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Abstract: In this paper, hyperbolic k-Fibonacci quaternions are de-
fined. Also, some algebraic properties of hyperbolic k-Fibonacci
quaternions which are connected with hyperbolic numbers and k-
Fibonacci numbers are investigated. Furthermore, d’Ocagne’s iden-
tity, the Honsberger identity, Binet’s formula, Cassini’s identity and
Catalan’s identity for these quaternions are given.
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1. Introduction

The quaternions constitute an extension of complex numbers
into a four-dimensional space and can be considered as four-
dimensional vectors, in the same way that complex numbers
are considered as two-dimensional vectors.

Quaternions were first described by Irish mathematician
Hamilton in 1843. Hamilton [1] introduced a set of quater-
nions which can be represented as

H={q=qo+iqn+je2+ke3| ¢ €R,i=0,1,2,3}

(M
where
P=2=k*=-1, ij=—ji=k, jk=—kj=i,
ki=—ik = j.

2

Several authors worked on different quaternions and their
generalizations ([2], [3], [4], [5], [6], [7]).

Horadam [8] defined complex Fibonacci and Lucas quater-
nions as follows

Qn="Fn+iFpi1+jFnyo+kFyq3
and
Kn=Ly+iLpy1+jLnyo+kLpi3
where

P=2=k=-1, ij=—ji=k, jk=—kj=i,

ki=—ik=1j.
In 2012, Halic1 [9] gave generating functions and Binet’s
formulas for Fibonacci and Lucas quaternions. In 2013,

Halic1 [10] defined complex Fibonacci quaternions as fol-
lows:

Hpe ={Rn=Cpn+e1Cni1+e2Cnio+e3Cnis |
Cp=Fy+iFy1,i2=—1}

where

e1? =ex? = e3? = ejenes = —1,

€163 = —e2€] = €3,€283 = —e363 = €1,
ese1 = —ejez =eo, n > 1.

In 2015, Ramirez [11] defined the k-Fibonacci and the k-
Lucas quaternions as follows:
Dk:,n :{Fkn +7;Fk,n+1 +ij,n+2 + ka,n+3 ‘
Fi n, n—th k-Fib. number},

Py ={Lin+iLlgnt1+jLinto+kLg nys |
Ly »,n—th k-Lucas number}
where i, j, k satisfy the multiplication rules (2).

In 2015, Polathi Kizilates and Kesim [12] defined split k-
Fibonacci and split k-Lucas quaternions (M, ,,) and (N, p,)
respectively as follows:

Mk,n :{Fk,n +iFk,n+1 +ij:,n+2 + ka,n+3 |
Fg n, n—th k-Fibonacci number}

where i, j, k are split quaternionic units which satisy the mul-
tiplication rules

i2=—1,j2=k>=ijk=1,
ij=—ji=k,jk=—kj=—i ki=—ik=j.

In 2018, Aydin Torunbalci [13] defined k-Fibonacci dual
quaternions as follows:

DFk,n :{DFk,n = Fk:,n +iFk,n+1 +.ij,n+2 + ka,n+3 |
Fi pn, n—th k-Fibonacci number}

where i, j, k are dual quaternionic units which satisy the mul-
tiplication rules

i=j2=k*=0,
ij=—ji=jk=—kj=ki=—ik=0.
In 2018, Kosal [14] defined hyperbolic quaternions (K) as
follows:
K ={q=ag+ia1+jas+kas | ag, a1, a2, a3 € R,
i.j,k ¢ R}

where i, j,k are hyperbolic quaternionic units which satisy
the multiplication rules

=2 =k?=1,

ij=k=—ji, jk=1i=—kj, ki=j = —ik.
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In this paper, the hyperbolic k-Fibonacci quaternions and
the hyperbolic k-Lucas quaternions will be defined respec-
tively, as follows

HFk,n :{q = ka +iFk,n+1 +ij7n+2 +ka,n+3 ‘
Fy, p,, nthk-Fib. num.}

3)
and
HLk,n :{q = Lk,n +iLk,n+1 +ij,n+2 +kLk,n+3 |

Ly, p, nthk-Lucas num. }

“4)
where
2 _ 2 2
17 = j = k = 17

)]

ij=k=—ji, jk=1i=—kj, ki =j = —ik.

The aim of this work is to present in a unified manner
a variety of algebraic properties of both the hyperbolic k-
Fibonacci quaternions as well as the k-Fibonacci quater-
nions and hyperbolic quaternions. In accordance with these
definitions, we given some algebraic properties and Binet’s
formula for hyperbolic k-Fibonacci quaternions. More-
over, some sums formulas and some identities such as
d’Ocagne’s, Honsberger, Cassini’s and Catalan’s identities
for these quaternions are given.

2. Hyperbolic £-Fibonacci quaternions

The k-Fibonacci sequence { Fj, , }nen [11] is defined as

Fro=0,F1=1
Feny1=klgn+Frpn-1, n>1
or
{Fintnen ={0,1,k, k% + 1,k3 + 2k, k* +3k2 +1,...}
(6)
Here, k is a positive real number. In this section, firstly hy-
perbolic k-Fibonacci quaternions will be defined. Hyperbolic

k-Fibonacci quaternions are defined by using the k-Fibonacci
numbers and hyperbolic quaternionic units as follows

HFk,n :{q = ka +iFk,n+1 +ij7n+2 +ka,n+3 ‘
F n, n—th k-Fib. num.},
(7N

where
i2=j2=k?=1,
ij=k=—ji, jk=1=—kj, ki=j=—ik.

Let HF}, 5, and HF}, ,,, be two hyperbolic k-Fibonacci
quaternions such that

HFk,n = Fk,n +iFk,n+1 +an+2 +ka,n+3 (8)
and
HFk,m = Fk,m + iFk,m—i—l +ij,m+2 +ka,m+3 (9)

Hyperbolic k-Fibonacci Quaternions

Then, the addition and subtraction of two hyperbolic k-
Fibonacci quaternions are defined in the obvious way,

HEFy, p £HE o = (Fn +iFg n1 +3Fknt2 + KFpnt3)
+ (Fk,m + iFk,m+1 +ij,m+2 +ka,m+3)
=(Fgnt Fiom) +i(Frnt1 £ Fomt1)

+i(Fr 2+ Feomt2) +K(Frnt3 £ Frmys)- (10

Multiplication of two hyperbolic k-Fibonacci quaternions
is defined by

HFy, JHF, = (Fin +iFk n+1+ 5 Fknt2 + kFi n+3)
(Fk:,m +iFk,m+1 +ij’,m+2 + ka,m+3)
=(FemErm + Font1Frmy1 + Front2Fim+2
+ Frnt3Fkm+3)
+i(Frn Frem+1 + Fent1 Feom + Fiena2Fiema3
— I nt+3Fkm+2)
+ 3 (FrnFremr2 + Frn2Fem — Fiena1 Fieomas
+ Fint3Frmt1)
+k(Fn ol m+3 + Frn+3Fkm + Fin1 Frme2
—Fy nt2Fim+1)

LHF}, pnHFy . (11)

The scaler and the vector parts of hyperbolic k-Fibonacci
quaternion HF}, ,, are denoted by

SHFk n = Fkvn
’ ) . (12)
Vur, ,, = tFen+1+ 7 Fent2 + kFg nys.

Thus, hyperbolic k-Fibonacci quaternion HF}, ;, is given
by HF}, », = Sm Fy.n T VDE, .- The conjugate of hyperbolic
k-Fibonacci quaternion HF}, ,, is denoted by Wkﬂ and it is
mk,n = Fk:,n - 'L'Fk,n—i-l _ij,n—i-Q - ka,n—i—B- (13)

The norm of hyperbolic k-Fibonacci quaternion HF}, ,, is
defined as follows

IELEy || =HEy,  HF g (14)
:Flin - Fk2',n+1 - Fk2',n+2 - Fk2',n+3'

In the following theorem, some properties related to hy-
perbolic k-Fibonacci quaternions are given.
Theorem 1: Let F}, , and HF} , be the n-th terms of
k-Fibonacci sequence (Fj,) and hyperbolic k-Fibonacci
quaternion (HFy, ,,), respectively. In this case, for n > 1 we
can give the following relations:

Hka—i—Z :kHFk,n+l +HFk7n (15)
HFY ,, =2Fy yHF ,, — HF}, ,HF ), ,, (16)
HFk:,n - Z.}HIFIc,'rLJrl _jHFk,n+2 - kHFk,n+3 (17)

= Fk,n - Fk,n+2 - Fk,n+4 - Fk,n—i—G
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Proof- (15): By the equation (8) we get,

HEY, p, +kHEFy 541
:(ka + il pt1 +JF g2 + ka7n+3)
+h(Frng1 +iFg ny2+ 3k nt3 +kFg nia)
=Frn +EFgnt1) +i(Fe 1 +kFg o)
+J(Frnt2 + kFgnts) +k(Fgnts + kFg nta)
=Fynt2+ il ni3+JFg nya +kFg nys
=HFy nyo.

(16): By the equation (7) we get,

2 2 2 2 2
HFk,n :(Fk,n +Fk,n+1 +Fk,n+2 +Fk,n+3)
+2F i (iFk nt1 + 3 Finy2 + EFi nys)
=2F, nHFy n, —2F7,,
+ (Flz,n + Flg,nJrl + Flg,nJrQ + Flg,n+3)
=2F}, ,HF}, ,, — HFkﬁan’n.

(17): By the equation (7) we get,
HFk,n - iHFk,n—&-l 7jHFk,n+2 - kHFk,n+3

- Fk,n - Fk,n+2 - Fk,n+4 - Fk,n+6-

Theorem 2: For m > n+ 1 the d’Ocagne’s identity for hy-
perbolic k-Fibonacci quaternions HF}, ,,, and HF}, ,, is given
by

]H[Fk,m HFk,n+1 7HFk,m+1 HFk,n

= (_1)n [0_2iFk,mfn71 +2ij:,mfn72 (18)
+k (Lim—n + (K3 +3k) Fi —n)]-
Proof: (18): By using (7)
HEFy p HEy 1 — HEFg g1 HEF
= (Fk,m Fk,n+1 - Fk,erl Fk,n)
+(Fk,m+1 Fk,n+2 - Fk,m+2 Fk,n—i—l)
+(Frym+2 Frent3 = Frymt3 Frent2)
+(Freom+3 Frenta — Froomaa Frong3)
+i [(Fk:,m Fk,n+2 - Fk:,erl Fk:,nJrl)
+(F‘k,m—i-l Fk,n+1 - Fk,m+2 Fk,n)
+(Frymt2 Frenta = Frym+3 Freont3)
—(Fr,m+3Frnt3 — Fromta Frong2) ]
+i [ (Fre,m Frents — Fromt1 Fient2)
—(Frym+1 Fron+a — Foma2 Fion+3)
+(Fk,m+2 Fk,n+1 - Fk,m+3 Fk,n)
+(Fiem+3 Fint2 — From+a Fint1)]
K[ (Fr,m Frnra — Frome1 Fieong3)
+(Frymt1 Feong3 = Feyma2 Frong2)
—(Freym+2 Frnt2 — Fiomt3 Fiong1)
+(Frymt3 Feont1 — Feymta Fron) ]
= (_1)71 [0_ 2iFk,m—n—1 +2ij,7n—n—2
+k (Lk,m—n + (kg +3 k) Fk,m—n)]'
Here, d’Ocagne’s identity of k-Fibonacci number

Fro.mFrn+1 — Fo,m+1Fk,n = (—1)" F ym—r, in Falcon and
Plaza [15] was used. O

Theorem 3: For n,m > 0 the Honsberger identity for hyper-
bolic k-Fibonacci quaternions HF}, ,, and HF}, ., is given by
HFk,nJrlHFk,m +HFk,nHFk,mfl

= 2HFk,n+m + ka,n+m+1 + Lk,n+m+5~
Proof: (19) By using (11)

19)

HFy, p+1HFg r =(Fl nt1F,m + Frent2 Freom+1
+ Front3Fkmt2 + FrnaFrom3)
+i(Frnr1Femi1 + Feny2Freom
+ Frnt3Fkm+3 — FrntaFrmi2)
+i(Frns1Frme2 — Frnr2From3
+ Fr ot 3Frm + FrenaFrm1)
+k(Frny1Frema3+ Freng 2 Frmo2
— Fion43Fim+1+ FenyaFim),
HEy nHE, m—1 =(Fr o Freym—1+ Fient1 Frem
+ Fynt2Fime1 + Fionr3Frma2)
+ i(kaF;%m + Fint1 5k, m—1
+Fynt2Fimt2 — Fion3Frms1)
+3(Fren Freom+1 — Fronr1 Freom2
+ Frn2Fkm—1+ Frnt3Frm)
+k(FinFrma2 + Front1 Freym1
— Fient2Fim+ FontsFrm—1)-

Finally, adding by two sides to the side, we obtain

HEy 1 HEFy gy +HEFy HEFy 51
=(Fkntm + Frntm2
+ Fi ntmta+ Fi ntm+o)
+2iFy nyma1 25 F% ntm—2
+2kFy pym+3
=2(Fi ntm +1Fk npma1 +3Fenima2
+kE ntm+3) = Fonem + Frntm2
+ Li,ntm+s)
=2HFg ntm +kFntmt1+ Lk ntmes-

Here, the Honsberger identity of k-Fibonacci number
Fy nt1Fkm + F nFl n—1 = Fi ntm in Falcon and Plaza
[16] and F}, 5,41 + F n—1 = L, [11] was used. O
Theorem 4: Let HFY, ,, and HLy ,, be n-th terms of hy-
perbolic k-Fibonacci quaternion (HF}, ,,) and hyperbolic k-
Lucas quaternion (HLy, ,,), respectively. The following rela-
tion is satisfied

HFk:,nJrl +HFk,n71 = HLk,n (20)
and

HFk:,nJrQ _HFIC,TL72 = kHLk,n 2D
Proof: (20) From equation (8)

and identity Fy ,,41 + Fj p—1 = Li n, n > 1 Ramirez [11]
between k-Fibonacci number and k-Lucas number, it follows
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that

HF}y py1 +HEFE 1
=Frns1 T Frn—1) Fi(Frng2 + Fion)
+3(Fkn+3 + Fien1) TR (Fgnta + Fint2)
=(Lgn+ilgni1 +3lknt2 + KLk nyis)
—HLy. .

(21) From equation (7) and identity Fy, 4o — Fj n—2 =
kLy pn, m > 1 between k-Fibonacci number and k-Lucas
number, it follows that

HEFy oy —HFy p—2
=(Frnt2 = Frn—2) +1(Fknts — Frn—1)
+j(Fk,n+4 - Fk,n) + k(Fk,nJrS - Fk,nJrl)
:(kLk,n + ikLk’n_;,_l +jk:Lk’n+2 + kkLk,n+3)
—KHLy . 0

Theorem 5: Let HF ,, be conjugation of hyperbolic k-
Fibonacci quaternion (HF}, ,,). In this case, we can give the
following relations between these quaternions:

HFk,n +Wk,n = 2Fk,n (22)
HEFy, nHF s +HFy 1 HF ) 51

=Fron—1—Frkont1— Fr2ont3— Fronts
Proof: (22): By using (14), we get

(23)

HFk,n +wk,n
:(ka + iFk,n+1 +ij7n+2 +ka,n+3)
+ (Fieyn —iFk nt1 —3Fk ny2 — KFg ng3)
=2F p.
(23): By using (15), we get

HFy nHEF . +HEFy 1 HF g 11
:(F/?,n +F13,n—1) - (Flg,n-i-l +Fl?,n)

- (Flg,n+2 + Flg,n-i-l) - (sz,n—i-?) + sz,n—l-Q)
=Fron—1—Front1— Fron+3 — Fr2nys-

where the identity of k-Fibonacci number F; ,?n + sz il =
Fy on4+1, n > 0 Ramirez [11] was used.

Theorem 6: Let HFj, ,, be hyperbolic k-Fibonacci quater-
nion. Then, we have the following identities

n
1
> HFio =1 (HFg n1+HFp —HFyy —HFj o),

s=1
(24)
= 1
> HFi 201 =7 (HFy,2n —HF ), (25)
s=1
- 1
> HFi oo =2 (HFp2n41 —HFj 1), (26)

s=1

Hyperbolic k-Fibonacci Quaternions

Proof: (24): Since >_7" 1 Fr; = +(Fynt1+ Fin — 1)
Falcon and Plaza [16], we get

n n n n
> HFpo=Y Fro+id Frar1+3) Frato
s=1 s=1 s=1 s=1

+kY Fross
s=1
1
= E{(Fk,n—i—l +Fpp—1)

+ i(Fk,nJrQ +Fk,n+1 —k— 1)
+3[Frnts+ Frongo — (K2 +1) — k]
+K[Fynga+ Frongs — (k% +2k) — (K +1)]}

1 . .
= E{(Fk,nJrl + 1Fk,n+2 +.]Fk:,n+3 +ka:,n+4)

+ (Fk,n +iFk,n+1 +ij,n+2 +ka,n+3)
[ +ik+ 1)+ +E+1) + k(3 + k2 + 2k +1)]}
1
= E{HFk,n-&-l +HFk:,n
—[Freg +i(Fro+ Fr1) +i(Fr3+ Fi2)
+k(Fra+ Fr3)]}

1

- (HFyo 1 +HFjo —HFg 1 ~HFp0).

n
(25): Using ) Fj 2,—1 = %thn, Falcon and Plaza [16],
i=1

we get

n
ZHFk,Qs—l
s=1

Z%{(an) +i(Front1 —1) Fi(Fr,2n42 — k)
+k[Fgonis— (K2 +1)]}

:%{[Fk,Qn +iFg 241 +3Fk 2n+2 + KF 2n43]
—[i+kj+ (k> +1)k]}

:%{HFK,Qn — (Fr,o+iFy1 +jFr 2 +kFy3)}

1
:E(HFk,Qn_HFk,O)~

(26): Using > Fj 0i = %(Fk,zn-q-l —1) Falcon and Plaza
i=1

[16], we obtainl N

n
> HFy 2
s=1

1 .
:E{(Fk,Qn-i-l —1)+i[Fg 2n42 — K]

+ilFants — (K + 1]+ k[Fr 2n 14— (* +2k)]}
1

:E{(Fk’%ﬂ +iFy ony2 +Fk 2n+3 + KFi 2n44)
— [+ Ei+ (k2 +1)j+ (K +2k)K]}
1

k(HFk,2n+1 —HFy 1). 0l
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Theorem 7 (Binet’s Formula): Let HF}, ,, be hyperbolic k-
Fibonacci quaternion. For n > 1, Binet’s formula for these
quaternions is as follows Falcon and Plaza [16]:

HFy =

: \/ﬁ (@a" - /3’/3’”) @7

& =1+i[(k—B)]+j[(k*+1) — k]
+K[(k3 +2k) — (K2 +1)3],

and

B=—-1+i(a—k)+jka—(K*+1)]
+K[(E% +1)a— (k> 4 2Kk)).

Proof: The characteristic equation of recurrence relation
HF}y p42 = EHF}y, 1 +HF}, 5 is

t2—kt—1=0.

The roots of this equation are

k+vVk24+4
a:# an

k—Vk2+4
dﬁzf

where a+f=Fk, a—B=vVk2+4, aff=—1.

Using recurrence relation and initial values HF}) o =
(0,1,k, k% +1),
HFy 1 = (1,k,k?+1,k3 + 2k), the Binet formula for HF}, ,,
is

1 ,
HFy,, = Aa" + BB" = [aam - 3p" ]
o =T &
HF},,, — BHF] HF}, o — HF,
WhereA:M’B:wand
a—p a—p
a=1+ia+jo’ +ka’, §=1+15+j5 + k5. 0

Theorem 8 (Cassini’s Identity): Let HF}, ,, be hyperbolic k-
Fibonacci quaternion. For n > 1, Cassini’s identity for
HFY, p, is as follows:

HFk,nleFk,n+1 - (HFkn)2

= (—1)"[2ki+2(k* + 1)j + (k> + 2k)k]. @8

Proof: (28): By using (7) and (11), we get

HFy p—1HF) 1 — (HFy )3
=[(Fen—1Frns1—F2 )

+ (FenFrpt2 = Ffni1)

+ (Fien+1Fkn+3 — Fz?,nu)

+ (Fk,n+2Fk‘,n+4 - Fl?,n+3)]

+i[(Frn—1Fkn+2 = FrenFrent1)

— (Fe,n+1Fk nta — Fint2Fk nt3)]

+il(Frn—1Fkn+3 — FrenFrnt2)

— (Fi,nFrnta — Fint1 Fiont3)

+ (Frnt1Fre 1 — Frny2Frn)

+ (Fien+2Fin+2 — Fin+3Fk n+1)]

+K[(Frn—1Fknt4a — FrnFrnia)

+ (FrnFrnys — Frne1Feng2)

+ (Frnt2Fkn+1 — Frnt3Fren)]
=(—1)"[2ki+2(k* +1)j + (k> +2k)K].

Here, the identity of the k-Fibonacci number
Fyn-1Fgni1 — Ff, = (—1)", Falcon and Plaza [16]
was used. ’ O
Theorem 9 (Catalan’s Identity): Let HF}, , be hyperbolic
k-Fibonacci quaternion. For n > 1, Catalan’s identity for
HF}, p, is as follows:

2
HE pr—1 HE g g1 — HFk,n+r

= (=1)"TT[0+ 2ki+2(k% 4+ 1)j + (k> + 2k)K].
Proof: (29): By using (7) and (11), we get

(29)

HEy ptr—1HE pprg1 — HFI?,n—i—r
=[(Frnsr—1Frmtre1 — Ffpir)

+ (Frntr Frepngrs2 — Fk2,n+'r’+1)

+ (Fientr+1 Feontr+3 = Fig npg2)

+ (Frntr4+2Fk ntrta — Fz?,n+r+3)]

+i[(Frntr—1Fkntr+2 — Fintr Flontrt1)

+ (Fientr+1Frentr+4 — Frontr+2Fk ntr+3)]

+[(Frntr—1Fknt+r+3 — Fiontr Flntrt2)

+ (Frentr+1Frentr+1 = Frontr+2F5ntr)

— (Fi,ntr Frontr+a — Fontr41Flntrt3)

+ (Fk,n+r+2Fk,n+r+2 - Fk,n+r+3Fk,n+r+1)}

+E[(Frnar—1Fkntr+4 = Frnpr Freongr43)

+ (Fentr42Fkntr+1 — Fontr+3F% ntr)

+ (FrntrFrentr43 — Froontr+1Fkngr42)]
=(—1)"*T [0+ 2ki+ 2(k% + 1)j + (k3 + 2k)K].

Here, the identity of the k-Fibonacci number
Fintr—1Fentri1 — Ff,p, = (=1)"*", Falcon and
Plaza [16] was used. O
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3. Conclusion

In this study, a number of new results on hyperbolic k-
Fibonacci quaternions are derived. I hope that these results
will be important in applied mathematics, quantum physics
and kinematics.
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