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Abstract: As is known, the Riemann-Liouville fractional integra-
tion operator establishes an isomorphism between Hölder spaces
for functions one variables. We study mixed Riemann-Liouville
fractional integration operators and mixed fractional derivative in
Marchaud form of function of two variables in Hölder spaces of dif-
ferent orders in each variables. The obtained results extend the well-
known theorem of Hardy-Littlewood for one-dimensional fractional
integrals to the case of mixed Hölderness.
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1. Introduction
The classical result of G.Hardi and D.Littlewood (1928, see
[1, §3]) is known that the fractional integral

(
Iαa+f

)
(x) =

Γ−1(α)
(
tα−1
+ ∗f

)
(x), 0 < α < 1 maps isomorphically the

space Hλ
0 ([0,1]) of Hölder order λ ∈ (0,1) functions with a

condition f(0) = 0 on a similar space of a higher order λ+α
provided that λ+α < 1. Further, this result was generalized
in various directions: a space with a power weight, gener-
alized Hölder spaces, spaces of the Nikolsky type, etc. A
detailed review of these and some other similar results can be
found in [1].

In the multidimensional case, the statement about the prop-
erties of a map in Hölder spaces for a mixed fractional Rie-
mann - Liouville integral was studied in [2–6].

(
Iα,β0+,0+ϕ

)
(x,y) = 1

Γ(α)Γ(β)

x∫

0

y∫

0

ϕ(t,s)dtds
(x− t)1−α(y−s)1−β ,

(1)

x,y > 0, Mixed fractional derivatives form Marchaud ([7–9])

(
Dα,β0+,0+ϕ

)
(x,y) = ϕ(x,y)

xαyβΓ(1−α)Γ(1−β)+

+ αβ

Γ(1−α)Γ(1−β)

x∫

0

y∫

0

ϕ(x,y)−ϕ(t,s)
(x− t)1+α(y−s)1+β dtds,

(2)

where x,y > 0, were not studied either in the usual Hölder
space, or in the Hölder spaces defined by mixed differences.
Meanwhile, there arise "points of interest" related to the
investigation of the above mixed differences of fractional
derivatives form Marchaud. For operators Eq. (1) and Eq. (2)

in Hölder spaces of mixed order there arise some questions
to be answered in relation to the usage of these or those dif-
ferences in the definition of Hölder spaces. Such mapping
properties in Hölder spaces of mixed order were not studied.
This paper is aimed to fill in this gap. We deal with non-
weighted spaces. Consider the operator Eq. (1) and Eq. (2) in
a rectangle

Q= {(x,y) : 0< x < b, 0< y < d}.

For a continuous function ϕ(x,y) on R2 we introduce the
notation
(

1,0
∆h ϕ

)
(x,y) = ϕ(x+h,y)−ϕ(x,y),

(
0,1
∆η ϕ

)
(x,y) = ϕ(x,y+η)−ϕ(x,y),

(
1,1
∆h,η ϕ

)
(x,y) = ϕ(x+h,y+η)−ϕ(x+h,y)

−ϕ(x,y+η) +ϕ(x,y),

so that

ϕ(x+h,y+η) =
(

1,1
∆h,η ϕ

)
(x,y) +

(
1,0
∆h ϕ

)
(x,y)

+
(

0,1
∆η ϕ

)
(x,y) +ϕ(x,y). (3)

Everywhere in the sequel by C,C1,C2 etc we denote pos-
itive constants which may different values in different occur-
rences and even in the same line.
Definition 1: Let λ,γ ∈ (0,1]. We say that ϕ ∈Hλ,γ(Q), if

|ϕ(x1,y1)−ϕ(x2,y2)| ≤ C1 |x1−x2|λ+ |y1−y2|γ (4)

for all (x1,y1),(x2,y2) ∈Q. Condition Eq. (4) is equivalent
to the couple of the separate conditions
∣∣∣∣
(

1,0
∆h ϕ

)
(x,y)

∣∣∣∣≤ C1|h|λ,
∣∣∣∣
(

0,1
∆η ϕ

)
(x,y)

∣∣∣∣≤ C2|η|λ

uniform with respect to another variable.
By Hλ,γ

0 (Q) we define a subspace of functions f ∈
Hλ,γ

0 (Q) , vanishing at the boundaries x = 0 and y = 0 of
Q.
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Let λ= 0 and /or γ = 0. We put H0,0(Q) = L∞(Q) and

Hλ,0(Q) =
{
ϕ ∈ L∞(Q) :

∣∣∣∣
(

1,0
∆h ϕ

)
(x,y)

∣∣∣∣≤ C1|h|λ
}
,

λ ∈ (0,1],

H0,γ(Q) =
{
ϕ ∈ L∞(Q) :

∣∣∣∣
(

0,1
∆η ϕ

)
(x,y)

∣∣∣∣≤ C2|η|γ
}
,

γ ∈ (0,1].

Definition 2: We say that ϕ(x,y) ∈ H̃λ,γ(Q), where λ,γ ∈
(0,1], if

ϕ(x,y) ∈Hλ,γand
∣∣∣∣
(

1,1
∆h,η ϕ

)
(x,y)

∣∣∣∣≤ C3|h|λ|η|γ . (5)

We say that ϕ(x,y) ∈ H̃λ,γ
0 (Q) and ϕ(x,y)

∣∣
x=0,y=0 = 0.

These spaces become Banach spaces under the standard
definition of the

‖ϕ‖Hλ,γ :=‖ϕ‖C(Q) + sup
x,x+h∈[0,b]

sup
y∈[0,d]

∣∣∣∣
(

1,0
∆h ϕ

)
(x,y)

∣∣∣∣
|h|λ

+ sup
x∈[0,b]

sup
y,y+η∈[0,d]

∣∣∣∣
(

0,1
∆η ϕ

)
(x,y)

∣∣∣∣
|η|γ ,

‖ϕ‖H̃λ,γ :=‖ϕ‖Hλ,γ + sup
x,x+h∈[0,b]

sup
y,y+η∈[0,d]

∣∣∣∣
(

1,1
∆h,η ϕ

)
(x,y)

∣∣∣∣
|h|λ|η|γ .

Note that

ϕ ∈Hλ,γ ⇒
∣∣∣∣
(

1,1
∆h,η ϕ

)
(x,y)

∣∣∣∣≤ Cθ|h|θλ|η|(1−θ)γ (6)

for any θ ∈ [0,1], where Cθ = 2Cθ1C1−θ
2 , so that

H̃λ,γ(Q) ↪→Hλ,γ(Q) ↪→
⋂

0≤θ≤1
H̃θλ,(1−θ)γ(Q), (7)

where ↪→ stands for the continuous embedding, and the norm
for

⋂
0≤θ≤1

H̃θλ,(1−θ)γ(Q) is introduced as the maximum in

θ of norms for H̃θλ,(1−θ)γ(Q). Since θ ∈ [0,1] is arbitrary,
it isn’t hard to see that the inequality in Eq. (6) is equivalent
(up to the constant factor C) to
∣∣∣∣
(

1,1
∆h,η ϕ

)
(x,y)

∣∣∣∣≤ Cmin{|h|λ|, η|γ}. (8)

2. A one-dimensional statements
The following statements are known [1]. We use the
schemes of the proofs to make the presentation easier for two-
dimensional case.
Lemma 1: If f(x)∈Hλ+α([0, b]) and 0<λ, 0<λ+α< 1,
then

g(x) = f(x)−f(0)
|x|α ∈Hλ([0, b]),

and

‖g‖Hλ ≤ C‖f‖Hλ+α ,

where C doesn’t depend from f(x).
Proof: Let h > 0; x,x+h ∈ [0, b]. We consider the differ-
ence

|g(x+h)−g(x)| ≤|f(x+h)−f(x)|
(x+h)α

+ |f(x)−f(0)| (x+h)α−xα
xα(x+h)α .

Since f ∈Hλ,γ , we have

|f(x+h)−f(x)| ≤ C1h
λ+α, |f(x)−f(0)| ≤ C2x

λ+α.

Using these inequalities we obtain

|g(x+h)−g(x)| ≤C1
hλ+α

(x+h)α +C2x
λ (x+h)α−xα

(x+h)α

=G1 +G2.

For G1 we have

G1 = C1h
λ

(
h

x+h

)α
≤ Chλ.

Let’s estimateG2, here we shall consider two cases: x≤ h
and x > h. In the first case, we use inequality

∣∣σµ1 −σ
µ
2
∣∣ ≤

|σ1−σ2|µ, (σ 6= σ2) and obtain

G2 ≤ C2
xλhα

(x+h)α ≤ Ch
λ.

In second case, using (1 + t)α−1≤ αt, t > 0 we have

G2 = C2
xλ+α

(x+h)α

∣∣∣∣
(

1 + h

x

)α
−1
∣∣∣∣≤ Chxλ−1 ≤ Chλ,

which completes the proof.
The Marchaud fractional differentiation operator has a

form:

(
Dα0+f

)
(x) = f(x)

xαΓ(1−α) + α

Γ(1−α)

x∫

0

f(x)−f(t)
(x− t)1+α dt,

(9)

where 0< α < 1.
Theorem 1: If f(x) ∈Hλ+α([0, b]), 0< α+λ < 1 that

(
Dα0+f

)
(x) = f(0)

xαΓ(1−α) +ψ(x), (10)

where ψ(x) ∈ Hλ([0, b]) and ψ(0) = 0, thus ‖ψ‖Hλ ≤
C‖f‖Hλ+α .
Proof: We present Eq. (9) as

(
Dα0+f

)
(x) = f(0)

xαΓ(1−α) + f(x)−f(0)
xαΓ(1−α)
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+ α

Γ(1−α)

x∫

0

f(x)−f(t)
(x− t)1+α dt,

receive equality Eq. (10), where

ψ(x) =ψ1(x) +ψ2(x)

=f(x)−f(0)
xαΓ(1−α) + α

Γ(1−α)

x∫

0

f(x)−f(t)
(x− t)1+α dt.

Hereψ1(x)∈Hλ([0, b]) by Lemma 1. It is enough to show
ψ2(x) ∈Hλ([0, b]).

Let h > 0; x,x+h ∈ [0, b]. Let’s consider the difference

ψ2(x+h)−ψ2(x) =
x∫

0

f(x+h)−f(x)
(x+h− t)1+α dt

+
x+h∫

x

f(x+h)−f(t)
(x+h− t)1+α dt

+
x∫

0

(f(x)−f(t))
[

1
(x+h− t)1+α −

1
(x− t)1+α

]
dt

= I1 + I2 + I3.

Since f ∈Hλ+α, then we have for I1

|I1| ≤ Chλ+α
x∫

0

(t+h)−1−αdt≤ C1h
λ.

Let’s estimate I2. We have

|I2| ≤ C
x+h∫

x

(x+h− t)λ−1dt= C2h
λ.

For I3,

|I3| ≤ C

x
h∫

0

tλ
∣∣∣∣

1
(1 + t)1+α −

1
t1+α

∣∣∣∣dt≤ C3h
λ.

Finally, it remains to note that ψ2(0) = 0, since

|ψ2(x)| ≤ C
x∫

0

tλ−1dt.

3. Main result
Theorem 2: Let ϕ(x,y) ∈ Hλ,γ(Q), 0 ≤ λ,γ ≤ 1, 0 <
α,β < 1. Then for the mixed fractional integral operator
Eq. (1) the representation

(
Iα,β0+,0+ϕ

)
(x,y) = ϕ(0,0)

Γ(1 +α)Γ(1 +β)x
αyβ

+ yβ

Γ(1 +β)A1(x) + xα

Γ(1 +α)A2(y) +A(x,y)

(11)

holds, where

A1(x) = 1
Γ(α)

x∫

0

ϕ(t,0)−ϕ(0,0)
(x− t)1−α dt,

A2(y) = 1
Γ(β)

y∫

0

ϕ(0,s)−ϕ(0,0)
(y−s)1−β ds,

A(x,y) = 1
Γ(α)Γ(β)

x∫

0

y∫

0

(
1,1
∆ t,s ϕ

)
(0,0)

(x− t)1−α(y−s)1−β dtds,

and

|A1(x)| ≤C1x
α+λ, |A2(y)| ≤ C2y

β+γ , (12)

|A(x,y)| ≤C min
0≤θ≤1

xα+θλyβ+(1−θ)γ = C

=xαyβmin
{
xλ,yγ

}
. (13)

Theorem 3: Let 0 ≤ λ, γ ≤ 1. Then the mixed fractional
integral operator Iα,β0+,0+ is bounded from Hλ,γ

0 (Q) into

Hλ+α,γ+β
0 (Q), if λ+α < 1 and γ+β < 1 .

Theorem 4: The mixed fractional integral operator Iα,β0+,0+
is bounded from the space H̃λ,γ

0 (Q), 0 ≤ λ,γ ≤ 1 into the
space H̃α+λ,β+γ

0 (Q), if λ+α < 1 and γ+β < 1.
Theorem 5: Let f(x,y)∈ H̃λ,γ(Q), α < λ≤ 1, β < γ ≤ 1
. Then for the mixed fractional differential operator Eq. (2)
the representation
(

Dα,β0+,0+f
)

(x,y) = 1
Γ(1−α)Γ(1−β)

[
f(0,0)
xαyβ

+

+ψ1(x)
yβ

+ ψ2(y)
xα

+ψ(x,y)
]

(14)

and

|ψ1(x)| ≤ C1x
λ−α, |ψ2(y)| ≤ C2y

γ−β , (15)

|ψ(x,y)| ≤ Cxλ−αyγ−β , (16)

where

ψ1(x) = f(x,0)−f(0,0)
xα

+α

x∫

0

f(x,0)−f(t,0)
(x− t)1+α dt,

ψ2(y) = f(0,y)−f(0,0)
yβ

+β

y∫

0

f(0,y)−f(0,s)
(y−s)1+β ds,

ψ(x,y) =

(
1,1
∆x,y ϕ

)
(0,0)

xαyβ
+ α

yβ

x∫

0

(
1,1
∆x−t,y ϕ

)
(t,0) dt

(x− t)1+α

+ β

xα

y∫

0

(
1,1
∆x,y−s ϕ

)
(0,s) ds

(y−s)1+β
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+αβ

x∫

0

y∫

0

(
1,1
∆x−t,y−s ϕ

)
(t,s)

(x− t)1+α(y−s)1+β dtds.

Theorem 6: Let f(x,y)∈Hλ+α,γ+β(Q), α < λ≤ 1, β <
γ ≤ 1. Then the operator Dα,β0+,0+ continuously maps
Hλ+α,γ+β(Q) into Hλ,γ(Q).

We will not prove these theorems. Their proofs can be
found from [6, 9].

Theorem 7: Let f(x,y)∈ H̃λ+α,γ+β(Q), α < λ≤ 1, β <
γ ≤ 1 . Then the operator Dα,β0+,0+ continuously maps

H̃λ+α,γ+β(Q) into H̃λ,γ(Q).

Proof: Let f(x,y) ∈ H̃λ+α,γ+β(Q). Then we have
ϕ(x,y) =

(
Dα,β0+,0+f

)
(x,y) = ψ(x,y), where ψ(x,y) is the

function from Eq. (14). The main moment in the estimations
is to find the corresponding splitting which allows to derive
the best information in each variable not losing the corre-
sponding information in another variable.

Let h,η > 0; x,x+h ∈ [0, b], y,y+ η ∈ [0,d]. We con-
sider the difference

(
1,1
∆h,η ψ

)
(x,y) =

25∑

k=1
Ψk :=

(
1,1
∆h,η f

)
(x,y)

(x+h)α(y+η)β

+

(
1,1
∆h,y f

)
(x,0)

(x+h)α
[
y−β− (y+η)−β

]

+

(
1,1
∆x,η f

)
(0,y)

(y+η)β
[
x−α− (x+h)−α

]

+
(

1,1
∆x,y f

)
(0,0)

[
x−α− (x+h)−α

][
y−β− (y+η)−β

]

+β(x+h)−α
y+η∫

y

(
1,1
∆h,y+η−s f

)
(x,s)

(y+η−s)1+β ds

+β(x+h)−α
y∫

0

(
1,1
∆h,η f

)
(x,y)

(y+η−s)1+β ds

+β
[
x−α− (x+h)−α

]
y+η∫

y

(
1,1
∆x,y+η−s f

)
(0,s)

(y+η−s)1+β ds

+β(x+h)−α
y∫

0

(
1,1
∆h,y−s f

)
(x,s)

[
(y−s)−1−β− (y+η−s)−1−β

]
ds

+β
[
x−α− (x+h)−α

]
y∫

0

(
1,1
∆x,η f

)
(0,y)

(y+η−s)1+β ds

+α(y+η)−β
x+h∫

x

(
1,1
∆x+h−t,η f

)
(t,y)

(x+h− t)1+α dt

+β
[
x−α− (x+h)−α

]
y∫

0

(
1,1
∆x,y−s f

)
(0,s)

[
(y−s)−1−β− (y+η−s)−1−β

]
ds

+α(y+η)−β
x∫

0

(
1,1
∆h,η f

)
(x,y)

(x+h− t)1+α dt

+α
[
y−β− (y+η)−β

] x+h∫

x

(
1,1
∆x+h−t,y f

)
(t,0)

(x+h− t)1+α dt

+α(y+η)−β
x∫

0

(
1,1
∆x−t,η f

)
(t,y)

[
(x− t)1−α− (x+h− t)−1−α]dt

+α
[
y−β− (y+η)−β

] x∫

0

(
1,1
∆h,y f

)
(x,0)

(x+h− t)1+α dt

+α
[
y−β− (y+η)−β

] x∫

0

(
1,1
∆x−t,y f

)
(t,0)

[
(x− t)−1−α+ (x+h− t)−1−α]dt

+
x∫

0

y∫

0

(
1,1
∆h,η f

)
(x,y)dtds

(x+h− t)1+α(y+η−s)1+β

+
x∫

0

y+η∫

y

(
1,1
∆h,y+η−s f

)
(x,s)dtds

(x+h− t)1+α(y+η−s)1+β

+
x∫

0

y∫

0

(
1,1
∆h,y−s f

)
(x,s)

(x+h− t)1+α

[
(y−s)−1−β− (y+η−s)−1−β

]
dtds

+
x+h∫

x

y∫

0

(
1,1
∆x+h−t,η f

)
(t,y)dtds

(x+h− t)1+α(y+η−s)1+β

+
x+h∫

x

y∫

0

(
1,1
∆x+h−t,y−s f

)
(t,s)

(x+h− t)1+α

[
(y−s)−1−β− (y+η−s)−1−β

]
dtds

+
x∫

0

y∫

0

(
1,1
∆x−t,η f

)
(t,y)

(y+η−s)1+β
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[
(x− t)−1−α− (x+h− t)−1−α]dtds

+
x∫

0

y+η∫

y

(
1,1
∆x−t,y+η−s f

)
(t,s)

(y+η−s)1+β

[
(x− t)−1−α− (x+h− t)−1−α]dtds

+
x∫

0

y∫

0

(
1,1
∆x−t,y−s f

)
(t,s)

[
(x− t)−1−α− (x+h− t)−1−α]

[
(y−s)−1−β− (y+η−s)−1−β

]
dtds

+
x+h∫

x

y+η∫

y

(
1,1
∆x+h−t,y+η−s f

)
(t,s)dtds

(x+h− t)1+α(y+η−s)1+β .

The validity of this representation may be checked directly.
Since f(x,y) ∈ H̃λ,γ(Q), we have

∣∣∣∣
(

0,1
∆h,ηψ

)
(x,y)

∣∣∣∣≤
25∑

k=1
|Ψk| ≤ C

[
hληγ

(x+h)α(y+η)β

+ hλyγ

(x+h)α
[
y−β− (y+η)−β

]

+ xληγ

(y+η)β
[
x−α− (x+h)−α

]

+xλyγ
[
x−α− (x+h)−α

][
y−β− (y+η)−β

]

+hλ(x+h)−α
y+η∫

y

(y+η−s)γ−1ds

+hληγ+β(x+h)−α
y∫

0

(η+s)−1−βds

+xλ
[
x−α− (x+h)−α

]
y+η∫

y

(y+η−s)γ−1ds

+hλ(x+h)−α

y
η∫

0

sγ
[
s−1−β− (1 +s)−1−β

]
ds

+xλyβ+γ [x−α− (x+h)−α
]
y∫

0

(η+s)−1−βds

+ηγ(y+η)−β
x+h∫

x

(x+h− t)λ−1dt

+xλ
[
x−α− (x+h)−α

]
y
η∫

0

yγ
[
s−1−β− (s+ 1)−1−β

]
ds

+hα+ληγ(y+η)−β
x∫

0

(h+ t)−1−αdt

+yγ
[
y−β− (y+η)−β

] x+h∫

x

(x+h− t)λ−1dt

+ηγ(y+η)−β
x
h∫

0

tλ
[
t1−α− (1 + t)−1−α]dt

+hα+λyγ
[
y−β− (y+η)−β

] x∫

0

(h+ t)−1−αdt

+yγ
[
y−β− (y+η)−β

]
x
h∫

0

tλ
[
t−1−α− (1 + t)−1−α]dt

+hα+ληβ+γ
x∫

0

y∫

0

(h+ t)−1−α(η+s)−1−βdtds

+hλ+α
x∫

0

y+η∫

y

(h+ t)−1−α(y+η−s)γ−1dtds

+hα+λ
x∫

0

y
η∫

0

sγ(h+ t)−1−α
[
s−1−β− (1 +s)−1−β

]
dtds

+ηγ+β
x+h∫

x

y∫

0

(x+h− t)λ−1(η+s)−β−1dtds

+
x+h∫

x

y
η∫

0

(x+h− t)λ−1sγ
[
s−1−β− (1 +s)−1−β

]
dtds

+ηγ+β

x
h∫

0

y∫

0

(η+s)−1−βtλ
[
t−1−α− (1 + t)−1−α]dtds

+

x
h∫

0

y+η∫

y

(y+η−s)λ−1tλ
[
t−1−α− (1 + t)−1−α]dtds

+

x
h∫

0

y
η∫

0

tλsγ
[
t−1−α− (1 + t)−1−α][s−1−β− (1 +s)−1−β

]
dtds

+
x+h∫

x

y+η∫

y

(y+η−s)γ−1(x+h− t)λ−1dtds.

After which every term is estimated in the standard way,
and we get
∣∣∣∣
(

1,1
∆h,η ψ

)
(x,y)

∣∣∣∣≤ C3h
λyγ .

This completes the proof.
Theorem 8 (Main theorem): The mixed fractional inte-
gral operator Iα,β0+,0+ isomorphically maps the space

H̃λ,γ
0 (Q), 0 ≤ λ,γ ≤ 1 onto the space H̃λ+α,γ+β

0 (Q), if
α+λ < 1 and β+γ < 1.
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Proof: We should consider, as usual the following three parts
of the proof:

1. Action of the mixed fractional integral operator from
the space H̃λ,γ

0 (Q) to the space H̃λ+α,γ+β
0 (Q);

2. Action of the mixed fractional differentiation operator
from the space H̃λ+α,γ+β

0 (Q) to the space H̃λ,γ
0 (Q);

3. The possibility to represent any function f(x,y) ∈
H̃λ+α,γ+β

0 (Q) as
(
Iα,β0+,0+ϕ

)
(x,y) with the density

in H̃λ,γ
0 (Q).

Because of Eq. (1) the parts 1) -2) are covered by Theorems
1 and 6. The part 3) is treated in the standard way in case
0 < α,β < 1 by using the possibility of similar representa-
tion with the density from Lp(R2), p = (p1,p2). See [1,
Theorem 24.4].
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