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Abstract: As is known, the Riemann-Liouville fractional integra-
tion operator establishes an isomorphism between Holder spaces
for functions one variables. We study mixed Riemann-Liouville
fractional integration operators and mixed fractional derivative in
Marchaud form of function of two variables in Holder spaces of dif-
ferent orders in each variables. The obtained results extend the well-
known theorem of Hardy-Littlewood for one-dimensional fractional
integrals to the case of mixed Holderness.
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1. Introduction

The classical result of G.Hardi and D.Littlewood (1928, see
[1, §3]) is known that the fractional integral (I o f) (z) =
') (t‘f‘,fl * f) (z), 0 < a < 1 maps isomorphically the
space Hg ([0,1]) of Holder order A € (0,1) functions with a
condition f(0) = 0 on a similar space of a higher order A+«
provided that A + « < 1. Further, this result was generalized
in various directions: a space with a power weight, gener-
alized Holder spaces, spaces of the Nikolsky type, etc. A
detailed review of these and some other similar results can be
found in [1].

In the multidimensional case, the statement about the prop-
erties of a map in Holder spaces for a mixed fractional Rie-
mann - Liouville integral was studied in [2-6].
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x,y > 0, Mixed fractional derivatives form Marchaud ([7-9])

(Io+ 0+‘P) (z,y) =

, B ¢(z,y)
(D0f0+so)( y) = xayﬁr(l— )F(l—ﬁ)+

w(t s)
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where x,y > 0, were not studied either in the usual Holder
space, or in the Holder spaces defined by mixed differences.
Meanwhile, there arise "points of interest" related to the
investigation of the above mixed differences of fractional
derivatives form Marchaud. For operators Eq. (1) and Eq. (2)

in Holder spaces of mixed order there arise some questions
to be answered in relation to the usage of these or those dif-
ferences in the definition of Holder spaces. Such mapping
properties in Holder spaces of mixed order were not studied.
This paper is aimed to fill in this gap. We deal with non-
weighted spaces. Consider the operator Eq. (1) and Eq. (2) in
a rectangle

Q= {(xvy) :

For a continuous function ¢(z,y) on R? we introduce the
notation

O<zxz<b 0<y<d}.

1,0
(Ah so) (2.9) = gl + hoy) — p(2,),

0,1
(Aw) (2.9) = pla,y+m) — (),

(

so that

=

i

1
o w) (#,9) = p(x+hy+n) —e(z+hy)

o(x,y+n)+e(x,y),

o(x+hy+n) = (Xh,n w) (z,y)+ <1th w) (,9)
0,1
+(Bye) @)+t @

Everywhere in the sequel by C,C7,C> etc we denote pos-
itive constants which may different values in different occur-
rences and even in the same line.

Definition 1: Let A\, € (0,1]. We say that ¢ € HM7(Q), if

lo(x1,91) — @(a2,y2)| < C1la1r — oM+ |1 —12]” @)

for all (z1,y1),(x2,y2) € Q. Condition Eq. (4) is equivalent
to the couple of the separate conditions

1,0 N
(Ah w) (%:y)‘ < C1lh|?,

0,1 N
(An so) (w,y)’ < Calnl

uniform with respect to another variable.
By H(;\’W(Q) we define a subspace of functions f €
HS"W(Q) , vanishing at the boundaries + = 0 and y = 0 of
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Let A = 0 and /or v = 0. We put H%°(Q) = L*°(Q) and

9@ ~{per2@: | (Ane) | <cilP .

A e (0,1],
1@ ={eer@: |(Kre) | <o},
~v € (0,1].

Definition 2: We say that p(z,y) € fIAW(Q), where A\, €
(0,1], if

o(z,y) € HMVand

1,1 A
(Ahm so) <z,y>| < CalPnl. )

~\
We say that o(z,y) € Hy""(Q) and ¢(z,y) ‘a::O,y:O =0.
These spaces become Banach spaces under the standard
definition of the

1,0
= su sup ——mMHF——
el gan = el +z’m+h£[o’b]ye[0§d] IR
0,1
‘(An w) (x,y)‘
+ sup sup —_——
z€[0,b] y,y+n€(0,d] |

and

gllerx < CILF Nl praeas

where C' doesn’t depend from f(z).
Proof: Let h>0; z,x+h € [0,b]. We consider the differ-
ence
[f(x+h) - fx)]
(x+h)>

+1f(x) = f(0)]

lg(z+h)—g(z)| <

(z+h)® —a“
x(x+h)>

Since f € H*7, we have
|f(@+h) = f(z)] < CLRA, | f(z) = £(0)] < Coatte.

Using these inequalities we obtain

h)\Jra )\(x+h)oz7xoz
_ <Ci— wre o
oo+ 1) ~g(a)] <C1 s + Con
=G1 +Gs.

For G1 we have
A h \* A
G =Cih | — | <Ch".
! ! <x+h) -

Let’s estimate (G2, here we shall consider two cases: x < h

1,1
’(Ah,n <P> (mvy)L . . L L
nd z > h. In the first case, we use inequality |0} — 0| <

sup sup
z,2+h€[0,b] y,y+n€[0,d]

lell gaq =l gaqy +
el 30 = el e

Note that
1,1
pe i’ =| (B o) | <P @
for any 8 € [0,1], where Cy = 2CYC17?, so that

Q)= HM(Q) = () H(-97(Q), (7)

0<6<1

where — stands for the continuous embedding, and the norm

for (| H'(1-97(Q) is introduced as the maximum in
0<6<1

0 of norms for H?(1=9)7(Q). Since 6 € [0,1] is arbitrary,
it isn’t hard to see that the inequality in Eq. (6) is equivalent
(up to the constant factor C') to

1,1
\(Am 90) <x,y>\ < Cmin{[h], n[7}. ®)

2. A one-dimensional statements

The following statements are known [1]. We use the
schemes of the proofs to make the presentation easier for two-
dimensional case.

Lemma 1: If f(x) € HA([0,b]) and 0 < A\, 0 < A+a <1,
then

|01 — 02|, (0 # o2) and obtain

2 he
Go < Co—"" — < Ch.
2= 2(x+h)0‘_

In second case, using (1 +¢)* —1 < at, t > 0 we have

gt h\* A—1 A
Go=Co——|14+—) —1|<Chz”" " <Ch
=G| (145) 1 <onet<om
which completes the proof. O

The Marchaud fractional differentiation operator has a
form:

@), a

[ f@)— f(t)
ril—a) ) at,

(@—t)i+e

(D§+-/) (@) = 20T (1 — a)

C))

where 0 < a < 1.
Theorem 1: If f(x) € H*([0,b]),0 < a+\ < 1 that

(D8.1) (0) = Sl 1y 0, (10)
where t(z) € H*([0,0]) and (0) = 0, thus [|[¢)]|ga <
ClIf Nl rasa-

Proof: We present Eq. (9) as

(D8+f) (z) = f(0) i f(x) - £(0)

x0T (1—a)  2oT(1—a)
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o [I@) S,

Ti—a) ) @opite
0

receive equality Eq. (10), where

(@) =1 (2) + Yo (x)
Cf@—fO) . a [ f@)-f0)
Sl(—a) T-a)) @=pite

0

Here 91 (z) € H*([0,b]) by Lemma 1. It is enough to show
W2 () € HA([0,)).
Let h > 0; x,z+h € [0,b]. Let’s consider the difference

[ f@+h) - f(x)

’lﬂg(l’-ﬁ-h)—wg(m‘) = ($+h—t)1+a dt
fx+h f(@)
(z+h—t)lta wrh_pira @

1 1
+/(f($)_ (t)) l:(x+h_t)1+a o (x_t)1+a dt
0

=L +1r+1s.

Since f € HA?, then we have for I;

x
|| < Ch“a/(wh)*l*adt < C1h™.
0

Let’s estimate I5. We have

z+h
L <C / (24 h—t) " Ldt = Coh.
x
For I3,
I L < Csh?
| 3|§C 1—|—t 1+« t1+a dt < C3h”™.
0
Finally, it remains to note that ¢2(0) = 0, since
4o ()] < C/t’\_ldt. O
0

3. Main result

Theorem 2: Let o(z,y) € HM(Q), 0< Ay <1, 0<
a,f < 1. Then for the mixed fractional integral operator
Eq. (1) the representation

«, . 90(070) o
(Io+ﬁ,0+90) (z,y) = mﬂf yﬁ

B 2o
y —
*Ta+p) (:1:)+F(1+ )Ag(y)+A(m )
(1)
holds, where
_ 1 [ o(t,0) — £(0,0)
Ay (z) = F(a)/ TEDIRC dt,
Yy
L [(0,8)=¢(0,0) ,
F(ﬁ / y—s) 1 B 5
0
Y (At s @) (O O)
and
|Ar ()] <C12 T, Az (y)| < Cay™ 7, (12)
|A(x,y)| SCOSmgiglm"‘w’\yBﬂl*eh =C
:xayﬁmin{a;A?y'y}. (13)

Theorem 3: Let 0 < A\, v < 1. Then the mixed fractional
integral operator Iof 04 is bounded from Hé‘ 7(Q) into
H0>‘+Q’W+B(Q),1f)\+a <landy+p8<1.

Theorem 4: The mixed fractional integral operator Ig‘_;_ﬁ’ 0t
is bounded from the space }NIS"V(Q), 0 < A,y <1 into the
space HJ T PHQ)if A\ +a<landy+8<1.
Theorem 5: Let f(z,5) € HM(Q), a<A<1, f<y<1
. Then for the mixed fractional differential operator Eq. (2)
the representation

1 f(0,0)
( 0 0+f> (z.y) = (1 —a)l"(l—ﬁ) { xoyP *
s, v2) (x,y)} (14)

and
[Y1(z)] < Cra* ™, |ha(y)] < Coy? P, (15)
[W(z,y)| < Ca? =y P, (16)
where

f(z,0)—£(0,0) f(z )
Y1(z) = & / (r— t)l-l—a dt,

f(0,y)— (0 0) f(0,y) s)
waly) = LOLSIE0 / 5 s

1,1
(Am,y sD) 0,00 %

)

B ds

# [ (B “”) O =
0
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— t)1+o< _ S)H—ﬁ

[

Theorem 6: Let f(z,y) € HAM7H5(Q), a <A <1, <
v < 1. Then the operator Dg‘ﬁ 0. continuously maps
H/\+cw+ﬁ(Q) into HA,W(Q).

We will not prove these theorems.
found from [6, 9].

Theorem 7: Let f(z,y) € H**7H8(Q), a<A <1, f<
v <1 . Then the operator Dg‘f o4 continuously maps
H e +B8(Q) into HM(Q).

Proof:  Let f(z,y) € I?)‘+°"7+B(Q).
o(r,y) = (Dgf,mrf) (z,y) = (x,y), where 1) (x,y) is the
function from Eq. (14). The main moment in the estimations
is to find the corresponding splitting which allows to derive

the best information in each variable not losing the corre-
sponding information in another variable.

Let h,n > 0; z,x+h € [0,}],

sider the difference
1,1
(Ah,n f) (xvy)

(x+h)>(y+n)P

Their proofs can be

Then we have

y,y+n € [0,d]. We con-

(Zlh,n >$y) Z‘I’k

(Ah,y f) (z,0)
+W y P — <y+77)76}

(IAIW, f) (0,1)
Ak i

n (Xm,y f> (0,0) [+~

y+n (Zlh,erns f) (.%,S)
+B8(x+h)” W tn—5)i+P

Blz+h) O‘/y<Ahﬂ7 )(x y)d
0

[x_o‘ —(z+ h)_o‘]

(1)) [y = (y+m) "]

ds

(y+tn—s)t8

. y+n( A sy f> (0,5)

x+h)™%
( (y+n—s)1+s

T B+ h)~ /y (Z’lh,ys f) (2,5)

0
(=) (y+n—s)"" "] ds

e /y(lAmf> )
0

+5 [mf’l — ds

ds

Al (y+n—s)t*F

x+h <1A1x+h—t,n f) (tvy)
+Ol(y+77)_ﬂ / <$+h*t)1+a

x

(et h)? /y (Xy f) (0,5)
0

(=777 ~(y+n—s)7" "] ds

1,1
z (Ah,n f) (x,y)

ol [
0

dt

+B [z

dt

zth <Xx+h—t,y .f) (t,O)
+a [y*B*(ern)*B} (z+h—t)i+a

x
x

+a(y+n)5/<xm_t,n f) (t,y)
0

[(z—t)'*—(z+h—t)" 7] dt
1,1
2\ Any f)(2,0)
+a[y5(y+77)5}0/<(m:,12)1+adt

s L [/ t
+a[y ¥ —(y+n) ﬁ}0/<Ax— ,yf> (t,0)

(=)t
y <Ahn f) (z,y)dtds
O/ z4+h—t)Ha(y4n—s)1+8

+(@+h—t)" 7] dt

+

Ot~

z y+n

/]
+b/0/v(Ahy sf)( 5)

(Ah,y+n—s f) (z,s)dtds
(x+h—t)F(y+n—s)+F

+

(@+h—t)+a
[(y D (y+77—s)_1_'3} dtds

1,1
oth Y (Afv+htm f) (t,y)dtds
" / 0/<x+h—t>1+a<y+n—s>1+ﬂ

x

z+h Yy
</
0

{(y —8) 1P —(y+n— s)_l_ﬁ} dtds

<A1+h t,y—s f> (t,S)
(x+h—t)lte

x

+/Z(Az tnf) y)

y+7’]*5 1+B

dt
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[(z—t)""*—(z+h—t)"1 "] dtds @th
1,1 +y” [y_'g—(yﬂl)_ﬂ} /($+h—t)A_1dt
z y+n<Az—t,y+n—s f) (t,s) J
+/ (y+n—s)'*h
oY Y(y+n)~ / [t — (1 4+t) 717 at
[(ac—t)_l_o‘—(m—i—h—t)_l_o‘] dtds )

z Y .
+//<1A’1$—tvy—s f> () [(a =) 717 = (@ +h =) 717 L patryy [y_ﬁ—(y+n)_5} /(h+t)_1_°‘dt

0 0 0

{(y—S)‘l‘ﬁ—(yH/—s)—l—B} dtds

1,1 +y7 [y —(y+n)~ /tA t 1*0‘7(1+t)’1*0‘] dt
z+hy+n <Am+ht,y+’r]5 f> (t7s)dtds

0
+ .
(x+h—t)te(y+n—s)t*h
Ty +h““nf‘ﬂ//(h+t)*1*°‘(n+s)*1*5dtds
The validity of this representation may be checked directly. z y+n
Since f(z,y) € H»7(Q), we have + pAte / / (h+t)" " (y+n—s)""'dtds
0 vy

3

25 o
‘( ,771/’) (, y)l < I;N’H <C {(fﬂ—i‘h})l:\f(w +ha+Aj/57(h+t)—l—a [5—1—,8 _ (1_~_S)—1—,6} dtds
00

Ay _ _
+7($+32)a [y P —(y+n) 5] o
N Y o=~ ()] + P / /(ac—i—h—t))‘_l(n—i-s)_ﬁ_ldtds
(y+7])ﬁ z 0
+a2ryY [27% = (z+h) "] [y_’g - (y—H])_B} oth 7

y+n + /(z+h7t)’\7157 [57175 - (1+s)7176} dtds
+ M@+ h)T /(y+n—s)7_1ds

h Y
’ y ”*5//(n+s)*1*5# [t — (1 +¢)"1 ] dtds
+h)‘177+5(x+h)_0‘/(n+s)_1_5ds 00
0 y+n
Yt - /(y+77—s PN [T — (1 +4)7E ] dtds

+ar 27— (x+h) ] /(y+n—s)'y_1ds

<

Yy
Yy
n
- /t ST — (144717 {5*1*5—(1“)*1*5} dtds

0
z+hy+n

+/ /(y+77—5)7_1(x+h—t)’\_1dtds.
x Yy

O O

FhMa+h) [ s [sflfﬁ - (1+s)*1fﬁ] ds

Ok“\zm
)

y
+ Myt (7% = (z+h)"%] /(77—!—5)_1_5(13

After which every term is estimated in the standard way,
and we get

z+h
+07(y+n)"P / (x+h—t) "tdt

1,1 \
(Ah,n 1/’) (fﬂ,y)‘ < Czh™y?

+ 2 [ (x+h)~ /gﬂ 18 (s+ 1)7175} ds This completes the proof. O

s Theorem 8 (Main theorem): The mixed fractional inte-

x gral operator [, g‘f o4 isomorphically maps the space

+h”‘“n”(y+n)*/3/(h+t)’1*“dt H(Q), 0< A7 <1 onto the space Hy ™ *7(Q), if
a+A<land f+v<1.



40

The Isomorphism Realized By Mixed Fractional Integrals In Holder Classes

Proof: We should consider, as usual the following three parts
of the proof:

1. Action of the mixed fractional integral operator from
the space H""(Q) to the space HS‘+O"7+B(Q);

2. Action of the mixed fractional differentiation operator
from the space H8‘+O"'Y+B (Q) to the space Hy" (Q);

3. The possibility to represent any function f(x,y) €
f]é+a‘7+’8 (Q) as (Igfo+4p) (x,y) with the density
A
in H3"7(Q).

Because of Eq. (1) the parts 1) -2) are covered by Theorems
1 and 6. The part 3) is treated in the standard way in case
0 < a,B < 1 by using the possibility of similar representa-
tion with the density from L;(R?), p = (p1,p2). See [1,
Theorem 24.4]. ]
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