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Abstract: Statistics science has presented frequency distribution for
modeling the lifetime data such as gamma distribution. This study
aims to introduce a new class of lifetime distributions having better
behavior than other lifetime distributions. This class called as ”Gen-
eralized Exponential- Power Series” (GEPS) derived from combin-
ing the generalized exponential distributions and power series dis-
tribution (cut at zero). We also intend to obtain properties of this
distribution is one of the reliability functions (hazard function, sur-
vival function,...), torques, Maximum likelihood parameters esti-
mators by EM algorithm. Hazard function of class GEPS distribu-
tions could have constant failure rate (CFR), increasing failure rate
(IFR), decreasing failure rate (DFR), Bathtub shape (BT) depending
on different parameters. Finally, we indicate how to use four sets of
real data and capability of this new class of distributions.

Keywords: Failure rate, lifetime distribution, power series distribu-
tions, EM algorithm, maximum likelihood estimators

1. Introduction

Today, accelerated technological progress, development of
super complicated goods, severe global competition and de-
velopment of customers’ expectations created new pressure
on producers of manufacturers for producing the high qual-
ity product. Customers expect to purchase reliable and safe
products. Therefore, systems, devices, machines and tools or
instruments must have the ability of producing the reliable
products and goods.

According to technical principles, the role played by such
systems and tools is called as ”Reliability” that is has a qual-
itative interpretation. Improving the reliability is a main part
of discussion for improving the product’s quality. There are
many definitions about quality; however, the general discus-
sion is that an unreliable product could not be a high quality
product. Candra (....yr..) stresses that ’functionality is the
quality on time”.

Reliability mostly deals with non-negative random vari-
ables called as "Lifetime”. Lifetime includes situations in
which the time for occurrence of a specific outcome has
been considered. A lifetime, as a random variable, is fully
described by its distribution. Distributions that are used
for modeling the lifetime called as ”Lifetime Distributions”.
Lifetime becomes mostly clear by a failure, death or some
other exhaustible events. Therefore, knowing the probability
of failure in a component working in the next period (small
enough) is highly important for analyzing the reliability of

that component. Failure rate (or hazard function) expresses
this probability. More precisely, failure rate or hazard rate is
the possibility failing immediately after a given time of ’t”
assuming that the studied unit has been functioned until time
”t”. Failure rate of lifetime distributions could have different
forms. Based on its type, this function could be constant fail-
ure rate (CFR), increasing failure rate (IFR), decreasing fail-
ure rate (DFR), Bathtub shape (BT) and upside-down bath-
tub shape (UBT). If the hazard function is increasing or as-
cending, the conditional probability of failure in infinitesimal
timescales will be increased by time. For example, failure
rate (mortality rate) in adults will be increased exponentially
by time. Therefore, knowing and analyzing the form of fail-
ure rate plays important role in reliability and analyzing the
lifetime data [1].

Lifetime distributions with descending failure rate have
been just studied by different authors and researchers.
Adamidis & Loukas [2] introduced a bi-parameter distribu-
tion obtained from combining the exponential distribution
and geometrical distribution. Combining the exponential and
Poison distributions, Kus [3] attained a lifetime distribution
having decreasing failure rate. Chahkandi & Ganjali [4] ob-
tained a new bi-parameters distribution that is a combination
of power series and exponential distributions. This distribu-
tion has also a decreasing failure rate. Combining the nega-
tive binominal distribution and exponential distribution, Ha-
jabi et al. [5] obtained a distribution having decreasing failure
rate.

There are other distributions for lifetime variable having
increasing failure rate such as Cancho et al. distribution [6].
This bi-parameter distribution with increasing failure rate has
been obtained from combining exponential and poison distri-
butions. Combining poison distribution cut at zero and expo-
nential distribution, Rezaee & Tahmasbi [7] could also obtain
a distribution with increasing failure rate.

In some cases, the failure rate of a lifetime distribution
could have different forms. Gupta & Kundu [8] obtained a
tri-parameter distribution with its failure rate depending on
the studied parameter could have increasing, decreasing and
or bathtub form. Silva et al. [9] have also obtained a new
distribution with the same property. Combining Weibull dis-
tribution and geometrical distribution, Barreto- Souza et al.
[10] attained to a distribution with decreasing, increasing and
bathtub failure rate. Hemmati et al. [11] could also introduce
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a tri-parameters distribution with these three failure rates ob-
taining by combining Weibull distribution and Poison distri-
bution. Bakouch et al. [12] could also introduce a new dis-
tribution with decreasing, increasing and or bathtub failure
rate.

The purpose of this study is introducing a new class of
tri-parameters lifetime distributions called as Generalized
Exponential- Power Series (GEPS) distributions obtained
from combining generalized exponential (GE) and power se-
ries (cut at zero) distributions. This new class of distribu-
tions have been presented by Mahmoudi & Jafari [13] com-
prising the Exponential- Power Series (EPS), Complemen-
tary Exponential- Geometric (CEG) and Poisson- Exponen-
tial (PE) models developed by Chahkandi & Ganjali [4],
Louzada- Neto et al. [14] and Kundu [6]. This family
also comprise lifetime distributions developed by Adamidis
& Loukas, Kus as well as Tahmasbi & Rezaee as well.

The main objectives for introducing the class of GEPS dis-
tributions include:

1. This class of distributions provide a main model that
could be used for different issues of modeling the life-
time data.

2. GEPS Distributions class provide reliable parametric
fitness on skew data (that could not be fitted well by
other distributions).

3. This class includes a few lifetime models as specific
states.

2. Introduction to Distribution

Behind any statistical distribution is always at least one phys-
ical model. Physical model considerably assist fitting a
proper distribution on a set of given data and sensibly inter-
preting that distribution. This section intends to introduce
GEPS distributions with many applications could be consid-
ered for it. For this purpose, following physical interpretation
has been presented.

Assume that a company has N parallel systems working
independently in a given period such that N is a discrete ran-
dom variable and is a member of power series distributions
cut at zero with probability mass function Eq. (1) as below:

an 8"

P(N_n)_c(e),n_l,Z,... (1)

Also assume that any system has comprised from « units
connected together in parallel. Failure times of units in
ith system are indicated by Z;,,... ,Z;2,7Z;1 that are in-
dependent random variables and exponential co-distribution
with scale parameter of S. Thus, for given N, there
are Xy , ... ,Xjindependent random variables and co-
distribution (i.i.d) from generalized exponential distribution
with cdf Eq. (2) that are the symbol of failure time (lifetime)
N of related system.

Gz)=1—-e P> >0 (2)

Because a parallel system works until when at least one
of its units is intact (or more precisely, it will stop working
when all of its units become out of order), the company will
continue its activity until when at least one of its systems is
working. On the other hand, the lifetime of related company
(indicated with random variable X) is equal to lifetime of the
system having the lifespan more than remaining; i.e. the life-
time of this company is equal to X ,,) = max Xj;.

1}i}N

Now, we indent to model the lifetime of related company
with GEPS distributions class. For this purpose, it is enough
to attain the cumulative distribution function, X, .

Conditional cumulative distribution function, X (n) | N =
n, includes:

G X | N=n = P(X(m) 2| N =n)
= (1—e Poyne 3)

That is a generalized exponential distribution with param-
eter o, and 3.

Related model is defined by lateral distribution function,
Xy, (it should be noted that X = X,), i.e.:

F(z) =Y P(N =n)P(X(, <z|N =n)

n=1
_ S an(0G()" _ C(6G(x))
‘; coy ~ co

_C(B(1—eF)%)
e @

where o, 5 > 0,z > 0. This model emerges not only in the
industrial usages but also in biological mechanisms. Equa-
tion Eq. (4) presents generalized exponential- power series
distributions with parameters «, 5 and @ indicated by symbol
GEPS (a, 3, 0).

Remark 1: Put X; = min X;. Distribution function, X7,

1<i<N
equals with:

CO(1-G(x)))
c()
CO(1—(1—eP2)"
(01— (1-¢=77)") s
co)
If a=1, cumulative distribution function will be F'x, (v) =

—Bz . T
1- % called as exponential- power series distribution

by Chahkandi & Ganjali [4] and this family comprises also
the lifetime distribution developed by Adamidis & Loukas
[3] and Tahmasbi and Rezaee [15].

More, some structures of GEPS distributions class is ex-
pressed and by mentioning two examples, density function
diagram and hazard function of this distribution will be ob-
served.

Fxm(@)=1-

=1—-
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3. Structural Properties of GEPS Distribution

3.1 Density Function

Assume that X ~GEPS(a,3,0). By differentiation of equa-
tion Eq. (4), the density function of this variable includes:

_ C'(0G(z))
_ pava1C'(O(1L—e 7))
_ Bx(q _ Brya—1
fafBe (1—e77%) 0 (6)
3.2 Hazard Function and Survival Function

Survival function and failure rate of GEPS distributions class
include respectively:

Sz)=1-F(z)=1 0%%()9«“))
- OO o .
and
h(z) égg
e [
(3)

More, for seeing the density function diagram and failure
rate function of this distribution, we express two following
examples:

Example 1: Put C(0) = 6+ 62°. If 8=1 and 0=1, then,

fla) = gae"(1- =) 142001 —e~)10
And
h(x) :aeim(l—eim)ail 1+20(1_67m)19a

92 _ (1 _ e—x)a _ (]_ _ e—z)QOa

Above Density function diagram and hazard function have
been drawn in Figure 1 for a= 0.5,1,2. For a = 2, this den-
sity has two modes with its values are 0/6931 and 3/5563.
Example 2: For 0 << 1, put C(f) = sin=1(#); thus,
C'(9) =

tion based on =1 include:

o) = foe™ (1 —e )1
f=) sin™H(0)/1— (0(1 —e—*)>)2
And
h(x _ O f:c<1_efac)o<71

[sin=1(0) —sin =1 (O(1 —e~=))]\/1— (0

Figure 2 indicates above hazard function and density func-
tion based on a= 0.5,1,2 and 6= 0.9.

1 _ efz)a)Q

71
3.3 Quantile
Quantile ¢ from GEPS distribution is equal with:
—1
) o

Symbol C~1(-) is the reverse function of C(-)? (Gener-
ally, it isn’t easy to find C~1(+)).

3.4 Sorted Statistics

Assume that X7,..., X, is a random sample (i.i.d) of GEPS
distributions class with parameters «, /3 and 6, ith distribution
of sorted statistics of this example detailed as below:

n'

. _ aBe Ba: e—ﬁm a—1
fon @) =gy e
C'(0(1— e~y [C(B(1—e "))
[C(8) = C(6(1 — e=5)*) """
™ (0)
(10)

And distribution function corresponding to this distribu-
tion includes:

Fin (1')
_ zn: <n> [C(O(1L— e PX)M)F[C(0) —C(O(L e P))"F
— k cn(0)
(11
3.5 Momentum Generating Function
Assume that X~GEPS(«,3,0), we have:
Z =n) My (n)(t) (12)

Where, My (,,)(t)is the momentum generating function of
Y(n) = max(Yy,...,Yy). We know that Y{,,) ~ GE(na, 3),

then:
My () (£) =naB(1—5,na) = F(??;i)l;(_l Z)E) < B
B
(13)
Finally, we have:
Mx () =T(1— ;)ip(zv )F(l;zgli 1+1)/§)

n=1 B
IR R I'(Na+1)
=TI(1 ﬂ)nz::lE<I’(Na+l—é)>’t<ﬂ
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Figure 2. Diagram of Density Function and GEPS Hazard Function when C'(8) = sin ()

3.6 Central Torques
By direct calculation, we have:

E(Xk) = /Oooxkf(x)dx

o0

= /00 ¥ Z P(N = n)g(n) (z;n)dx
0 n=1
= P(N = n)E(Y(n)) (14)

We know that Y,y ~ GE(na, 3), then we have:

B(Yin) = 5lo(na+1) = (1)
BOEy) = 7 [0 =4/ (na+ 1)+ (6(mna-+ 1) = 0(1))’
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Thus
E(X)=>Y_ P(N =n)E(Y(,))
n=1
1 <= anb”
=5 2 Gy e+ - o)
And
E(X?) =Y P(N =n)E(YZ)
n=1

Remember that > | P(N =n) = 1. Now, we will ob-
tain kth torque of distribution GEPS(«,3,0).

Because, Y{,,) ~ GE(na, 3), kth torque around the origin
of this variable is as below:

nak' na—1 , 1
() a0

Finally, according to equalities Eq. (14) and Eq. (15), kth
central torque of GEPS distribution include:

ik =E(X")
>, a4, 0" nak! no—1 . 1
e () e
no—1 j napt”
ﬂ’“C nzl]z%< > Y (j+1)F*!

4. Reviewing the Relation between GEPS Dis-
tribution and other Functions

This section introduces four distributions a member of gener-
alized exponential - power series distributions with express-
ing some of their structural properties by using provided
equations.

4.1 Generalized Exponential- Geometrical Distribution

Geometrical distribution (cut at zero) is a specific state of
power series distributions with a,, = 1 and C'(0) = 1"%9(0 <
6 < 1). Using Eq. (4), cumulative distribution function,
Generalized- Exponential- Geometric Distribution (GEG) in-
cludes:

_ _efﬁma
Py~ =00 =c )

1=o(1—¢ Br)a >0 (16)

This distribution has been presented by Gupta & Kundu
[16].
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4.1.1 Probability Density Function

We know that C’(f) = ﬁ. Therefore, according to

Eq. (6), GEG Distribution Density Function equals with:
1-6

[1—6(1—ePr)a]2

flx)= aﬁe_’%u — e_'BQC)‘X_1
(17)

It is to mention that above result could be directly obtained
by differentiation from Eq. (16).
Remark 2: When a= 1 and 8* =1 — 6, we have:

B B 0*e— Bz
f) = [e=P=(1—0*)+6%]2

That has been introduced as geometric- complementary
exponential distribution (GEG) by Louzada- Neto et al. [14].

4.1.2 Survival Function and Hazard Function

By direct calculation, the survival function and hazard func-
tion of this distribution respectively include:

B L 1-(1—e D)
S(x)=1-F(z)= W
And
Bl —0)ePT(1—eBr) T
R e | o E

Both above functions could be also obtained by equations
Eq. (7) and Eq. (8).

Figures 3 and 4 indicate diagrams of density function and
GEG failure rate for 5 = 1 and some values of « and .
Theorem 1: consider GEG Distribution Hazard Function in
Eq. (18). For a>1, this Hazard Function is Increasing and
for 0 <a< 1 itis decreasing and bathtub shaped.

4.1.3 Quantiles
As stated in GEG Distribution, C'(0) = % (0< 8 <1),then

c—10) = 119 is reverse function of C'(¢). Now, according
to equation Eq. (9), quantile ¢ from GEG distribution equals
to:

re —G-1 Ery P &
e=C (8(1+£199)>_G (1—9(1—§)>

Where, G~ (y) = —log(1 — ya). One could use this
expression for simulating the random data from GEG Distri-
bution by producing random data from uniform distribution
in range (0,1).

4.1.4 Sorted Statistics

Considering X7i,...,X,, is a random sample from GEG
(o, 3,0) distribution. The density function of ith sorted statis-
tics of this sample includes:

n!
(i— 1) (n—i)
(1-0)'(1— %)

fzn(x) = Gaﬂe—ﬁx(l_e—ﬁx)a—l

N L W

[1—0(1—eB)*]"
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Figure 4. GEG Distribution Hazard Function Diagram

And corresponding distribution function equals to:

Fin() :Zn: <Z)

k=1

(1 _ Q)k(l _ efﬁz)ka[l _ (1 _ efﬁw)a]nfk

M _ A1 _ ~—Bx\aln
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4.1.5 Momentum Generating Function
GEG Momentum Generating Function includes:

I(na+1)
na—l—l—g)

MX(t):(l_a (1- 3 ©

4.1.6 Central Momentums
Central momentums of this distribution include:

PSS (M e s

n=175=0

E(Xk) =

4.2 Generalized Exponential- Poisson Distribution
Poisson distribution (cut at zero) is a specific state of power
series distributions with a,, = 3; and C(6) = €® —1(6 > 0).
Now, using cumulative distribution function Eq. (4), Gener-
alized Exponential- Poisson Distribution (GEP) is given as
below:

_e B
ef(1—e™77)% _

Fla)= e? —1

, x>0

This distribution has been provided by Barreto- Souza and
Cribari-Neto [17].
4.2.1 Probability Density Function

It is clear that C’(6) = e?; therefore, according to Eq. (6),
GEP Density Distribution is obtained as below:

L e@(l—e_ﬁz)o‘
f(x) =bafe (1 —e Py g
Remark 3: When a=1, we have:
0(1—e=P7) —Bx—0e= P
_ _B (& _ €
f@) = 08ePr e = 08—

(The final fraction is obtained by dividing the numerator
and denominator on 69) introduced by Cancho et al. [6] as
Poisson- Exponential Distribution (PE).

4.2.2 Survival Function and Hazard Function

According to equations Eq. (7) and Eq. (8), survival function
and hazard function of this distribution respectively are:

0 _ 01— P")>

S(z) =< S
And

pf(1—e )"
h(x):eaﬁe—ﬁm(ke—ﬁz)a—lee769(1_6751)(1 (19)

Figures 5 and 6 indicate diagrams of density function and
GEP failure rate for 8 = 1 and some values of « and 6.
Theorem 2: Consider GEP Distribution Hazard Function in
Eq. (19). This hazard function is increasing for ¢ = 1, and is
decreasing and bathtub shape for 0 <a< 1
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4.2.3 Quantiles

In GEP distribution, it has been stated that C'(6) = e? -1,
thus, C~1(0) = log(1+6). Then, according to equation
Eq. (9), quantile ¢ from GEP distribution equals with:

re=G! (W) - (log(1+£9(ee - 1)))

Where, G~ (y) = — 4 log(1 — y&) and log is the symbol
of natural logarithm in base ”e”. Quantiles of this distribution
are used for random data simulation from GEP distribution.

4.2.4 Sorted Statistics

According to Eq. (10), probability density function of ‘"
sorted statistics of a n-times random sample of GEP distri-
bution equals to:

n! T —Bx\o—
fi:n(x):maaﬁe B (1—e B ) 1
60(1_5_530)(![60(1—6_6”)(! _ 1]i71[e _f— e—ﬁw)a}n*i

@1

And according to Eq. (11) distribution function of this
statistics equals with:

n!

69(1—6751)0[69(1_6*51)0 B l]i—l
(e? —1)"

faBe T (1 —e Prya—l

(60 — p1—eA )"

4.2.5 Momentum Generating Function

For finding the momentum generating function of GEP, it is
enough to put a, = -1 and C(0) = e’ — 1, we will have:

I(l—*gt) 0" T'(na+1)
Mx(t) = E —
®) ef —1 1n!|(na+1—7§)

4.2.6 Central Momentums

K momentum of this distribution is as below:
ak!

Br(e? —1)

no—1 ; o
S () e

n=175=0

E(Xk) =

4.3 Generalized Exponential- Binominal Distribution
Binominal distribution (cut at zero) is a specific state of
power series distributions with a,, = (") and C(6) = (6 +
1)™ —1(0 > 0) that m (n < m) is number of repeats. Us-
ing cumulative distribution function Eq. (4), Generalized
Exponential- Binominal Distribution (GEB) Cumulative Dis-
tribution Function includes:

[O(1—e Pm)e 1™ —1
(@+1)m —

This distribution has been presented by Bakouch et al.
[12].

F(z)=

, x>0
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4.3.1 Probability Density Function

Because derivative C(f) equals with C’ () = m(§+1)™1,
according to equation Eq. (6), GEB Distribution Density
Function is as below:

a1 [0(1—e Py 1)

f(x) = mbafe P (1—eFT) Gr)m 1

4.3.2 Survival Function and Hazard Function

By using equation Eq. (7) and Eq. (8), survival function and
hazard rate function of this distribution respectively is:

O+ 1™ —[0(1 —e”PT)* 1]

S(x) = O+ 1)m—1

And
h(x) =mbafe % (1 —e Pyl

[0(1—e= A" +1]"
O+1)" = [0(1—e=f=)" +1]™

Figures 7 and 8 indicate diagrams of density function and
GEB Distribution Failure Rate for 5= 1 and some values of
a and 6.

Theorem 3: Consider GEP Distribution Hazard Function in
Eq. (20). This hazard function is increasing for a = 1, and is
decreasing and bathtub shape for 0 <a< 1.

1

(20)

4.3.3 Quantiles

In GEP, we know that C'(§) = (0 +1)™ —1, thus, its reverse is
C~1(0) = ¥/0+1— 1. Consequently, according to equation
Eq. (9), quantile ¢ from GEP distribution equals with:

%G_l(’" 50(99)+1—1>

o ( Wg((9+1)m—1)+1—1>
0

Where, G~1(-) is the reverse of distribution function
GE(q, 3).

4.3.4 Sorted Statistics

Assume that X1,..., X, is a random sample of GEB(«, 3,0)
distribution. According to equations Eq. (10) and Eq. (11),
probability density function and distribution function of i*"
sorted statistics of this random sample respectively is:

n! By e
funle) = Gt e
01— )" [ee(lfe_ﬁz)a _ 1]i71[66’ _ 69(176—51)“}”*i
(ef —1)"
and
" /n
Frnle) =2 (k)

k=1
(01—~ +1)" —1)"
(0+1)™—1)"
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4.3.5 Momentum Generating Function
The momentum generating function equals to:

| TU-9) &y Tt
MX(t)_(g_H)m_lz<n>9 F(nTl—%)

n=1

4.3.6 Central Momentums
Central momentums of this distribution are:

ak!
PO =gy
oo o0 no—1 B ; (7:)719”
S ()

4.4 Generalized Exponential- Binominal Distribution
Logarithmic distribution (cut at zero) is a specific state
of power series distributions with a, = %and c(e) =
—log(1 —0)(0 < 6 < 1). According to Eq. (4) General-
ized Exponential- Logarithmic Distribution (GEL) cumula-
tive distribution function equals with:

_ log(1 —6(1 —e=Bx)e)

Flw) log(1—0)

, x>0

4.4.1 Probability Density Function

It could be easily seen that C’(#) = 12, then according to

Eq. (6), GEL distribution density function equals to:
fafe P (1 — e Brya—l

[1—6(1—ePr)x]log(1—0)

fl@) =~

Remark 4: GEL Distribution Density Function based on
a=1 equals to:

0Be=P>

@) == [1—60(1—eF7)]log(1—0)

That has been developed as exponential-logarithmic distri-
bution (EL) by Tahmasbi & Rezaee [15].

4.4.2 Survival Function and Hazard Function

According to equations Eq. (7) and , survival function and
hazard rate function of this distribution respectively is:

L = ey

log(1—10)
And
7[31 _ 7[3I a—1
h(x) = faBe ogl e 1_3(1_6_ﬂz)a (21)

Figures 9 and 10 indicate diagrams of density function and
GEB Distribution Failure Rate for 5= 1 and some values of
a and 6.

Theorem 4: Consider GEL Distribution Hazard Function
in Eq. (20). This hazard function is increasing for a = 1, and
is decreasing and bathtub shape for 0 <a< 1
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4.4.3 Quantiles

For GEL Distribution we saw that C'(6) = —log(1 —6), then,
its reverse is C~'(f) = 1 — e~?. Now, quantile ¢ from this

distribution equals with:
1- o€ log(1-0)
0

—e—£C(0)
ze =G ! (1 60 ) =G~
:G_1<1—<2—9f>

where, G~!(y) = — 5 log(1 - y#) is the logarithm symbol
with base of Napier number. This expression is applicable for
simulating the random data from GEL distribution by creat-
ing random numbers in the range of (0,1).

4.4.4 Sorted Statistics

Probability density function of it" sorted statistics includes:

n!
Fenl®) = Gty
69(1—6*5”)a[69(1—e*6”) fl]l
(ef~1)"

Haﬂe ,Bx( e—,Bm)a—l

i—1
[e

a n—i

0 _ H(1—eP7) ]

Also, corresponding distribution function equals to:

9(1767’/31)&]”_1‘:

e k
B zn: (n) [ef(1—e o) —1] [e? —e
ki [ef(—e=P)T "

=1

4.4.5 Momentum Generating Function

The momentum generating function of GEL distribution
equals to:

N 0" T(na+1)

—log(1—6) 1— z:: n T'( na—«—l—g)

Mx(t) =

4.4.6 Central Momentums

K*" momentums of this distribution is:
ak!
Bk log(1-0)

22 ()

n=15=0

E(X*) =-

5. Estimating the parameters

In this section, we find the estimation for parameters of GEPS
distributions class and present an asymptotic confidence in-
terval for these parameters. by Using EM algorithm, we also
solve the likelihood equations.

5.1 Maximum Likelihood Estimators
Assume that X,..., X, is a random sample of GEPS («, (3,

0) Distributions and T' = (aﬁﬁ)T is the parameters vector.
In this case, likelihood function includes:

—ﬁwi)

- B, a—1C"(0(1 — e Pri)®
:HGaﬂe B i(l—e ! ((0(0) ) )

_32361 H (1 — e*ﬁaci)a—lc,(o(l _efﬁxi)a)

=(@ap)te == C(0)

Thus, likelihood function logarithm will be:

n

¢ =log L(0,x) = nlog(6af) — Bz,ri

i=1
+ Zlog[(l - eiﬂf”’i)a_1
i=1
=nlog(d) +nlog(a) +nlog(s) —npx
a—1) Zlog(l —e PTiy 4 Zlog(C'(G(l — e PE)%)
i=1 i=1

~ nlog(C(9))

C(6(1— e 1)) =

Where, T = # Now, by putting p; =1 — e P we
have:

¢ =nlog(f) +nlog(a)+nlog(f) —npz
a—1)) log(p;)+ Y _log(C'(6p;*)) —
i=1 i=1

oL 9L 9LNT
(%,%7m) ,that

nlog(C(0))
Score function is equal to U(x,0) =

n Op$log(pi)C" (0p%)
- ——I—Zlog Di +Z C 9p )

or - zi(1—p;)
= f—nm—i— a—1)
95 B Z}

laflc//(epia)

; C( i)
sz

«C( 9p @) nC'(0)
C"(0p;> C(0)

Considering two following derivatives will make the above
partial derivatives more intelligible:

aa = pf'log(pi)

8p,—0‘ :a(l—e—ﬁwi)a _ axle_ﬁxi(lfe

op ap
=az;(1—pi)pi

—Bx; )a -1
a—1
Likelihood maximum O, indicated by T, would be esti-

mated by solving the non-linear equations system U (z,0) =
0.

nlog(C(6))
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5.2 Interval Estimation

In this section we will find asymptotic confidence interval
for parameters of GEPS Distributions class. Attaining this
goal requires finding the observed Fisher Matrix. A matrix
observed for class of GEPS distributions is one matrix 3x3
obtained by following form:

ax Iocﬁ Ia@
I(©) == |lag Ipp Ipo
Ino Ige Igg

Elements of this matrix include:

5%

Iaa -3 9
0o

62021082 (p)C""(61)
+Z C7(6p7)

Opslog? (p;)C" (0pg)
+ Z ' (6p7)

p?*log” (pz)[C”(é’pz )
[C7(6p))?

292
82
Tap = 980«

nxil—i
:Z ( 410)

i=1 pi

axz (1—- pt) 7o 1log(pL)C/”(9pz)
C (6p)

Hlog(pi) C' (6p5)
C'(6pf)

Z
Z
29@1 pi)ps O (0p%)
B

Oazx;(1—p; ]0Z

C'( sz )

02 ai(1—pi)p}™ 1log(z%)[c”(@]% )’
[ (6p3))°

820
Tao = aeaa

Z Op2®log(p;)C" (Op)
- C'(6p%)

Zpalog i)C" (0ps)
C'(6p%)

= Op2log(pa)[C” (093]
; [C(6pg)]?

81

92
Igp =52
n — 27 (1—p;)
= — —(a—1 it A Sl 4
B2 ( ); pi
a2 (1-p;)
—(04—1)272
i=1 Pi
N zn: 020222 (1—pi)*pi* 20" (0p5)

C"(0pg)

"L Qa2 (1—p;) pio‘_zC”(Hp?)
*Z C'(6p)

_iﬁam (1 —pi)py™ lC”(Hp?)
C'(0pg)

_Zﬁax (1- pl)on‘ 2C”(0pf‘)

C'(0pS)
—Z e 60
C,(epi )]
826
Ts0 = 5005
ZQaazz (1- pz)pza 1C””(pr‘)
B C'(0pf)

axi(1—pi)pd " C" (6p)
+; ' (0p5)

o fazi(1-pi)p [C”(@pl )]
Z C’(QPZ )

By selectmg a sample enough great from GEPS Distri-
butions class, MLE for © is asymptote based having nor-
mal distribution with ©® mean and variance- covariance ma-
trix is equal to expected Fisher matrix .J,,(©)~'; ie. © ~
N3(0,J,(0)~1). By taking the expectation from observed
matrix, the elements of expected Fisher matrix are obtained.
More precisely, J,(0) = E[I,(0)]. Under complete con-
ditions for parameters in the parameter space (but not on the
border of parameter space), \/n (@ — ©)has an asymptote dis-
tribution of N3(0,J(©)~!)that J(O) = nli_}rr&%h(@) is the
unit matrix. If © is replaced with a sample mean of matrix
in the point J(©) = nhﬁrréo 11.(©), this asymptote behavior

remains valid. On the other hand, in cases that € could not be
calculated and if sample size is large enough, the reverse of
Fisher Matrix observed in point 6, an asymptote variance-
covariance matrix will calculate the Maximum Likelihood
Estimators; i.e.:

Var(a) Cov(d,f) Cov(d,0)
,©)" ' = [Cov(a, ) Var(B) Cov(B,0
Cov(a,0) Cou(B,0) Var(h)

Is the asymptote multivariable normal distribution for 6
that is as © ~ N3(©,1,(0)1), it is used for calculating
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the asymptote confidence interval for parameters and in-
ference for them [18]. An asymptote confidence interval
100(1 — )% for any parameter of GEPS Distribution de-
tailed as below:

Where, Var(a), Var(f) and Vqr(é)are the components
on the main diagonal of matrix 7,,(©)~! and Z 7 is quantile
of standard normal distribution.

5.3 Estimation by EM Algorithm

EM algorithm is a very powerful tool for finding the maxi-
mum likelihood estimators in the incomplete data problems.
This a repeating method algorithm that is converging with a
relatively slow speed absolutely with ML estimation. In this
sub-section, by using EM algorithm, we find maximum like-
lihood estimators of parameters of GEPS Distributions class.
EM algorithm has two steps. Following states these two steps
for finding the ML estimators for GEPS Distributions param-
eters.

Step E. Assume that (") = ("), (") 4(")) is the cur-
rent estimation in ?$r$¢” repeat for © estimation; then, for
performing E step from EM circle, we require mathematical
expectation of (Z|X;0©("). Initially, we find joint density
function (X,Z) that z € Nis the member of power series
densities family and X = 1r<nia<xNXi. Thereafter, we calcu-

late the conditional distribution g z|x (z|z;©) and by using
it, we obtain required mathematical expectation. Distribution
function X|Z = z equals to:

G x|z(x|z0,8) = (1—e F7)=

By differentiating from above equation, the density function
corresponding to this distribution function will be obtained:

9x|z(2|z0,8) = zafe” 7 (1—e Fr)2at

Therefore, joint density function (X, Z) includes:

9x,2(%,2;0) =P(Z = 2)g x|z (7| z;0,, B)
a,0*
z —Bx(q1 __ —Pxyza—1
fc(e)zozﬂe (1—e )

Where, «, 3,6 > 0and x>0 and © = («,3,0)are param-
eters vector. thus, according to equations by applying the
Bayes’ theorem, we have:

9x,7(x,2;,0)
f(z)
%zaﬁe*m(l —e P

9z)x(2|2;0) =

-1
)za

:a29z_1z(1 — e_ﬂx)a(z_l)

C(0(1— e o))

Now, because

C'(0)+6C"(0) = Z za,0° + GZ 2(z—1)a,0*2
z=1 z=1

o
= E 22a,0%" 1
z=1

Related mathematical expectation equals to:

E(Z|X=x)= Zng\X z|x;0)
z=1
B epr)* =
2 c/(@(l—e—f%) )
o . _Bz az—l
70/(0 —e—Bx)® ZCLZ )]

C'(H(1 —ePr)* )+9( —e P Crp(1—e
C'(O(1 —e=P=)")
0(1—eP2)*C"(0(1 —e=P7)%)
C'(0(1 —eF)%)

%)

Consequently mathematical expectation (Z|X;0())
equals to:

E(Z]X;0")

9 (1 — =B eya D o g(r) (1 = =Byl
C'(Or) (1 — 6_/3(T>x)a(T))

=1+
(22)

Thus, step E will be completed.

Step M. EM loop completes with M step that is the same
as maximum likelihood of complete data on 6 obtained by
replacing Zs with their conditional mathematical expectation
(presented in Eq. (22)). For maximizing the likelihood func-
tion of complete data, we have:

XZ@ HgXZ :El,ZZ, )

. a Zi zia—1
= H S ziafBePri(1— e T
P 0(9)
(s 00 :
I a:,20)0= T -
—= o) (af)?e =1 H(l—e—ﬁx )

By removing the fixed or constant expressions that param-
eters having no role in them, the logarithm of likelihood func-
tion of complete data is proportional to:

0*(x,2;0) O(ZZZ' log(0) +nlog(a) +nlog(s) —npx

i=1

+ Z (zior—1)log(1 — e P%) —nlog(C(h))
i=1
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By differentiating from above equation than parameters «
and [ and 6, we obtain the score function components

Ud(y;0) = (45, 88% , 20T including:
o n &

v ) _ o Bz
D0 —a-l-;zzlog(l e~ Py
o n - (zia— 1) ;e P
o8 B x—i—; 1—eBi

B _ zi(zia—1)

B e ePri —1

From non-linear equations system U, (y;©) = 0, repeated
loop of log EM includes:

A+ — —n
Yic1? Az(t) log(1

+Z“"”Z (5" —1>

5(t+1 i _
9(t+1) n
e

e*B(QIi)

=0

ﬁ(t+1)

Gl+1)

That &+, 3+ and 4+ are numerical and 25“ is
conditional expectation of z;s in ¢ repeat; i.e.

) —3 Wiy cnr B OMRWNG
2(t) 1 H(t)(l —e B 7,) C//(@(t)(l —_e B 1) )
' OO (1 — e—BDws)ay
Vi=1,...n

)

We repeat the repeat cycle of algorithm EM to the extent
that the distance between two frequent estimators is negligi-
ble (for example the desired value).

6. Intuitive Examples

In this section, we review the analysis or fitness of GEG,
GEP and GEL models on two sets of actual data and fit two
Weibull and generalized exponential two-parameter distribu-
tion for comparing with GEPS models on these data.

We estimate the parameters of any model by using EM al-
gorithm; then, we draw the diagram of cumulative distribu-
tion function, density function and P-P Plot of each model
using estimated parameters and will explain them. Finally,
we will run Kolmogorov-Smirnov (K-S) test for parameters
of any model and analyze the fitness of any model.

GEG, GEP, GEL, Weibull and GE Distributions Density
Functions respectively include:

83
fGEG(x) :aﬁe—ﬁzu,e—ﬁz)a—l 1-6 .
[1—0(1—eB7)7]
aaﬂ > 070 <40 <1
9(1—e— Py
fapp(x) =fafe 2(1— e Pr)a1t o 80>0

~ BaBePr(1—eFr)ort
JerL(@) =~ g0 e m)aTlog(1 - )’
fweilz) = apz® e 9" 0, 8> 0
fop(x) = aﬁefﬁm(l —efﬁm)(kl,awg >0

More, we analyze two sets of actual data in term of two
applicable examples.
Example 3: First data set includes number of frequent fail-
ures of air conditioning system in any of 13 airline Boe-
ing 720 fleet. This information including 213 observations
were analyzed for the first time by Proschan [19] followed
by investigations by Dahiya & Gurland [20] and Adamidis &
Loukas [2]. These data indicated in Table 1 and Table 2 in-
dicates the estimations for parameters of any model and K-S
test statistics together with probability value of this test. The
smaller the K-S statistics, the greater the probability of K-S
test and null hypothesis of this test, indicting the fitness of
related model on data in a greater significance level will be
confirmed. By comparing the figures of K-S column in Ta-
ble 2, we find out that GEL distribution has maximum fitness
and GEP distribution has minimum fitness than other distri-
butions. These subjects could be also perceived by observ-
ing the diagram of density functions and fitness distribution
functions. Figure 11 reflects the density function diagram of
fitted models against rectangular diagram of data. From rect-
angular diagram of data, one could perceive that these data
skewed rightwards. Therefore, the tail of fitted diagrams has
been also drawn rightwards. Figure 12 indicates the P-P plot
of any model that ignorable difference of points and fitness
line given in any model confirms the suitable fitness of these
models on third data set.
Example 4: Second data set has been developed by Fonseca
& Franca indicating the influence of soil fertility and char-
acteristics of biological fixation of Na. They have measured
the concentration of phosphorous in the leaves of 128 plants.
Recently, Silva et al. [21] have analyzed these data by Gom-
pertz Poisson GP) and Chen Poisson (CP) distributions and
three parameters Weibull-geometry (WG) model. Table 3 in-
dicates set of related data and Table 4 reflects the estimation
for parameters of any model, K-S statistics and probability
value of K-S test. Because the probability values of K-S test
in all models exceeds from 0.10, it is no reason for reject-
ing the null hypothesis of this test in 10% significance level.
More precisely, in 10% significance level, one could accept
that distribution of these data follows from GEPS models and
two bi-parametric Weibull and GE models.

Figure 13 indicates the diagram of density functions and
distribution functions of five studied models. By observing
both diagrams, we find out that the curve of Weibull model

a,f>0,0<0<1



84 Three Parameters Generalization of Lifetime Exponential Distribution-Power Series

Table 1. Data for number of frequent failures of air conditioning system in 13 aviation Boing 720 fleet.

184 447 169 9 65 100 37 58 14 413 181 33 29 41 15 194
41 61 186 60 10 90 34 22 7 62 57 67 18 34 18 31
130 62 23 44 26 76 310 156 25 118 29 59 4 &4 79 20
59 386 29 21 70 12 502 29 48 57 74 208 102 101 56 118
35 104 15 33 182 176 246 47 239 220 104 56 320 55 326 26
11 120 12 5 20 42 21 246 71 225 47 26 14 120 7 87

18 141 4 11 51 97 95 52 16 1 90 16 11 14 11 71

91 18 63 39 111 46 216 31 54 82 206 106 16 1 80 77
5 5 46 88 79 188 197 15 3 39 22 72 102 44 50 54
438 2 104 3 603 270 12 9 359 14 13 23 30 97 210 136

230 43 91 85 5 98 7 100 18 487 493 130 12 35 283 5
163 18 68 142 14 3261 23 153 27 70 208 24 14 201 36
27 152 134 59 67 32 54 57 14 209 130 3 254 50 22 36
34 61 66 230 14

Table 2. Estimating the maximum likelihood of parameters, statistics and probability value of K-S test from fitness of five distributions on
first data set.

Distribution - MLE K-S p-value
& I3 0

GEG 0.9234 0.0102 0.0012 0.0635 0.3424

GEP 1.0342 0.0115 0.0050 0.0635 0.3418

GEL 0.9800 0.0113 0.0080 0.0510 0.6173

GE 0.9034 0.0112 - 0.0586  0.4401

Weibull 0.9220 0.0111 - 0.0537  0.5520

Table 3. Data for phosphor concentration in the leaves of plants

022 0.17 0.11 0.10 0.15 0.06 005 007 0.12 0.09 023 025 0.23
024 020 0.08 0.11 0.12 010 006 020 0.17 020 0.11 0.16 0.09
0.10 0.12 0.12 0.10 0.09 0.17 0.19 021 0.18 026 0.19 0.17 0.18
020 024 0.19 021 022 017 008 008 0.06 009 022 023 0.22
0.19 027 0.16 028 0.11 0.10 020 0.12 0.15 0.08 0.12 0.09 0.14
0.07 0.09 0.05 006 0.11 016 020 025 0.16 0.13 0.11 0.11 0.11
0.08 022 o0.11 0.13 0.12 0.5 0.12 0.11 0.11 0.15 0.10 0.15 0.17
0.14 0.12 0.18 0.14 0.18 0.13 0.12 0.14 0.09 0.10 0.13 0.09 0.11
0.11 0.14 0.07 007 0.19 0.17 0.18 0.16 0.19 0.15 0.07 0.09 0.17

0.10 0.08 0.15 021 0.16 0.08 0.10 0.06 0.08 0.12 0.13

Table 4. Estimating the maximum likelihood of parameters, statistics and probability value of K-S test from fitness of five distributions on
second data set.

Distribution - MLE K-S p-value
& 5] 0

GEG 10.4304 239716 0.4400 0.0817 0.3414

GEP 11.0104 22.1600 0.4005 0.0837 0.3137

GEL 13.7219  24.5029 0.4850 0.0900 0.2359

GE 10.6059  21.1328 - 0.0797 0.3710

Weibull 28185  6.3098 - 0.1078  0.1526
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Figure 12. P-P plot of first data set for fitted models
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Figure 13. Diagram of density functions and distribution functions of fitted models on first data set

has a considerable difference with diagram of four other mod-
els. This indicates that Weibull distribution has lower fitness
among these five models. This could be also inferred from
comparing the difference of points drawn and fitted line in
P-P Plots drawn in Figure 14.

7. Conclusion

According to calculations for Kolmogrov- Smirnov test, we
saw that probability for five models, i.e. GEG, GEP, GEL,
GE and Weibull in the applicable examples as provided above
exceeds from figure 0.1; it means that five studied models is
fitted on this set of actual data. By comparing the figures of P-
value column and K-S column in tables, we could find out the
excellence of tri-parameter GEPS models than bi-parameter
GE and Weibull models. For more sensible comparison of

studied models, the diagrams for density functions of models
have been drawn against histogram of data and distribution
functions of models drawn against experimental distribution
of data and P-P Plot, and results are completely conformed to
the results from tables of K-S test.
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