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Abstract: In this paper we shall improve the definition of "properly 

hereditary property"   which raised previously [1] and we shall prove 

that the topological properties: Functionally Hausdorff, 𝑻
𝟏

𝟐

𝟑

, 

completely regular, normal, perfectly normal, S2, 𝑺∞,  locally 

connected, locally strongly connected, totally disconnected and 

Riesz separation axiom: TR are  properly hereditary properties. 
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1. Introduction 

In 1996, Arenas [1] introduced a definition of properly 

hereditary property as: A property P of a space X is properly 

hereditary property if every proper subspace A of X has the 

property P, then the whole space X has the property P. The 

property P is properly (closed, open, etc. respectively) 

hereditary property if every (closed, open, etc. respectively) 

proper subspace has the property P, hence the whole space X 

has the property P. If the property P is hereditary and properly 

hereditary property, then it is called a strongly properly 

hereditary property. 

 

All proper subspaces of the trivial topology on X= {a, b} 

are Ti and the whole space is not Ti for i=0, 
1

4
, 

1

2
, 1, 1

1

3
,  1

2

3
, 2, 

2
1

2
, 3, 3

1

2
, 4, 5, 6. Also, Al-Bsoul [2, Example 2.1] introduced 

a topological space where every proper subspace is 𝑇1

4

 and the 

whole space is not 𝑇1

4

. So, we shall rewrite the definition of 

proper hereditary property as the next definition. 

 

Definition 1.1. A property P is properly hereditary property 

denoted by PHP if there exists a cardinal number 𝜇 such that 

given any topological space X with |𝑋| ≥ 𝜇 and all proper 

subspaces have the property P, then the whole space has the 

property P. 

 

In this paper, |A| denotes the cardinal number of the set A 

and I denotes the topological space ([0,1],𝜏𝑢). 

2. Properties Looks like Separation Axioms 

Arenas [1] proved that Ti for all i=0, 1, 2, 3 are properly 

hereditary properties. In 2003, Al-Bsoul [2] showed that some 

of non-familiar separation axioms: 𝑇1

4

, 𝑇1

2

, T𝑇
1

1

3

, 𝑇
2

1

2

 are 

properly hereditary properties. In this section, we shall show 

that the topological properties:  Functionally Hausdorff, 𝑇
1

2

3

, 

completely regular, normal, perfectly normal and R0 are PHPs. 

 

Definition 2.1. [3] A topological space X is functionally 

Hausdorff if for any two distinct points a and b in X, there is 

a continuous function 𝑓: 𝑋 → 𝐼 such that 𝑓(𝑎) = 0 and𝑓(𝑏) =
1. 

 

Theorem 2.1. Functionally Hausdorff is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let X be a topological space with |𝑋| ≥ 3 and all 

proper subspaces are functionally Hausdorff. Since, all proper 

subspaces are functionally Hausdorff, then all proper 

subspaces are T1, so X is T1. Assume that x and y are distinct 

points in X, since |𝑋| ≥ 3, so there is 𝑧 ∈ 𝑋 − {𝑥, 𝑦}. Hence, 

X-{z} and X-{y} are functionally Hausdorff proper subspaces, 

then there are continuous functions 𝑓𝑦: 𝑋 − {𝑦} → 𝐼 and 

𝑓𝑧: 𝑋 − {𝑧} → 𝐼 such that 𝑓𝑦(𝑥) = 𝑓𝑧(𝑥) = 1 and 𝑓𝑦(𝑧) =

𝑓𝑧(𝑦) = 0.  

Define 𝑓: 𝑋 → 𝐼 by 𝑓(𝑡) = 𝑓𝑦(𝑡)𝑓𝑧(𝑡) for all 𝑡 ∉ {𝑦, 𝑧} and 

𝑓(𝑡) = 0 otherwise. Since 𝑓 is a multiplication of two 

continuous functions on 𝑋 − {𝑦, 𝑧}, so 𝑓 is a continuous 

function on 𝑋 − {𝑦, 𝑧}, hence we shall show that 𝑓 is a 

continuous function on {𝑦, 𝑧}. Let 𝜀 > 0. 

Case 1: 𝑡 = 𝑦, so there is an open set 𝑈 in 𝑋 − {𝑧} 

containing 𝑦 such that 𝑓𝑧(𝑈) ⊆ [0, 𝜀), since 𝑋 is 𝑇1, then {𝑧} 

is a closed set in 𝑋, moreover 𝑋 − {𝑧} is an open set in 𝑋, so 

𝑈 is open in 𝑋, also 𝑓(𝑢) = 𝑓𝑦(𝑢)𝑓𝑧(𝑢) < 𝑓𝑧(𝑢) < 𝜀 for any 

𝑢 ≠ 𝑦 and 𝑓(𝑦) = 0 < 𝜀, then𝑓(𝑈) ⊆ [0, 𝜀). 

Case 2: 𝑡 = 𝑧, so similarly for 𝑡 = 𝑦. 

Thus, 𝑓 is a continuous function satisfy 𝑓(𝑥) = 1 and 

𝑓(𝑦) = 0, therefore 𝑋 is functionally Hausdorff.                   

 

Definition 2.2. [4] A space 𝑋 is 𝑅0-space if any open set is a 

union of closed sets.  

 

It is easy to see that 𝑋 is 𝑅0-space if for each open set 𝑈 in 

𝑋 and 𝑎 in 𝑈, there is a closed set 𝐴 such that 𝑎 ∈ 𝐴 ⊆ 𝑈. 

 

Theorem 2.2. 𝑅0-space is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 and all 

proper subspaces are 𝑅0. Given an open set 𝑈 in 𝑋.  

Case 1: 𝑈 = 𝑋, we are done. 

Case 2: 𝑈 ⊂ 𝑋, then there is 𝑥 ∉ 𝑈. Let 𝑝 ∈ 𝑈. Since, |𝑋| ≥
3, then there is 𝑦 ∈ 𝑋 − {𝑥, 𝑝}  

1. 𝑦 ∈ 𝑈. Since, 𝑋 − {𝑦} is a proper 𝑅0-subspace, 

hence there is a closed set 𝐹𝑦 in 𝑋 − {𝑦} such that 𝑝 ∈

𝐹𝑦 ⊆ 𝑈 − {𝑦}, so there is a closed set 𝐹 ⊆ 𝑋 such 
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that 𝐹𝑦 = 𝐹 ∩ 𝑋 − {𝑦}, then 𝑝 ∈ 𝐹 ⊆ 𝐹𝑦 ∪ {𝑦} ⊆

(𝑈 − {𝑦}) ∪ {𝑦} ⊆ 𝑈. 

2. 𝑦 ∉ 𝑈, since 𝑋 − {𝑥} and 𝑋 − {𝑦} are proper 

subspaces, then there are closed sets 𝐹𝑥 and 𝐹𝑦 in 𝑋 −

{𝑥} and 𝑋 − {𝑦}, respectively, such that 𝑝 ∈ 𝐹𝑥 ⊆ 𝑈 

and 𝑝 ∈ 𝐹𝑦 ⊆ 𝑈. Moreover, there are closed sets 𝐹1 

and 𝐹2 in 𝑋 such that 𝐹𝑥 = 𝐹1 ∩ 𝑋 − {𝑥} and 𝐹𝑦 =

𝐹2 ∩ 𝑋 − {𝑦}. Define 𝐹 = 𝐹1 ∩ 𝐹2, so 𝑝 ∈ 𝐹 = 𝐹1 ∩

𝐹2 ⊆ (𝐹𝑥 ∪ {𝑥}) ∩ (𝐹𝑦 ∪ {𝑦}) = 𝐹𝑥 ∩ 𝐹𝑦 ⊆ 𝑈. 

Therefore, the whole space 𝑋 is 𝑅0-space.                        

 

Definition 2.3. A space 𝑋 is 𝑇
1

2

3

 if every compact subset of 𝑋 

is closed. 

 

Definition 2.4. [2] A space 𝑋 is 𝑇
1

1

3

 if every convergent 

sequence converges to unique limit point. 

 

It is easy to show that every 𝑇
1

2

3

 is 𝑇
1

1

3

. Last idea will help 

us to show that 𝑇
1

2

3

 is properly hereditary property. 

 

Theorem 2.3. 𝑇
1

2

3

 is PHP.  

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3. Assume 

that all proper subspaces of 𝑋 are 𝑇
1

2

3

, then each proper 

subspaces are 𝑇
1

1

3

, hence 𝑋 is 𝑇
1

1

3

. Suppose that 𝐹 is a 

nonclosed compact set in 𝑋, then there exists 𝑝 ∉ 𝐹 and 𝑝 ∈
𝐵𝑑(𝐹), so there is a net (𝑥𝜆) in 𝐹 such that 𝑥𝜆 → 𝑝, since (𝑥𝜆) 

is a net in compact subspace 𝐹, then (𝑥𝜆) has a convergent 

subnet (𝑥𝜆𝛽
) in 𝐹 to 𝑞 ∈ 𝐹, also 𝑋 is 𝑇

1
1

3

, then 𝑝 = 𝑞, implies 

𝐹 is closed, therefore 𝑋 is 𝑇
1

2

3

.                                               

 

Theorem 2.4. The completely regular is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 such that 

all proper subspaces are completely regular. Assume that 𝐴 be 

a closed set in 𝑋 and 𝑎 ∉ 𝐴  

Case 1: 𝐴𝑜 ≠ ∅, then there is 𝑝 ∈ 𝐴 such that 𝑝 has a 

neighborhood 𝑈𝑜  ⊆ 𝐴. Since, 𝑋 − {𝑝} is completely regular, 

hence there is a continuous function 𝑔: 𝑋 − {𝑝} → 𝐼 such that 

𝑔(𝐴 − {𝑝}) = 0 and 𝑔(𝑎) = 1. Define 𝑓: 𝑋 → 𝐼 by 𝑓(𝑡) =
𝑔(𝑡) at 𝑡 ≠ 𝑝 and 𝑓(𝑝) = 0. For each 𝜀 > 0, then 

𝑓−1((𝜀, 1]) = 𝑔−1((𝜀, 1]) and 𝑓−1([0, 𝜀)) = 𝑔−1([0, 𝜀)) ∪

{𝑝} are open sets in 𝑋. 

Case 2: 𝐴𝑜 = ∅, since 𝑋 is regular, there are two disjoint 

open sets 𝑈 and 𝑉 such that 𝑎 ∈ 𝑈 and 𝐴 ⊆ 𝑉, thus 𝑈𝑐 is 

closed, 𝑎 ≠ 𝑈𝑐 and 𝑈𝑐𝑜 ≠ ∅, then apply Case 1, there is a 

continuous function 𝑓: 𝑋 → 𝐼 such that 𝑓(𝑈𝑐) = 0 and 

𝑓(𝑎) = 1, hence 𝑓(𝐴) = 0 and 𝑓(𝑎) = 1, therefore 𝑋 is 

completely regular. 

 

The last result shows that 𝑇
3

1

2

 and all the equivalent 

properties to 𝑇
3

1

2

 like gauge space [5] are PHP. 

 

Based on Al-Bsoul [2] 𝑇𝐷 is PHP without proof. Next, we 

will show that 𝑇𝐷 is PHP. 

 

A set 𝐴 is locally closed if 𝐴 − 𝐴 is closed. A topological 

space 𝑋 is 𝑇𝐷 if each singleton point is locally closed.           

 

Theorem 2.5. 𝑇𝐷 is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 such that 

all proper subspaces are 𝑇𝐷. Assume that 𝑥 ∈ 𝑋. 

Case 1: If {𝑥} = 𝑋, since |𝑋| ≥ 3, so there are 𝑎, 𝑏 ∈ {𝑥} −
{𝑥}. So, 𝑋 − {𝑎} and 𝑋 − {𝑏} are proper 𝑇𝐷 subspaces, then 

{𝑥} − {𝑎, 𝑥} and {𝑥} − {𝑏, 𝑥} are closed sets in {𝑥} − {𝑎} and 

{𝑥} − {𝑏} respectively. Hence, there are closed sets of 𝐹𝑎 and 

𝐹𝑏 in 𝑋 such that 𝑋 − {𝑥, 𝑎} = 𝐹𝑎 ∩ (𝑋 − {𝑎}) and 𝑋 −
{𝑥, 𝑏} = 𝐹𝑏 ∩ 𝑋 − {𝑏} 

1. If 𝑎 ∈ 𝐹𝑎 or 𝑏 ∈ 𝐹𝑏, then 𝐹𝑎 = 𝑋 − {𝑥} = {𝑥} − {𝑥} 

or 𝐹𝑏 = 𝑋 − {𝑥} = {𝑥} − {𝑥}, so {𝑥} − {𝑥} is closed 

in 𝑋. 

2. If 𝑎 ∉ 𝐹𝑎 and 𝑏 ∉ 𝐹𝑏, then 𝐹𝑎 = 𝑋 − {𝑎, 𝑥} and 𝐹𝑏 =
𝑋 − {𝑏, 𝑥}, thus 𝐹𝑎 ∪ 𝐹𝑏 = 𝑋 − {𝑎, 𝑥} ∪ 𝑋 −

{𝑏, 𝑥} = 𝑋 − ({𝑎, 𝑥} ∩ {𝑏, 𝑥}) = 𝑋 − {𝑥}, so {𝑥} −
{𝑥} is closed in 𝑋. 

Case 2: If {𝑥} ≠ 𝑋, then {𝑥} is a proper subspace, so {𝑥} −

{𝑥} is closed in {𝑥}, thus it is closed in 𝑋.                             

 

Definition 2.5. [3] A space 𝑋 is perfectly normal if for each 

pair of disjoint closed sets 𝐴 and 𝐵 in 𝑋 there is a continuous 

function 𝑓: 𝑋 → 𝐼 such that 𝐴 = 𝑓−1(0) and 𝐵 = 𝑓−1(1). A 

space 𝑋 is 𝑇6 if 𝑋 is a 𝑇1 perfectly normal space. 

 

Al-Bsoul proved that 𝑇4, 𝑇5 and 𝑇6 are properly hereditary 

properties. Next Theorems show that normal, completely 

normal and perfectly normal are properly hereditary 

properties. 

 

Theorem 2.6. Normality is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 4 and all 

proper subspaces are normal space. Assume that 𝐴 and 𝐵 are 

disjoint closed sets in 𝑋 

Case 1: 𝑋 = 𝐴 ∪ 𝐵, thus 𝐴 and 𝐵 are clopen sets, hence 𝑋 is 

normal. 

Case 2: There are at least two points 𝑝 and 𝑞 in 𝑋 − (𝐴 ∪
𝐵), since 𝑋 − {𝑝} is a normal proper subspace, so there are 

two disjoint open sets 𝑈𝐴
𝑝
 and 𝑈𝐵

𝑝
 in 𝑋 − {𝑝}, thus there are 

two open sets 𝑈𝐴 and 𝑈𝐵 in 𝑋 such that 𝑈𝐴
𝑝

= 𝑈𝐴  ∪ 𝑋 − {𝑝} 

and 𝑈𝐵
𝑝

= 𝑈𝐵 ∩ 𝑋 − {𝑝} containing 𝐴 and 𝐵, respectively, 

furthermore 𝑈𝐴 ∩ 𝑈𝐵 ⊆ (𝑈𝐴
𝑝

∩ 𝑈𝐵
𝑝

) ∪ {𝑝} ⊆ {𝑝}. Similarly, 

there are two open sets 𝑉𝐴 and 𝑉𝐵 in 𝑋 such that 𝑉𝐴 ∩ 𝑉𝐵 ⊆

(𝑉𝐴
𝑞

∩ 𝑉𝐵
𝑞

) ∪ {𝑞} ⊆ {𝑞}. Now, 𝐻 = 𝑈𝐴 ∩ 𝑉𝐴 and 𝐺 = 𝑈𝐵 ∩

𝑉𝐵 are disjoint open sets containing 𝐴 and 𝐵, respectively.  

Case 3: There is exactly one point 𝑝 in 𝑋 − (𝐴 ∪ 𝐵). Since, 

|𝑋| ≥ 4, then one of the two sets has at least two distinct 

points 𝑥 and 𝑦. Without loss of generality, assume that 

{𝑥, 𝑦} ⊆ 𝐴. Since, 𝑋 − {𝑥} is a normal proper subspace, thus 

there are two disjoint open sets 𝑈𝐴
𝑥 and 𝑈𝐵

𝑥 in 𝑋 − {𝑥} 

containing 𝐴 − {𝑥} and 𝐵, respectively. Moreover, there exist 

𝑈𝐴 and 𝑈𝐵 open in 𝑋 such that 𝑈𝐴
𝑥 = 𝑈𝐴  ∩ 𝑋 − {𝑥} and 𝑈𝐵 =

𝑈𝐵
𝑥 ∩ 𝑋 − {𝑥}, also 𝑈𝐴 ∩ 𝑈𝐵 ⊆ (𝑈𝐴

𝑥 ∩ 𝑈𝐵
𝑥) ∪ {𝑥} ⊆ {𝑥}. 

Similarly, there are two disjoint open sets 𝑉𝐴 and 𝑉𝐵 in 𝑋 −
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{𝑦} such that 𝑉𝐴
𝑦

= 𝑉𝐴 ∩ 𝑋 − {𝑦} and 𝑉𝐵
𝑦

= 𝑉𝐵 ∩ 𝑋 − {𝑦}, so 

𝑉𝐴 ∩ 𝑉𝐵 ⊆ (𝑉𝐴
𝑦

∩ 𝑉𝐵
𝑦

) ∪ {𝑦} ⊆ {𝑦}. Now, 𝐻 = 𝑈𝐴 ∪ 𝑉𝐴 and 

𝐺 = 𝑈𝐵 ∩ 𝑉𝐵 are disjoint open sets in 𝑋 containing 𝐴 and 𝐵, 

respectively. Therefore, 𝑋 is normal.                                     

 

Corollary 2.7. Completely normal is PHP. 

 

Theorem 2.8. Perfectly normal is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 4 and let all 

proper subspaces are perfectly normal. Assume that 𝐴 and 𝐵 

are disjoint closed sets in 𝑋. 

Case 1: 𝐴𝑜 ≠ ∅ or 𝐵𝑜 ≠ ∅. Without loss of generality, 

assume that 𝐴𝑜 ≠ ∅, then there is 𝑝 ∈ 𝐴 has a neighborhood 

𝑈0 ⊆ 𝐴. Since, 𝑋 − {𝑝} is perfectly normal, hence there is a 

continuous function 𝑔: 𝑋 − {𝑝} → 𝐼 such that 𝑔−1(0) = 𝐴 −
{𝑝} and 𝑔−1(1) = 𝐵. Define 𝑓: 𝑋 → 𝐼 by 𝑓(𝑡) = 𝑔(𝑡) for all 

𝑥 ≠ 𝑝 and 𝑓(𝑝) = 0. For each 𝜀 > 0, then 𝑓−1((𝜀, 1]) =

𝑔−1([𝜀, 1)) and 𝑓−1([0, 𝜀)) = 𝑔−1([0, 𝜀)) ∪ {𝑝} are open 

sets in 𝑋. 

Case 2: 𝐴𝑜 = ∅ and 𝐵𝑜 = ∅, since 𝑋 is normal, there are 

two disjoint open sets 𝑈 and 𝑉 in 𝑋 such that 𝐴 ⊆ 𝑈 and 𝐵 ⊆

𝑉, thus 𝑈𝑐 is closed with 𝑈𝑐 𝑜 ≠ ∅ and 𝐴 ∩ 𝑈𝑐 = ∅, then 

apply Case 1, there are continuous functions 𝑓1, 𝑓2: 𝑋 → 𝐼 such 

that 𝑓1
−1(0) = 𝑈𝑐 , 𝑓1

−1(1) = 𝐴, 𝑓2
−1(0) = 𝐵 and 𝑓2

−1(1) =
𝑉𝑐, hence there is a continuous function 𝑓: 𝑋 → 𝐼 defined by 

𝑓(𝑡) = (𝑓1(𝑡) + 𝑓2(𝑡)/2) such that 𝑓−1(1) = 𝐴 and 

𝑓−1(0) = 𝐵, therefore 𝑋 is perfectly normal.                        

3. Riesz's Separation Axiom and Related 

Axioms 

Cs𝑎́sz𝑎́r [6] introduced Riesz separation axiom and some 

related Axioms. In this section, we shall show that these 

separation axioms are properly hereditary properties. 

 
Definition 3.1. [6] 

A topological space 𝑋 is said to be  

1. 𝑇𝑅  if it is a 𝑇1-space and for a subset 𝐴 of 𝑋, with 𝑝 

and 𝑞 different elements in 𝐴′, there is a subset 𝐵 of 

𝐴 such that 𝑝 ∈ 𝐵′ and 𝑞 ∉ 𝐵′. 

2. 𝑆1 if 𝑝 ∉ 𝑞 implies 𝑞 ∉ 𝑝 for all 𝑝, 𝑞 in 𝑋. 

3. 𝑆2 if 𝑝 ∉ {𝑞} implies that 𝑝 and 𝑞 have disjoint 

neighborhoods for all 𝑝, 𝑞 in 𝑋. 

4. 𝑃𝑅 if given any two distinct points 𝑝 and 𝑞 satisfy 

𝑝 ∉ {𝑞} and 𝑝 ∈ 𝐴 for any subset 𝐴 ⊆ 𝑋, there is a 

subset 𝐵 ⊆ 𝐴 such that 𝑝 ∈ 𝐵 and 𝑞 ∉ 𝐵. 

5. 𝑄𝑅 if given any two distinct points 𝑝 and 𝑞 satisfy 

𝑞 ∉ {𝑝} and 𝑝 ∈ 𝐴 for any subset 𝐴 ⊆ 𝑋, there is a 

subset 𝐵 ⊆ 𝐴 such that 𝑝 ∈ 𝐵 and 𝑞 ∉ 𝐵. 

6. 𝑆∞ if for any 𝑝 ∈ 𝐴 where 𝐴 is a subset of 𝑋 and 𝐴 is 

not compact there is a subset 𝐵 ⊆ 𝐴 such that 𝑝 ∉ 𝐵 

and 𝐵 is not compact. 

 

Lemma 3.1. [6] Let 𝑋 be a topological space. 𝑋 is 𝑇𝑅 if given 

any set 𝐴 ⊆ 𝑋 and two distinct points 𝑝, 𝑞 ∈ 𝐴, there is 𝐵 ⊆

𝐴 such that 𝑝 ∈ 𝐵 and 𝑞 ∉ 𝐵. 

 

Theorem 3.2. 𝑇𝑅-space is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 and all 

proper subspaces are 𝑇𝑅. Let 𝐴 ⊆ 𝑋 and 𝑝, 𝑞 are two distinct 

points in 𝐴. Since |𝑋| ≥ 3, so there is 𝑥 ∈ 𝑋 − {𝑝, 𝑞}. 

Moreover, 𝑋 − {𝑥} is a 𝑇𝑅 proper subspace, then there is 𝐵 ⊆

𝐴 such that 𝑝 ∈ 𝐵
𝑋−{𝑥}

 and 𝑞 ∉ 𝐵
𝑋−{𝑥}

, thus 𝑝 ∈ 𝐵 and 𝑞 ∉

𝐵. 

 

It is easy to see that 𝑆1 is PHP. The next Theorem show that 

𝑆2 is PHP.                                                                                

 

Theorem 3.3. 𝑆2 is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 such that 

all proper subspaces are 𝑆2. Assume that 𝑝 ≠ 𝑞 in 𝑋 with 𝑝 ∉

{𝑞}, since |𝑋| ≥ 3, then there is 𝑥 ∈ 𝑋 − {𝑝, 𝑞}. 

Case 1: 𝑥 ∉ {𝑞}, hence there are disjoint open sets 𝑈𝑝 and 

𝑈𝑞 in 𝑋 − {𝑥} containing 𝑝 and 𝑞, respectively. Also, there are 

disjoint open sets 𝑉𝑥 and 𝑉𝑞  in 𝑋 − {𝑝} containing 𝑥 and 𝑞, 

respectively. Thus, there are open sets 𝑈1, 𝑈2, 𝑉1 and 𝑉2 in 𝑋 

such that 𝑈𝑝 = 𝑈1 ∩ 𝑋 − {𝑥}, 𝑈𝑞 = 𝑈2 ∩ 𝑋 − {𝑥}, 𝑉𝑥 = 𝑉1 ∩

𝑋 − {𝑥} and 𝑉𝑞 = 𝑉2 ∩ 𝑋 − {𝑥}. Now, 𝑈 = 𝑈1 and 𝑉 = 𝑈2  ∩

𝑉2 are disjoint open sets containing 𝑝 and 𝑞, respectively. 

Case 2: 𝑥 ∈ {𝑞}, then 𝑝 ∉ {𝑥}, since 𝑋 − {𝑥} and 𝑋 − {𝑞} 

are proper 𝑆2-subspaces, then there are disjoint open sets 𝑈𝑝 

and 𝑈𝑞 in 𝑋 − {𝑥} containing 𝑝 and 𝑞, respectively, and 

disjoint open sets 𝑉𝑝 and 𝑉𝑥 in 𝑋 − {𝑞} containing 𝑝 and 𝑥, 

respectively. Hence, there are open sets 𝑈1, 𝑈2, 𝑉1 and 𝑉2 in 

𝑋 such that 𝑈𝑝 = 𝑈1 ∩ 𝑋 − {𝑥}, 𝑈𝑞 = 𝑈2 ∩ 𝑋 − {𝑥}, 𝑉𝑝 =

𝑉1 ∩ 𝑋 − {𝑥} and 𝑉𝑥 = 𝑉2 ∩ 𝑋 − {𝑥}. Now, 𝑈 = 𝑈1 ∩ 𝑉1 and 

𝑉 = 𝑈2 are disjoint open sets containing 𝑝, 𝑞, respectively.  

 

Theorem 3.4. 𝑃𝑅-space is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 and all 

proper subspaces are 𝑃𝑅. Let 𝐴 ⊆ 𝑋 and 𝑝, 𝑞 be two distinct 

points in 𝐴 such that 𝑝 ∈ 𝐴 − {𝑞}. Since |𝑋| ≥ 3, so there is 

𝑥 ∈ 𝑋 − {𝑝, 𝑞}. Since 𝑋 − {𝑥} is a proper 𝑃𝑅-subspace, so 

there is 𝐵𝑥 ⊆ 𝐴 − {𝑥} such that 𝑝 ∈ 𝐵𝑥

𝑋−{𝑥}
 and 𝑞 ∉ 𝐵𝑥

𝑋−{𝑥}
, 

thus there is a closed set 𝐵 ⊆ 𝑋 such that 𝐵𝑥 = 𝐵 ∩ 𝑋 − {𝑥} 

and 𝐵 ⊆ 𝐵𝑥 ∪ {𝑥}, moreover 𝑞 ∉ 𝐵𝑥 ∪ {𝑥}, implies 𝑞 ∉ 𝐵.   

 

Theorem 3.4. 𝑄𝑅-space is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 and all 

proper subspaces are 𝑄𝑅. Let 𝐴 ⊆ 𝑋 and 𝑝 ≠ 𝑞 be distinct 

points in 𝐴 such that 𝑝 ∈ 𝐴 and 𝑞 ∉ {𝑝}. Since |𝑋| ≥ 3, so 

there is 𝑥 ∈ 𝑋 − {𝑝, 𝑞}. Since, 𝑋 − {𝑥} is a proper 𝑄𝑅-space, 

so there is 𝐵𝑥 ⊆ 𝐴 − {𝑥} such that 𝑝 ∈ 𝐵𝑥

𝑋−{𝑥}
 and 𝑞 ∈

𝐵𝑥

𝑋−{𝑥}
, thus there is a closed set 𝐵 ⊆ 𝑋 such that 𝐵𝑥 = 𝐵 ∩

𝑋 − {𝑥} and 𝐵 ⊆ 𝐵𝑥 ∪ {𝑥}, moreover 𝑞 ∉ 𝐵𝑥 ∪ {𝑥}, implies 

𝑞 ∉ 𝐵.                                                                                     

 

To prove the next result we shall give our next observation. 

 

Lemma 3.6. A space 𝑋 is compact if there exists a point 𝑝 in 

𝑋 such that each member in the class {𝑈𝑐: 𝑈 is an open set 

containing 𝑝} is compact.  
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𝑃𝑟𝑜𝑜𝑓. Let 𝒰 be an open cover of 𝑋. Then, there is 𝑈𝑝 ∈ 𝒰 

containing 𝑝, thus 𝑈𝑝
𝑐 is compact and 𝒱 = 𝒰 − {𝑈𝑝} covering 

𝑈𝑝
𝑐, so there is finite subcover {𝑉1, 𝑉2, … , 𝑉𝑛} of 𝒱, so the class 

{𝑉1, 𝑉2, … , 𝑉𝑛} ∪ {𝑈𝑝} covering 𝑋, therefore 𝑋 is compact.    

 

A similar observation is valid for Lindel𝑜̈f and countably 

compact. 

 

Theorem 3.7. 𝑆∞-space is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space such that all proper 

subspaces are 𝑆∞. Assume that 𝐴 ⊆ 𝑋 such that 𝐴 is not 

compact and 𝑝 ∈ 𝐴. In each of the two Cases: 𝐴 = 𝑋 and 𝐴 ≠

𝑋, there is 𝐵 in 𝐴 such that 𝑝 ∉ 𝐵 and 𝐵 is not compact 

according to Lemma (3.6).                                                      

4. Connected Spaces 

In this section we shall show the properties of: locally 

connected, pathwise-connected, strongly connected, locally 

strongly connected and totally disconnected are PHP. 

 

Definition 4.1. [7] A space 𝑋 is locally connected if 𝑋 has 

base consisting of a connected set. 

 

Lemma 4.1. Let 𝑋 be a topological space and 𝐴 be a subspace 

of 𝑋. If 𝐵 is a connected set in 𝐴, then 𝐵 is connected in 𝑋. 

 

Arenas showed that local connectedness 𝑇1 is properly open 

hereditary property. Next, we will show that local connected 

is properly hereditary property. 

 

Theorem 4.2. Locally connected is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let (𝑋, 𝜏) be a topological space with |𝑋| ≥ 2 such 

that every proper subspace is locally connected. Assume that 

𝑎 ∈ 𝑋 and 𝑈 is an open set in 𝑋 containing 𝑎, then there is 

𝑏 ≠ 𝑎, and since 𝑋 − {𝑏} is proper subspace, thus there is an 

open connected set 𝐵 in 𝑋 − {𝑏} containing 𝑎 such that 𝑎 ∈
𝐵 ⊆ 𝑈 − {𝑏}. It implies that 𝐵 is an open connected set in 𝑋 

according to Lemma (4.1).                                                     

 

Theorem 4.3. Pathwise connected is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 such that 

all proper subspaces are pathwise connected. Assume that 𝑥 

and 𝑦 are two distinct points in 𝑋, since |𝑋| ≥ 3, there is 𝑎 ∈
𝑋 − {𝑥, 𝑦}, as 𝑋 − {𝑎} is a proper pathwise connected 

subspace, hence there is a continuous function 𝑔: 𝐼 → 𝑋 − {𝑎} 

such that 𝑔(0) = 𝑥 and 𝑔(1) = 𝑦, thus the function 𝑓: 𝐼 → 𝑋 

defined by 𝑓(𝑡) = 𝑔(𝑡) for all 𝑡 ∈ 𝐼 is continuous. Therefore, 

𝑋 is pathwise connected.                        

 

Definition 4.2. [8] A space 𝑋 is strongly connected if any 

continuous function 𝑓: 𝑋 → (ℤ, 𝜏𝑐𝑜𝑓) is constant. A subset 𝐴 

of 𝑋 is strongly connected if 𝐴 is a strongly connected 

subspace. 

 

Theorem 4.4. Strongly connected is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 such that 

all proper subspaces are strongly connected. Suppose that 

𝑓: 𝑋 → (ℤ, 𝜏𝑐𝑜𝑓) be a continuous function which is not 

constant, so there exist 𝑎 and 𝑏 in 𝑋 such that 𝑓(𝑎) ≠ 𝑓(𝑏), 

hence the restriction function on the proper subspace {𝑎, 𝑏} is 

a non-constant continuous function, hence the proper 

subspace {𝑎, 𝑏} is not strongly connected, contradiction. 

Therefore, 𝑋 is strongly connected.                                       

 

Definition 4.3 [8] Space 𝑋 is locally strongly connected if it 

has a basis consisting of strongly connected open sets. 

 

Lemma (4.1) showed a feature for a connected set. It is easy 

to see that the strongly connected set has the same feature. 

 

Theorem 4.5. Locally strongly connected is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let (𝑋, 𝜏) be a topological space with |𝑋| ≥ 2 such 

that every proper subspace is local strongly connected. 

Assume that 𝑎 ∈ 𝑋 and 𝑈 be open in 𝑋 containing 𝑎, then 

there is 𝑞 ≠ 𝑎, since 𝑋 − {𝑞} is a proper subspace, thus there 

is an open strongly connected set 𝐵 containing 𝑎 and 𝑎 ∈ 𝐵 ⊆
𝑈 − {𝑞}, implies 𝐵 is strongly connected open in 𝑋.             

 

Definition 4.4. [3] 𝑋 is totally disconnected if the only 

nonempty connected subsets of 𝑋 are the one point sets. In 

other words, 𝑋 is totally disconnected if all subspaces 𝐴 with 

|𝐴| > 1 of 𝑋 are disconnected. 

 

Theorem 4.6. Totally disconnected is PHP. 

𝑃𝑟𝑜𝑜𝑓. Let 𝑋 be a topological space with |𝑋| ≥ 3 and each 

proper subspace is totally disconnected. Thus, each proper 

subspace 𝐴 with |𝐴| > 1 is disconnected, then there exists 𝑎 ∈
𝑋 such that 𝑋 − {𝑎} is disconnected, so there are two open sets 

𝑈1 and 𝑈2 in 𝑋 such that 𝑈1 ∩ 𝑈2 ⊆ {𝑎} 

Case 1: 𝑎 ∉ (𝑈1 ∩ 𝑈2), then 𝐴 = 𝑈1 ∪ {𝑎} is a  proper 

disconnected subspace, so there are two disjoint open sets 𝑉1 

and 𝑉2 in 𝐴 such that 𝑉1 ∪ 𝑉2 = 𝐴, hence 𝑎 ∈ 𝑉1 or 𝑎 ∈ 𝑉2. 

Without loss of generality, assume that 𝑎 ∈ 𝑉2, thus 𝑉1 is an 

open set in 𝑈1, then 𝑉1 is an open set in 𝑋, since 𝑉2 is an open 

set in 𝐴, so there is an open set 𝐺 in 𝑋 such that 𝑉2 = 𝐺 ∩ 𝐴 

and 𝐺 ∪ 𝑈2 ⊆ 𝑉2 ∪ 𝐴𝑐 ∪ 𝑈2 = 𝑉2 ∪ 𝑈2 ⊆ 𝐺 ∪ 𝑈2, thus 𝐺 ∪
𝑉2 is an open set in 𝑋, therefore 𝑉2 ∪ 𝑈2 and 𝑉1 are open sets 

in 𝑋 such that 𝑉1 ∩ (𝑉2 ∪ 𝑈2) = ∅ and 𝑉1 ∪ (𝑉2 ∪ 𝑈2) = 𝑋. 

Case 2: 𝑎 ∈ 𝑈1 ∩ 𝑈2, thus |𝑈𝑖| > 1 for every 𝑖 = 1,2, then 

𝑈1 is disconnected, equivalently there are two open sets 𝑉1 and 

𝑉2 in 𝑈1 such that 𝑉1 ∪ 𝑉2 = 𝑈1 and 𝑉1 ∩ 𝑉2 = ∅. Since, 𝑈1 is 

an open set in 𝑋, then 𝑉1 and 𝑉2 are open sets in 𝑋. Without 

loss of generality, Assume that 𝑎 ∈ 𝑉2, implies 𝑉1 and 𝑉2 ∪ 𝑈2 

are open sets in 𝑋 such that 𝑉1 ∩ (𝑉2 ∪ 𝑈2) = ∅ and 𝑉1 ∩
(𝑉2 ∪ 𝑈2) = 𝑋 . So, 𝑋 is disconnected, therefore 𝑋 is totally 

disconnected.                                                                          
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