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1. Introduction

A sequence © = (xy,) is said to be strongly Cesaro summable
to the number ¢ if

RN
nll—{%oﬁg‘xk_a_o'

Nearly all of the transformations used in the theory of
summability have undesirable features. For example, the Ce-
saro transformation of any given positive order increases ul-
timate bounds and oscillations of certain sequences of func-
tions, and does not always preserve uniform convergence, or
continuous convergence, of sequences of functions. Deferred
Cesaro means have useful properties not possessed by Ce-
saro’s and other well known transformations. R.P. Agnew
[1] defined the deferred Cesaro mean as a generalization of
Cesaro mean of real (or complex) valued sequence x = ()
by
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where p = {p(n) : n € N} and ¢ = {q(n) : n € N} are the se-
quences of nonnegative integers satisfying p(n) < ¢(n) and
limy, 00 g(n) = 00. A sequence x = (x) is said to be
strongly D), ;-convergent to £ € R if
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A sequence x = () is said to be statistically convergent
to the number ¢ € R if for every € > 0,
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where the vertical bars indicate the number of elements in the
enclosed set.

The idea of statistical convergence was introduced by
Steinhaus in [2] and Fast in [3] independently and since then
has been studied by other authors including [4-11] and [12].
The following relationship between statistical convergence
and strong Cesaro summability is known [4]:

If a sequence x = () is strongly Cesaro convergent to £,
then x = () is statistically convergent to ¢ and the converse
is true if x = (xj) is a bounded sequence.

The concept of deferred statistical convergence was intro-
duced in [13] as:

A sequence = = (xy) is said to be deferred statistically
convergent to the number ¢ € R if for every € > 0,

lim

1
o0 p(n) — q(n) |z, — ¢ > €} =0.

{p(n) <k <q(n):
Recently, A" -deferred statistical convergence of order «
was introduced in [14] and the concept of asymptotically de-
ferred statistical equivalence of sequences was defined and
studied in [15].
A continuous linear functional ¢ on /,, the space of real
bounded sequences, is said to be a Banach limit if

(a) ¢(x) > 0 when the sequence x = (x,,) has z,, > 0 for
all n,

(b) ¢(e) =1wheree=(1,1,1,...) and

©) ¢(xpt1)=¢(xy) forall z € l.

A sequence x € [ is said to be almost convergent to the
value ¢ if all of its Banach limits equal to £. Lorentz [16] has
given the following characterization.

A bounded sequence {zy, } is almost convergent to L if and
only if
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uniformly in m.

Maddox [17] has defined strongly almost convergent se-
quence as follows:

A bounded sequence {z,} is said to be strongly almost
convergent to ¢ if and only if

n
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uniformly in m.
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Let o be a mapping of the positive integers into itself. A
continuous linear functional ¢ on £ is said to be an invariant
mean or a o-mean if it satisfies conditions (a) and (b) stated
above and

(@) d(Tn)) = d(zy) forall z € lo.

The mappings o are assumed to be one-to-one and such
that c™(n) # n for all positive integers n and m, where
o™ (n) denotes the m#h iterate of the mapping o at n. Thus,
¢ extends the limit functional on ¢, the space of convergent
sequences, in the sense that ¢(x) = limz for all = € ¢. Con-
sequently ¢ C V. In the case o is the translation mapping
o(n) = n+1, the o-mean is often called a Banach limit
and V, the set of bounded sequences all of whose invariant
means are equal, is the set of almost convergent sequences ¢.

It can be shown that

' 1 n
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k=1

uniformly in m} ,

where /., denotes the set of all bounded sequences.

Several authors including Raimi [18], Schaefer [19], Mur-
saleen [20, 21], Savag [11, 22] and others have studied invari-
ant convergent sequences.

The concept of strongly o-convergence was defined by
Mursaleen in [23]:

A bounded sequence x = (z},) is said to be strongly invari-
ant convergent to £ if

1 m
lim =" |2k () — €] =0
k=1

n—oo N,

uniformly in m.

In this case we will write z, — L[V]. By [V;], we de-
note the set of all strongly invariant convergent sequences. In
the case o(n) = n+ 1, the space [V;] is the set of strongly
almost convergent sequences [¢]. The concept of strong s-
invariant convergent sequence was defined by Savas in [11]:
A bounded sequence z = (zy) is said to be strongly s-
invariant convergent to ¢ if

‘ 1 n .
nh—{%ogkzl |.’L‘Uk(m) —€| = 0

uniformly in m, where 0 < s < oo.

The concept of o-statistically convergent sequence was in-
troduced by Nuray and Savas in [24] as follows:

A sequence x = (xy) is o-statistically convergent to £ if
for every € > 0,

1
lim —[{k<n:
n—oon

@k () — ] Z €}[ =0

uniformly in m.
In this case we write S, —limz = £ or z, — ¢(S,) and we

define
S i={z=(z1) :

Se —limz =¥, for some ¢}.

By a lacunary sequence [6] we mean an increasing integer
sequence 0 = {k, } such that kg =0 and h,, = ky, —kp—_1 —
oo as n — 0o. The intervals determined by 6 will be denoted
by I, = (kn—1,kn].

A bounded sequence x = (xy,) is said to be strongly lacu-
nary o— convergent to £ if

. 1
nleOOE Z |$0.k(m) 7€| =0
kel,

uniformly in m.

Let A = (\,) be a nondecreasing sequence of positive
numbers tending to oo, and Ap41 — Ay < 1, Ay = 1. The
generalized de la Vallée-Poussin mean[25] is defined by

1 n
— T
Ay Z k
=n—Anp+1
A sequence x = (xj) is said to be strongly A— invariant
convergent to £ if

n

1
lim —
n—o0o \p, Z
k=n—An+1

|5L‘0k(m) —€| =0

uniformly in m.
x = (xy,) is said to be A— statistically invariant convergent
to ¢ if

nlirréo%|{n—An+1 Sk<n: [Tk — 2 €[ =0
uniformly in m.

Let A = (ayk) be an infinite matrix and x = (z) be a
sequence. Let E and F be two nonempty subset of the space
w of complex numbers. We write Az = (A,x) if A, (z) =
> heq agnx) converges for each n. If z = (x) € E implies
Az € F, we say that A defines a matrix transformation from
E to F. A matrix A is said to be regular if A transforms every
convergent sequence to convergent sequence by preserving
the limit.

Following conditions are, by the Silverman-Toeplitz The-
orem, necessary and sufficient conditions for regularity of
A= (ank)

® sup,, ZZ‘;I |ank| < 00
(i) lim, o0 apgp = 0foreach k € N
(iil) limy, o0 Y poq @nk = 1.

2. Deferred Invariant and Deferred Invariant
Statistical Convergence

Definition 1: A sequence @ = (z;) is said to be deferred in-
variant convergent to ¢ € R if

1 q(n)

lim ———— T =/
n=voe g(n) ~p(n) k_%m 7

uniformly in m.
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Definition 2: A sequence x = (x) is said to be strongly de-
ferred invariant convergent to ¢ € R if

1 q(n)

lim ————— Z

|$ak(m) —£=0

e g () 2=

uniformly in m. In this case we write z,, — £(Dy[p, q]).
Definition 3: A sequence x = (x) is said to be strongly s-
deferred invariant convergent to £ € R if

q(n)

lim; Z

|k (my —€I° =0

w5 g(m) —p(n) &=

uniformly in m where 0 < s < oo. In this case we write z,, —
(D5 p,q)).

It is clear that;

¢ If ¢(n) =n and p(n) = 0, then Definition 2 coincides
with the definition of strong invariant convergence,

* Let § = (k,,) be a lacunary sequence. If we consider
q(n) = ky, and p(n) = k,_1, then Definition 2 coin-
cides with the strong lacunary invariant convergence,

* If ¢(n) = n and p(n) = n — Ay, then Definition 2 coin-
cides with the strong A-invariant convergence.

Definition 4: A sequence x = (zy,) is said to be deferred in-
variant statistically convergent to the number ¢ € R if for ev-
ery € > 0,

1
lim ——— k< : —f|>¢€}|=0
Jim s o) < £ < () ey 1 >
uniformly in m. In this case we write <, — £(DS;[p,q]).
It is clear that;

¢ If ¢(n) = n and p(n) = 0, then Definition 4 coincides
with the definition of invariant statistical convergence,

* Let 6 = (ky,) be a lacunary sequence.If we consider
q(n) = k, and p(n) = ky—1, then Definition 4 co-
incides with the lacunary invariant statistical conver-
gence,

* If ¢(n) = n and p(n) = n — Ay, then Definition 4 co-
incides with the invariant A-statistical convergence of
sequences.

3. Inclusion Relations
Theorem 1: Let {p(n)},{q(n)},{p'(n)} and {¢'(n)} be

sequences of of non-negative integers satisfying p(n) <
p'(n) < ¢'(n) <q(n) foralln € N and

q(n) —p(n)

limsup ———~ < o0,
nsoa ¢/ (n) —p (n)

then z,, — (DS, [p,q]) implies z,, — £(DS,[p’,q']).

Proof: From the inclusion

{r'(n) <k<d'(n): [z,mn) — 1 >}
C{p(n) <k <gqn): |z0k(m) —{] > €}

we can write
1 / E<dg .
m\{p (n)<k<g(n):
q(n) —p(n) 1
~q'(n)=p'(n) q(n) —p(n)
x [{p(n) <k <q(n):[@gk () — £ = €}

‘zok(m) —fl > €}|

After taking limit when n — oo desired result is obtained.

O

Theorem 2: Let {p(n)},{q(n)},{p/(n)} and {g'(n)} be

sequences of of non-negative integers satisfying p(n) <
p'(n) < ¢'(n) <gq(n) forall n € N and

limsup 7({(11) : i’((nrz)

< 00,
n—oo q'(n)

then z,, — (D, [p,q]) implies z,, — ¢(D,[p’,¢']).

Since the proof is similar to the proof of Theorem 1, we omit
1t.

Theorem 3: If (x,) is strongly deferred invariant conver-
gent to ¢, then (x,,) is deferred invariant statistically con-
vergent to ¢, that is, if z, — ¢(Ds[p,q]), then z,, —
£(DSs[p,q)).

Proof: Let x,, — £(Dy[p,q]). For an arbitrary € > 0, we get

——— 1T gt (my — |
q = 2=
(n)
:; ZZ:p(n)J,J |xak(m) _Z|
q(n) _p(n) ‘Iﬂk(rn)7[|25
(n)
+ ; Z,’:p('n,)+1 ‘xak(m) - £|
Q(n) _p(n) |zak(m)7[‘<€
(n)
>; ZZ:Lp(n)+1 |xak(m) _€|
~q(n)—p(n) 2 k(12

€

zml{p(n) <k < q(n): @i — 0 = €}

for each m. Hence, we have

Jim m\{p(n) <E<q) : [Egnmy — 0] > €} =0
uniformly in m, that is z,, — £(D.S5[p,q]). O
Theorem 4: If (x,,) is bounded and deferred invariant sta-
tistically convergent to ¢, then (x,) is strongly deferred
invariant convergent to ¢, that is,if  bounded and z,, —
¢(DSs[p,q]), then x, — €(Dy[p,q).

Proof: Suppose that 2, — £(DS5[p,q]) and (x,,) is bounded,
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say \xgk(m) —{) < M for all k and m. Given € > 0, we get

q(n)
_ x -/
q(n) _p(n) k_];n)Jrl | ok (m) |

qn)
_ 1 —p(n)+1 1Tk (m) ~

q(n) —p(n)
(n)
+ ; ZZ =p(n)+1 |zak(m) _€|
q(n) —p(n) 12 o b (1) <€

q(n)
M k=p(n)+1 1

—L|>e

¢

|z ok (m) —Ll|>e

1%k (1m)

q(n)
k=p(n)+1 1
—L|<e

L —pm)

< 2 = p(y 1P < K <) sy — €] 2 €}

+ ) =i )

for each m, hence we have
1 q(n)

. S,

k=p(n)+1

1%k (m)

<k <q(n):|zon ) — U <€}

uniformly in m. O
Theorem 5: If the sequence {%} is bounded,
a(m)=p(n) [ N
then x,, — ¢(S,) implies x,, = £(DS,[p,q]).
Proof: Let x,,, — £(S,) then for every € > 0,
lim —\{k: <n:

n—o00 n

“rok(m) —l=¢€}|=0
uniformly in m. Hence, for every € > 0

lim —\{kj<q(n) | l>e}|=0

ok(m) —
uniformly in m. From the inclusion
|xa'k(m) _£| > 6}

|xak(m) _€| > 6}

n)<k<gqgn):

C {k <q(n):

and the inequality

/_H

{p(n) <k <q(n): |2gnn) =€ = €}
<HE < q(n) : |20 () — €] = €}

we have

1
WHP(”) <k<q(n):|z,w

_a(m)—p(n) +p(n) 1
q(n)—p(n)  q(n)
x {p(n) <k <q(n) |2k ()
p(n) 1
<(1+ o0 o) 7
X |[{k <q(n): 250 ny — £ 2 €}
for each m and we obtain x,, — (DS, [p,q]). O

m) 4 2 €}

—{ > e}

Theorem 6: Let g(n) = n for all n € N. Then, z, —
L(DSs[p,n]) if and only if x,, — £(Sy).

Proof: Assume that x,, — ¢(DS,[p,n]). By using the tech-
nique which was used by Agnew in [1], for each n € N, let-
ting p(n) =n), p(n(l)) =n®), p(n®@)=n) ... wemay
write

{k;gn; \xak(m)—aze}
:{k R L = e}
U{nM <k <n: [@grgn = e},
{e<n® ' fegug — 0> ¢}
(k<0 Jagngmy — U2 €}
u{n(2><kgn(>: |xak(m)—£|ze}
and
{kgn@):

:{k <n®). |k

|Iak(m) _£| > 6}

(m) — U2 f}

U {n(g) <k<n®. |$Uk (m) -l > 6}

for each m. This process may be continued until for some
positive integer h depending on n, we obtain

{kgn(hfl) : |xak(m)—€| 26}
:{kgn(h): |$Uk(m)7f|26}
U {n(h) <k<nb. |xok(m) —l) > e}

for each m where n(®) > 1 and nlh+) =, Therefore, we
can write

B () ()
n n
@iy =l 2} =D —————trm

1

—Hk<n:

n n
r=0

for every n and and m where

1
n(r) — n(”'JFl) |{

trm = ntD) < k< pm) Tk () — 4 = €}].

If we consider a matrix A = (ay) as
(r) _p(r+1)
e 2 0,1,2,. 0,k
Anr = .
0, otherwise

where n(0) = n, then the sequence

{21 <nslegen -2 9

is the (an,) transformation of the sequence (t,,). Since
n() > p+th) =12 ... h, and n"*1) =0, this trans-
formation evidently satisfies (i) and (iii); and for fixed k,
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(k) _,,(k+1) | . . .
n_—n__ " s either zero or a fraction of which the denomi-

nator is n and the numerator is < k so that (ii) holds. There-
fore, the matrix (ay,) is a regular and since the sequence

1
r+1 r) .
{n(r)—nU“H)'{”( <k <l )~%k(m>—5|26}|}

is convergent to zero for each m, we have

1
lim —|{k<n: —l| > e} =
111 n‘{ =n |$¢7k(m) | —€}| 0

n— oo

uniformly in m.

Conversely, since {W

n, by Theorem 5, we have z, — ¢(S,) implies x, —
U(DSsp.al). O

When o(m) = m + 1, from Definitions 1, 2, 3 and 4
we have the following definitions of deferred almost con-
vergence, deferred strongly almost convergence, strongly s-
deferred almost convergence and deferred almost statistically
convergence for a sequence = = ().

p(n) } is bounded for g(n) =
neN

Definition 5: A sequence 2 = (z,) is said to be deferred al-
most convergent to £ € R if

1 q(n)

lim ————— Tham =14
n—oo g(n) —p(n) k—z%:)-&-l *

uniformly in m.
Definition 6: A sequence x = (1) is said to be strongly de-
ferred almost convergent to ¢ € R if

1 qa(n)
lim ———— Tpam — L =0
=) 2w

uniformly in m.
Definition 7: A sequence x = (1) is said to be strongly s-
deferred almost convergent to £ € R if

1 q(n)
lim ——— |Tprm —£°=0
e, 2|

uniformly in m where 0 < s < co.

Definition 8: A sequence x = () is said to be deferred al-
most statistically convergent to the number ¢ € R if for every
€>0,

1
nlggome(") <k<q(n):|xpim—C =€} =0
uniformly in m.

Similar inclusions to Theorems 3, 4, 5 and 6 hold between
strongly deferred almost convergent sequences and deferred
almost statistical convergent sequences, which have not ap-
peared anywhere by this time.
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