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Abstract: In this paper, dual complex Pell numbers and quaternions
are defined. Also, some algebraic properties of dual-complex Pell
numbers and quaternions which are connected with dual complex
numbers and Pell numbers are investigated. Furthermore, the Hons-
berger identity, Binet’s formula, Cassini’s identity, Catalan’s iden-
tity for these quaternions are given.
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1. Introduction

The real quaternions were first described by Irish mathemati-
cian William Rowan Hamilton in 1843. Hamilton [1] intro-
duced a set of real quaternions which can be represented as

H={q=qv+iq1 +jg2+kq3|q0,q1,92,93 € R} ()
where

P=2=k=-1, ij=—ji=k,
jk=—kj=1i, ki=—ik=j.

The real quaternions constitute an extension of complex
numbers into a four-dimensional space and can be considered
as four-dimensional vectors, in the same way that complex
numbers are considered as two-dimensional vectors. Ho-
radam [2] defined complex Fibonacci and Lucas quaternions
as follows

Qn :Fn+Fn+1i+Fn+2j+Fn+3k
and
Kn,=1Ly, +Ln+1i +Ln+2j +Ln+3k

where F), and L,, denote the nth Fibonacci and Lucas num-
bers, respectively. Also, the imaginary quaternion units 4, j, k
have the following rules

2= =k*=—1,ij=—ji=kF,
jk=—-kj=iki=—ik=j

The studies that follows is based on the work of Horadam
[3-8].

In 1971, Horadam studied on the Pell and Pell-Lucas se-
quences and he gave Cassini-like formula as follows [9]:

Ppi1Py 1 —P2=(-1)" (2)

and Pell identities

PrPn-l-l +PT—1Pn = Pn-&-rv

Pn(Pn+1 +Pn—1) = P2n7

Popi1+ Pop =2P2 | —2P2 — (-1)",

P2+ P2 | =Py, 3)
Py + Py 5 =5(P; 1 +Pl,),

Pn+aPn+b _PnPn+a+b = (_1)nPnPn+a+b>

P, =(-1)"t1p,.

and in 1985, Horadam and Mahon obtained Cassini-like for-
mula as follows [10]

Gnt1qn—1—qp =8(=1)" . “
First the idea to consider Pell quaternions it was suggested by
Horadam in paper [11].

In 2016, Cimen and Ipek introduced the Pell quaternions

and the Pell-Lucas quaternions and gived properties of them
[12] as follows:

QP’I’L :{QPn = PneO+Pn+lel +Pn+262+Pn+3e3 | Pn

n-th Pell number}, 5)
where
2 2 2
e1” =ex” =e3” = —1,e1eq = —e2e1 = e3,
€2€3 = —€3€2 = €1,€63€1 = —€1€3 = €2.

In 2016, Anetta and Iwona introduced the Pell quaternions
and the Pell octanions [13] as follows:

Ry, =P, +iPyy1+jPoyo+kPny3 (6)
where

P2 =52 =k? =ijk=—1,

ij = —ji =k, jk = —kj = i, ki = —ik = j.

In 2016, Torunbalct Aydin and Yiice introduced the dual
Pell quaternions [14] as follows:

Pp={DF =P, +iPyy1+jPnio+kPui3| Py
n-th Pell number}, @)

where
i =% =k?=ijk=0,
ij=—ji=jk=—kj=ki=—ik=0.

In 2017, Torunbalcit Aydin, Koklii and Yiice introduced
generalized dual Pell quaternions [15] as follows:

Qp ={D¥,, =P, +iPyi1 + jPrto + kPrys | Py,
n- th Gen. Pell number}, 8
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where

iP=j2=k=ijk=0,

ij=—ji=jk=—kj=ki=—ik=0.

Furthermore, Torunbalci Aydin, Koklii introduced the gen-
eralizations of the Pell sequence in 2017 [16] as follows:

Po= ¢P1=p,Po=2p+q,pgeZ

P, = 2P,_ P, — >2

nor n—1+Pn—2, 1> 9)
P, = (p_QQ)Pn+an+1:an+an—1

In 2017, Tokeser, Unal and Bilgici, introduced split Pell
quaternions [17] as follows:

SPy,=Pp+iPuy1+jPuio+kPpys. (10)
where

i?=-1,2=k*=1,

ij = —ji =k, jk=—jk = —i,ki=—ik = j.

In 2017, Catarino and Vasco introduced dual k-Pell quater-
nions and Octonions [18] as follows:

—

Ry = Py neo+ Py pii1€1+ Py ni2e2 + P onyses,

(11)

where Py, = Py +€Prn i1, Pon = 2Psn—1+ kP2,
n>2

eg = 1, 6i2 = —1, €i€5 = —€5€4, i,j = 1,2,3,
££0,0e =e0=0,le =cl =¢,e2 =0.

In 2018, Torunbalct Aydin introduced bicomplex Pell and
Pell-Lucas numbers [19] as follows:

BP, =Py +iPyy1+jPpyo+ijPny3 (12)
and
BPLp =Qn+iQnt1 +7Qni2+1jQny3 (13)

where i = —1,j2 = —1,i j = ji.

In the 19 th century Clifford invented a new number sys-
tem by using the notation (¢)? = 0, # 0. This number sys-
tem was called dual number system and the dual numbers
were represented in the form A = a+ea* with a,a™ € R[20].
Afterwards, Kotelnikov (1895) and Study (1903) generalized
first applications of dual numbers to mechanics [21, 22]. Be-
sides mechanics, this concept has lots of applications in dif-
ferent areas such as algebraic geometry, kinematics, quater-
nionic formulation of motion in the theory of relativity. Ma-
jernik has introduced the multi-component number system
[23]. There are three types of the four-component number
systems which have been constructed by joining the com-
plex, binary and dual two-component numbers. Later, Farid
Messelmi has defined the algebraic properties of the dual-
complex numbers in the light of this study [24]. There are
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many applications for the theory of dual-complex numbers.
In 2017, Giingor and Azak have defined dual-complex Fi-
bonacci and dual-complex Lucas numbers and their proper-
ties [25]. Dual-complex numbers [24] w can be expressed in
the form as

DC={w=2z +ez2]|z21,22 € C where &2 =0,e #0}.
(14)

Here if 21 = x1 + 422 and 29 = y1 + iy2, then any dual-
complex number can be written

w=x1 +1x2 +y1 +i€y2 (15)

i2=—1,e#0,e2=0, (ie)> =0.

Addition, substraction and multiplication of any two dual-
complex numbers w; and wq are defined by

wy twg = (2’1 +€Z2):|:(Z3 +€Z4) = (2’1 ﬂ:23)+€(22:tZ4),

w1 X wg = (21 +€22) X (23+¢€24) = 2123 + (2224 + 2223).
(16)

On the other hand, the division of two dual-complex num-
bers are given by

w1 2Z1+E22

wig o 23+ €24

(21 +e2)(23—c24) =1 2923 — 2174 a7
(z3+e24)(23—€24) 23 23 '

If Re(ws) # 0,then the division Iw”—; is possible. The dual-
complex numbers are defined by the basis {1,4,¢,i¢}. There-
fore, dual-complex numbers, just like quaternions, are a gen-
eralization of complex numbers by means of entities speci-
fied by four-component numbers. But real and dual quater-
nions are non commutative, whereas, dual-complex numbers
are commutative. The real and dual quaternions form a di-
vision algebra, but dual-complex numbers form a commu-
tative ring with characteristics 0. Moreover, the multiplica-
tion of these numbers gives the dual-complex numbers the
structure of 2-dimensional complex Clifford Algebra and 4-
dimensional real Clifford Algebra. The base elements of
the dual-complex numbers satisfy the following commutative
multiplication scheme (Table 1).

Table 1. Multiplication scheme of dual-complex numbers

T 1 i € 1€
1 1 1 € e
1 . —1 e —¢
€ € e 0 0
e 1 —e 0 0

Five different conjugations can operate on dual-complex
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numbers [24] as follows:

w=x1+ire +eyr +icys,
w*t = (21 —iw2) +e(y1 —iy2) = (21)" +e(22)",
w2 = (71 +iv2) —e(y1 +iy2) = 21 — €22,
w*3 = (x1 —iwe) —e(y1 —iy2) = 27 —ez5,
wH = (21 —iwa)(1 —5%) - (zl)*u—s%),
w*s = (y1 +iy2) —e(x1 +ixe) = 20 —e21.
(13)

Therefore, the norm of the dual-complex numbers is de-
fined as

N3 =lhwxwt =l + 2R 22°),

N =l x| = /22,

Nt =l x w's )| = /|1 - 2iEm(ar22°),

Not =|lw xw*|| = y/|z1 %,

NP = lw x w]| = /2122 + (23— 22).

19

In this paper, the dual-complex Pell numbers and quater-
nions will be defined. The aim of this work is to present in a
unified manner a variety of algebraic properties of the dual-
complex Pell quaternions as well as both the dual-complex
numbers and dual-complex Pell numbers. In particular, us-
ing five types of conjugations, all the properties established
for dual-complex numbers and dual-complex Pell numbers
are also given for the dual-complex Pell quaternions. In ad-
dition, the Honsberger identity, the d’Ocagne’s identity, Bi-
net’s formula, Cassini’s identity, Catalan’s identity for these
quaternions are given.

2. The dual-complex Pell numbers

The dual-complex Pell and Pell-Lucas numbers can be de-
fined by the basis {1,,e,ie}, where i, j and ij satisfy the
conditions

i?=—1,e#0,e2=0, (ie)> =0.
as follows

]D)(CPn :(Pn+lpn+1) +€(Pn+2 —|—ZPn+3)

. . (20)
=P, +1Pyy1+ePhyo+icPp43
and
DCPL, =(PLp+iPLpt1)+e(PLyto+iPLpys)
—PLy+iPLypy1+ePLyyo+icPLnys.
(21

With the addition, substraction and multiplication by real
scalars of two dual-complex Pell numbers, the dual-complex

Pell number can be obtained again. Then, the addition and
subtraction of the dual-complex Pell numbers are defined by

DCP, £ DCP,, =(Py %+ Pp) +i(Pog1 % Pry1)

+5(Pn+2 :l:P’m-l-Z) +i€(PTL+3 iP7n+3)~

(22)

The multiplication of a dual-complex Pell number by the
real scalar \ is defined as
ADCP,, = AP, + APy 41+ eAPhyo+ieAPys. (23)
By using (Table 1) the multiplication of two dual-complex
Pell numbers is defined by

DCP, x DCPy, = (PyPrm— Pat1Pmy1)
+i(Pn+1Pm+Pan+1)
+€(Pnpm+2 - Pn+1Pm+3

+Pn+2pm _Pn+3pm+1)

+ie(Pnt1Pmt2+ PnPmys
+Pp 3Py + PuyoPri1)
= DCP,, x DCP,.
(24)
Also, there exits five conjugations as follows:
DCP;I = Pn — iPn+1 + EPTL+2 — i€Pn+3,
complex-conjugation (25)
DCP;? = P, +iPpy1 —€Pyio—iePyys3,
dual-conjugation (26)
DCP}3 =P, —iPy41 —ePpyo+icPpya,
coupled-conjugation 27
DCP = (Pp —iPpy1).c(1— %}Zﬁf’
dual-complex-conjugation (28)
DCP}5 = Pyio+iPpys—ePy —icPpy1,
anti-dual-conjugation. (29)
In this case, we can give the following relations:
DCP,(DCP,)** = Papy1+26Popt3, (30)
DCP,(DCP,)*? = —qngn+1 + 2Py Ppt1,
Qn, n-th mod. Pell number 31
DCP,,(DCP,,)*® = Papy1 — 4ic(—1)", (32)
DCP,, (DCP,)** = Papy1, (33)
DCP, + (DCPR,)*t =2(P,+ePp+2), (34)
DCP,, + (DCP,)*? =2(Pp, +iPp+1), (35)
DCP, + (DCPR,)*? = 2(P, +1icPy13), (36)

(Pn +iPn+1)(D(CPn)*4 = (P2n+1 — €P2n+3 + 2i€(—1)n)
= (Py —iPp+1)(DCP,)*2,

(37)
eDCP, + (DCP,)*> = Pyyo+iPoys, (38)
DCP, —(DCP,)* = P +iPp 1. (39)

29



The norm of the dual-complex Pell numbers DCP, is de-
fined in five different ways as follows

Npepr1 =[DCP, x (DCPy)™ I|?

=(P2+ P2,)+2e(Py Pyt + Poy1Poys)

=Popt1+2ePop43, (40)
Npepr2 =|[DCP, x (DCP,)*2||?

:|(P'r% _Pr%Jrl) +2iPnPn+1‘

=| = @nn+1+2iP, Pyl (41)
Npcprs =[DCP, x (DCP,)*3||?

=(P7+Ppi1)+2ie(PyPoy3— Poy1Poya)

=Py 1 — die(—1)", (42)
Npepra =IDCP, x (DCP,) ™2

=P2+ P2 | =P (43)
3. The dual-complex Pell and Pell-Lucas

quaternions

In this section, firstly the dual-complex Pell quaternions will
be defined. The dual-complex Pell quaternions and the dual-
complex Pell-Lucas quaternions are defined by using the
dual-complex Pell numbers and the dual-complex Pell-Lucas
numbers respectively, as follows

DC ={Qp,, = Po+iPny1+cPni2+icPyuis | Pa,
n — th Pell number} (44)

and

DC"" " ={QpL, = Qn +iQui1+eQuy2+ieQn13 | Qn,
n — th Pell-Lucas number} (45)

where
i?=—-1,6#0,e2=0,(ic)> =0.

Let Qp,, and Qp,,, be two dual-complex Pell quaternions
such that

Qpp=Pn+iPpy1+ePpyo+icPri3 (46)
and
QPm :Pm+le+1 +5Pm+2 +iEPm+3 (47)

Then, the addition and subtraction of two dual-complex
Pell quaternions are defined in the obvious way,

Qp, £Qp,, =(Pn+iP,11+ePpyo+icPyy3)
+ (Pn+iPmt1+ePmi2+iePmt3)
=(Pn & Pm) +i(Prg1 £ Prg1)
+e(Ppy2t Pry2)
+ie(Ppy3 £ Ppys). (48)

Dual Complex Pell Quaternions

Multiplication of two dual-complex Pell quaternions is de-
fined by

Qpryn X QP =(Pn+iPni1+ePny2+icPy3)
(P +iPmy1+€Ppyo+icPp3)
:(Pan - n+1Pm+1)
+i(Pot1Pm+ PoPrm+1)
+e(PpPmt2— Pat1Pmts
+Pn+2Pm - n+3Pm+1)
+ie(Pnt1Pm+2 + PnPrmys
+ PotsPm+ PoyoPmi1)
=Qpy, X Qpy- (49)

The scaler and the dual-complex vector parts of the dual-
complex Pell quaternion (@) p,,) are denoted by

SQPn =P, and VQPn :iPn+1 ~|»€Pn_‘_2+i5Pn+3.
(50)

Thus, the dual-complex Pell quaternion @) p,, is given by
Qp,= SQPn + VQP71 :

The five types of conjugation given for the dual-complex
Pell numbers are the same within the dual-complex Pell
quaternions. Furthermore, the conjugation properties for
these quaternions are given by the relations in Eq. (25)-
Eq. (29). In the following theorem, some properties related
to the dual-complex Pell quaternions are given.

Theorem 1: Let ) p,, be the dual-complex Pell quaternion.
In this case, we can give the following relations:

QpP,+2QpPn 11 =QPpg2 5D
Qrrn+2QpPrLn11 =QPLnio (52)
QpPpy1+QpPy_1=QpPLy (53)
QPpt2—Qprn_2=2QpPLy, (54)
QPpy2t+QpP,_2=606Qp, (55)
(QPn)* +(QPni1)’ = QPoni1 —2Pon+3+iPonio

+&(—11Pop 43+ 2Po 41 +4ie(Papya + P2), (56)

(QPpi1)? — (QpPn_1)*>=Qpoy+ (Pan, — 2P2p42)
+3iPayt1—e(Panta+8Pany3) +ie(3Pant3 — 2Py,

+12P, 41 Prq2 — 4Py 1 Pa1), (57)

QP —i(QPypy1)™ —€QPpio —1EQPy 3 =2(—Ppy1 +EPnta).
(58)

Proof: Eq. (51)-Eq. (55): It is easily proved using Eq. (44),

Eq. (45). Eq. (56): By using Eq. (44) we get,
(QPn)*+(QpPpi1)? = (Pent1— Pany3) +2iPanya
L)

+2e(Pant1 —5P2nt3) + 225(§P2n+4 +2P2.,)

= (Papt1+iPapt2 +EPop+3 +icPonta)
—Popy3+iPopi2 —e(Papnt1 — 11 P24 3)
+4ig(Ponta+ P2ys)

=Qpopi1— Poniz+iPongo—e(Pony1 — 11P2,43)
+ 4i€(P2n+4 + P7’2L+2>'
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Eq. (57): By using Eq. (44) we get,

(QPni1)’ = (QpPp_1)? =2(Pan — Pani2) +4iPoni1
—8cPopy3+2ie(6Pyt1 P2 —2Pny1 P
+2Pyp43 — Pan)

= (P +iPapt1+ePonya+icPanys)

+ (Pon — 2Pan42) +3iPapy1 — (8 Pont3 + Pont2)

+ie(3Pap+y3 —2Pon +12Py 41 Ppyo—4Pp+1Pn—1)
=Qpoy — (Pan —2Pan42)+3iPopy1

—&(8Pap+3+ Pant2) +ie(3Papt3 —2Pay,

+12P 41 P2 —4P,+1Py—1).

Eq. (58): By using Eq. (44) and Eq. (27) we get,

QPn - i(QPn—Q—l)*S - 6QP7’L+2 - isQPn—&-S
Z(Pn — Pn+2) +2ePp44 = —2(Pn+1 +6Pn+4). O

Theorem 2: For n,m > 0 the Honsberger identity for the
dual-complex Pell quaternions @) p,, and () p,,, is given by

QPnQPm + QPn+1QPm+1 =
+iPnym+2 +e(Prtm+3

Qpn+m+l - Pn+m+3

— 2Pn+m+5) +3ie Ppym+4-
(59)

Proof: Eq. (59): By using Eq. (44) we get,

—Pui2Pp2)
(Pnt1Pm + Pry2Pri1)

QrnQPm+QPni1QPm i1 = [(PnPm
+i[(PnPm+1+ Poy1Pmt2) +
+e[(PnPmt2+ Pot1Pmys) —
+ (Pn+2Pm +Pn+3pm+1) - (Pn+3pm+1 +Pn+4Pm+2)]
+ie|(PnPm+3+ Poy1Pmya) +
+ (Pnt2Pm1 + PrtsPmt2) + (Prt3 P+ PryaPry1)]

= —2(Pntm+2) + 20 Prymt2 +26(Potm+3 — Pntm+5)
+4ie Pyt m+4a

=QPntms1— Prtm+3+iPnim2

+e(Prtm+3 — Pntm+s) +3i€Pnym+a.

where the identity P, Py, + Pp+1Pm+1 = Poym+1 1s used
[9, 26, 27]. O

Theorem 3: For n,m > 0 the d’Ocagne’s identity for the
dual-complex Pell quaternions @ p,, and ) p,,, is given by

QrPmQ@pPpy1—
(60)

(P41 Pmt3+ PoyoPrta)

(Pn+1Pm+2 +Pn+2Pm+3)

QPms1Qpn = 2(—1)" Poy_pn (1 41+ 6¢ + 6ic).

31
Proof: Eq. (60): By using Eq. (44) we get,
QPmQPn.H - QPm.HQPn = [(Pmpn-&-l - Pm+1pn)
— (Pmy1Pnt2 — Py o Poy1)] +i[(PmPry2 — Prt1Poy1)

+ (Pm+1Pnt+1 — Pmt2Pn)] + €[ (PmPnt3 — Pmt1Prnt2)
- (Pm+1Pn+4 - Pm+2pn+3) + (Pm+2pn+1 _Pm+3pn)

- (Pm+3Pn+2 - Pm+4pn+1)} +ZE[(PmPn+4 - Pm+lpn+3)

+ (Prm+1Pnt3 — P2 Ppya) +

+(Pm+3Pn+1_Pm+4P )]

= (=1)"2(Pm-n) +i(—=1)"(Pm-n+1— Prm—n-1)

+2e(—1)"(Pm—n+2+ Pm—n—2)

+ie[(=1)" (Pm—n+3 — Pm—n—-3) + (Pm-n—1
=2(—=1)"Pp—n(1+1i+6e+6ic).

(Pm+2Pn+2 - Pm+3pn+1)

- menJrl)]

where the identity Py, Py, + P41 Pm+1 = Prtm+1 and
Py y3— P,_3=14P, are used [9, 26, 27]. O

Theorem 4: Let Qp,, be the dual-complex Pell quater-
nion.Then, we have the following identities

ZQPs = i (@PLyt1—QPLAls (61)
ZQPH; = QPLn+p+1 QpPLnt1)s (62)
ZQP2S 1= QPQn Qpo); (63)
ZQst = QP2n+1 Qp1]. (64)

Proof: Eq. (61):

n n n n n
ZQPS :ZPS+iZPS+1+5ZPS+2+iEZPS+3
s=1 s=1 s=1 s=1 s=1

:%[(Pn+Pn+1—P1

+i(Ppy1+ Poyo — P — Py)
+e(Pry2+ Pnys — P3— P2)
+ie(Ppy3+ Prysa— Py — P3)]

—P)

=51Qpu+@p i —Qp1 ~Qpo)
_E[QPLnJrl —QpPr1)-
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Eq. (62): Hence, we can write

P p p
ZQPnJrs :an+s +izpn+s+1
s=0 s=0 s=0

P p
+e Z Ppysyotie Z Prysys
s=0 s=0

1
=5 (Prtp+1+ Potp = Pry1— Pn)

+i(Pptpr2+ Prtpr1 — Pnyo— Poy1)
+€(Pn+p+3 + Pn+p+2 - Pn+3 - Pn+2)
+ie(Pptpta+ Potpts — Poya — Pngs)]

1
:i[QPn—&-p-‘rl + QPn-i—p - QPn+1 - Qpn}

:i[QanerH —QPLpy1)-

Eq. (63): Hence, we can write

n n n n
> Qros 1= Prc1+i Prted Pocia
s=1 s=1 s=1 s=1

n
+ie Z Pygqo

s=1
Z(Pl +P3+...+P2n,1)
+i(Po+Py+...+ Poy)
+e(Ps+Ps+...+ Papy1)
+ie(Pa+Ps+...4+ Panya)

1 .
25[(P2n —Py) +i(Pony1—P1)

+ E(P2n+2 — PQ) + iE(P2n+3 — P3)}
1 . .
=3 [Paon +iPan 1+ €Popyo +icPop i3]

1 . ;
- i[PO +iP1 4Py +icPs]

1
=5(Qran —Qpo)-
Eq. (64): Hence, we obtain

n
ZQPQS =(Po+Py+...+ Pay)

s=1
+i(Ps+Ps+...4+ Popt1)
+6(P4+P6+...+P2n+2)
+ie(Ps+Pr+...4+ Papys)

1 .
=3 [(Pant1—P1) +i(Papy2 — Po)
+e(Pants — Ps3)

+ie(Papya — Py))
1 . .
=3 [Pon+1+iPapt2+ePopts+iePopya]

1
— i[Pl +iPsy+ePs+icPy]

1
:i[QP2n+1 - QP1]~

Dual Complex Pell Quaternions

Theorem 5 (Binet’s Formula): Let (p, be the dual-
complex Pell quaternion. For n > 1, Binet’s formula for
these quaternions is as follows:

Qpy = ﬁ (0"~ 35" (65)
where

a= 1+ia+ea2+i5a37a: 1+v2

and

B=1+if+eB?+ief3,8=1—V2.

Proof: Binet’s formula of the dual-complex Pell quaternion
is the same as Binet’s formula of the Pell quaternion [9]. [
Theorem 6 (Cassini’s Identity): Let Q) p, be the dual-
complex Pell quaternion. For n > 1, Cassini’s identity for
Qp,, is as follows:

QFp_1QFni1—Qr2 = (—1)"2(1+i+6e+6ie).  (66)
Proof: Eq. (66): By using Eq. (44) we get
QpPn-1QpPni1—Qpry = (Po—1Pot1— Py)
+ (P} 1= PaPuya) —i(Pui1Po— PoyoPo1)
+e[=(Prt2Pn — Poy3Pn—1) = (PnPoy2 — Poy1Poyi)
+ (Pn+1Pn+3 - Pn+2Pn+2> + (Pn+3Pn+1 - Pn+4Pn)]
+ie[—PnPnt+s — Pot1Pat2) — (Poys3Pn— PoyaPr_1)
- (Pn+2Pn+1 - Pn+3pn) - (Pn+1pn+2 - Pn+2Pn+1)]
=(—1)"2(0+0i+ 65 + 3ij)
= (—1)"2(1 +1i+ 6e + 6ic).
where the identities of the Pell numbers P, P41 —
Py41Py, = (=1)"Py,_yp, is used [9]. O
Theorem 7 (Catalan’s Identity): Let Qp,, be the dual-

complex Pell quaternion. For n > 1, Catalan’s identity for
Qp,, is as follows:

QP2 —QppirQprp_r = (—1)"""P22(1+i+6¢ + 6ic).
(67)
Proof: Eq. (67): By using Eq. (44) we get

QP% - QPnJerPn—r :[(P’r% - PnJrTPnfr)

— (P31 = Poyri1Pari1)]
+i[(PnPn+1 - Pn+rpn—r+1)
+ (Pr+1Pn — Ppyr41Pn—r)]
+5[(Pn+2pn —Puyri2Pnr)
+(PnPpy2— PoyrPrry2)
— (Pn+1Pnt3— Potrs1Pa—ri3)
— (Pn+3Pnt1— Prtr+3Pn—r+1)]
+ie[(PnPrnt3 — PnyrPn—r+3)
+ (Pn+3Pn — Ppyr+3Pn—r)
+ (Pry1Pry2— Pogrt1Pr—ri2)
+ (Pnt2Pnt1 — Por2Pr—ri1))]

=(—=1)""")2P2(1 + i+ 6 + 6ic)
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where the identities of the Pell numbers
PPy — Py Pryr = (fDniT mAr—nr
and

PpPp—PpyPogr = (-1)"" P}

are used [9]. ]

4. Conclusion

In this study, a number of new results on dual-complex Pell
quaternions were derived. Quaternions have great impor-
tance as they are used in quantum physics, applied mathe-
matics, quantum mechanics, Lie groups, kinematics and dif-
ferential equations.

This study fills the gap in the literature by providing the
dual-complex Pell quaternion using definitions of the dual-
complex number, dual-complex Pell number and Pell quater-
nion [12].
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