Ψ2n sin(2nπt
T

+θn)dt

(34)

To construct
∫ T
0 Ψ2

2n+1(t)dt = min it through the least
square process, we get

An(i) = 4n
T

∫ T (iπ−θn)
2nπ

T ((i−1)π−θn)
2nπ

Ψ2n(t)sin(2nπt
T

+θn)dt,

(35)

Phase by phase, we will be able to get

Ψ2n+1(t) = Ψ(t)−a0−
n∑
n=1

(A0
n+An(t))sin(2nπt

T
+θn)

(36)

That is

Ψ2n+1(t) = Ψ(t)−
n∑
n=0

Rn(t)sin(2nπt
T

+θn) (37)

Therefore, Amplitude Modulated Complex wave can be
realized as Ψ(t) ∼

∑∞
n=0Rn(t)sin(2nπt

T + θn) given the
proof that limn→∞

∫ T
0 Ψ2

2n+1(t)dt= 0.
Besides, when carrying out an estimation of Rn(t) =

A0
n + An(t), A0

n is a constant that corresponds with the
residual signal Ψ2n−1(t) in which the functions sin2πnωt
and cos2πnωt are of the orthogonal space. Thus to get
the orthogonal projections, in the residual signal Ψ2n−1(t)
and Ψ2n(t) the original terms A0

k(t)sin(2kπt
T + θk) and

Ak(t)sin(2kπt
T +θk) (k ≤ n) gets erased from Ψ(t).

3. Result Analysis of signal in Time-frequency
localization

Localization of time-frequency is expressed using the ampli-
tude modulated Fourier series coefficients. Therefore given
the local time domain [T1,T2], if Rn(t) ∼= 0, it implies that
the signal component sin(2πnωt+ θn) is nonexistent. Be-
sides the bigger the value of |Rn(t)| in the local time domain,
the larger spectrum energy from the corresponding frequency
nω.
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Example 1: Analysis of singular signals
Let,

Ψ1(t) =


1; 0≤ t < 3
0; 3≤ t < 6
1; 6≤ t≤ 9

(38)

At the point t= 3 and t= 6, Ψ1(t) is singular. The elevated
frequency at those points is also infinite. Extending

Ψ1(t) =
N∑
n=0

Rn(t)sin(2πnωt+θn) +vN (t)

drawing each term through Amplitude Modulated Complex
Wave and Rn(t)sin(2πnωt+ θn) (connected with the curve
of (n+ 1)th), from Rn(t)sin(2πnωt+ θn) (when n is big-
ger) we can see that in the interval [0,3− δn], [3 + δn,6−
δn] and [6 + δn,18] (limn→∞ δn = 0) the modulated signal
Rn(t)sin(2πnωt+ θn) near zero, that is Rn(t)∼= 0; Near to
a point only t = 3 and t = 6, Rn(t) 6= 0, there is a elevated
frequency part Rn(t)sin(2πnωt+θn).

Let time reflect the x-axis, the frequency represented by
the y-axis (unit is ω) and the zaxis represents the absolute
value of amplitude, that is, |Rn(t)|, The local time frequency
information of Ψ1(t) is shown more clearly in figure 3

Figure 1. Ψ1(t) can be approximated by J7(t)

4. Function approximation
The approximate speed between complex wave and Ampli-
tude Modulated Complex wave is compared in this section.

By the equation no 2 and 3, suppose,

JN (t) = a0 +
N∑
n=1

an cos(n2π
T
t) +

∞∑
n=1

bn sin(n2π
T
t),

Ψ(t) can be approximated by JN (t).
By equation 7, complex wave approximation, Say,

J∗N (t) =
∑N
n=1Rn(t)]sin(2nπt

T + θn), it is possible to es-
timate Ψ(t) with J∗N (t).

Suppose, N = 7, Figures 1 and 2 indicate that Ψ1(t) (as
shown in the example Eq. (38)) is estimated by J7(t) and

Figure 2. Ψ1(t) can be approximated by J∗7 (t)

Figure 3. Ψ1(t) time-frequency analysis by Amplitude Modulated
Complex wave

Figure 4. approximating speed between complex wave and
Amplitude Modulated Complex wave
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Figure 5. approximating speed between complex wave and Phase
Modulated Complex Wave

J∗7 (t) accordingly. Clearly, Amplitude Modulation of com-
plex wave can more accurately calculate Ψ1(t) in the local
time domain [0,3−δ], [3+δ,6−δ] and 6+δ,9]. The grounds
is that the Amplitude Modulated Complex wave coefficients
Rn(t) is very much a function of time t; the local value of
Ψ1(t) can be more accurately calculated.

Let ξ(N) =
∫ T

0
v2
N (t)dt∫ T

0
Ψ2(t)dt

.

Here, vN (t) = Ψ(t)− JN (t) and ξ∗(N) =
∫ T

0
v∗2
N (t)dt∫ T

0
Ψ2(t)dt

where v∗N (t) = Ψ(t)−J ′N (t).
It can be proved that limN→∞ ξ

∗(N) = 0,
limN→∞ ξ(N) = 0 is obviously. In Fig 4, more specifically,
it can be shown that Amplitude Modulated Complex wave’s
approximate speed is higher than Complex wave compared
with ξ(N) and ξ∗(N); where ξ(N) is measured as complex
wave without modulation and ξ∗(N) is measured as mod-
ulated complex wave. In Fig 5, more specifically, it can be
shown that Phase Modulated Complex wave’s approximate
speed is higher than Complex wave.

5. Conclusion
From the analysis, it shows that the Amplitude Modulated
Complex wave & Phase modulated complex wave help in an-
alyzing frequency of the wave and approximating function. It
is also a useful tool for analyzing signals, processing images,
and control of systems. In that regard, the theory and appli-
cation of Modulated Complex wave wavelet analysis must
be further developed to be internationally recognized as a
minute tool for analyzing time-frequency. Also by drawing a
comparison with the wavelet analysis, findings indicate that
the Amplitude Modulated Complex Wave has its advantages.
For instance, the components of Amplitude Modulated Com-
plex wave Rn(t)sin(2πnωt+ θn) are said to be simple, of
which the frequency nω is clear. Future studies should there-
fore focus on combining the Amplitude Modulated Complex
wave with an analysis of wavelet in signal analysis as well
as control. On the other hand, Amplitude Modulated Com-
plex wave has its shortcomings. The first limitation is that
its function Rn(t) is not continuous. Its other weakness is

that the frequency nω; which corresponds to the component
Rn(t)sin(2πnωt+θn). It is combined with a high frequency
of others. In that regard, future work should focus on im-
proving the shortcomings of Amplitude & Phase Modulated
Complex wave.

References
[1] R. Lasser, Introduction to Fourier series. CRC Press,

1996, vol. 199.
[2] C. S. Rees, C. V. Stanojevic, and S. Shah, “Theory and

applications of Fourier analysis,” 1981.
[3] G. P. Tolstov, Fourier series. Courier Corporation,

2012.
[4] N. Morrison, “Introduction to Fourier analysis,” 1994.
[5] G. B. Folland, Fourier analysis and its applications.

American Mathematical Soc., 2009, vol. 4.
[6] N. Perraudin and P. Vandergheynst, “Stationary signal

processing on graphs,” IEEE Transactions on Signal
Processing, vol. 65, no. 13, pp. 3462–3477, 2017.

[7] B. Girault, “Stationary graph signals using an isomet-
ric graph translation,” in 2015 23rd European Signal
Processing Conference (EUSIPCO). IEEE, 2015, pp.
1516–1520.

[8] A. G. Marques, S. Segarra, G. Leus, and A. Ribeiro,
“Stationary graph processes and spectral estimation,”
IEEE Transactions on Signal Processing, vol. 65,
no. 22, pp. 5911–5926, 2017.

[9] F. R. Drepper and R. Schlüter, “Non-stationary acoustic
objects as atoms of voiced speech,” 34. Jahrestagung
für Akustik der Deutschen Gesellschaft für Akustik, pp.
249–250, 2008.

[10] F. Hlawatsch, Time-frequency analysis and synthesis of
linear signal spaces: time-frequency filters, signal de-
tection and estimation, and Range-Doppler estimation.
Springer Science & Business Media, 2013, vol. 440.

[11] Z. Prusa, P. L. Sondergaard, N. Holighaus, C. Wies-
meyr, and P. Balazs, “The large time-frequency analysis
toolbox 2.0,” in International Symposium on Computer
Music Multidisciplinary Research. Springer, 2013, pp.
419–442.

[12] T. Claasen and W. Mecklenbräuker, “Time-frequency
signal analysis,” Philips Journal of Research, vol. 35,
no. 6, pp. 372–389, 1980.

[13] C. Hope and D. Furlong, “Time-frequency distributions
for timbre morphing: the Wigner distribution versus the
STFT,” Proc. SBCM, pp. 99–110, 1997.

[14] L. Cohen and P. Loughlin, Recent developments in time-
frequency analysis. Springer, 1998.

[15] B. Boashash, “Estimating and interpreting the instanta-
neous frequency of a signal. i. fundamentals,” Proceed-
ings of the IEEE, vol. 80, no. 4, pp. 520–538, 1992.

[16] B. Boashash, “Estimating and interpreting the instan-
taneous frequency of a signal. ii. algorithms and appli-
cations,” Proceedings of the IEEE, vol. 80, no. 4, pp.
540–568, 1992.

[17] B. Van der Pol, “The fundamental principles of fre-
quency modulation,” Journal of the Institution of Elec-
trical Engineers-Part III: Radio and Communication
Engineering, vol. 93, no. 23, pp. 153–158, 1946.

[18] N. Artem, “Application of Fourier series to differential
wave equations,” Math. 483/683 Note, pp. 1–6, 2016.

[19] V. Shapiro, Fourier series in several variables with ap-
plications to partial differential equations. CRC Press,
2011.


	Introduction
	Implementation
	Phase Modulation 
	Amplitude Modulation 

	 Result Analysis of signal in Time-frequency localization
	Function approximation
	Conclusion

