DOI: 10.20967/jcscm.2018.02.001

=

Journal of Computer Science & Computational Mathematics, Volume 8, Issue 2, June 2018

Topological Properties like Separation Axioms
Satisfying Properly Hereditary Property

Omar Al-Odat, Adnan Al-Bsoul”

Department of Mathematics, Yarmouk University, Irbid - Jordan
*Corresponding author email: bsoul@yu.edu.jo

Abstract: In this paper we shall improve the definition of "properly
hereditary property" which raised previously [1] and we shall prove
that the topological properties: Functionally Hausdorff, T 2,

3
completely regular, normal, perfectly normal, Sz, S, locally
connected, locally strongly connected, totally disconnected and
Riesz separation axiom: Tr are properly hereditary properties.
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1. Introduction

In 1996, Arenas [1] introduced a definition of properly
hereditary property as: A property P of a space X is properly
hereditary property if every proper subspace A of X has the
property P, then the whole space X has the property P. The
property P is properly (closed, open, etc. respectively)
hereditary property if every (closed, open, etc. respectively)
proper subspace has the property P, hence the whole space X
has the property P. If the property P is hereditary and properly
hereditary property, then it is called a strongly properly
hereditary property.

All proper subspaces of the trivial topology on X= {a, b}
are T and the whole space is not T; for i=0, % % 1,1 % 1 g 2,
2%, 3, 3%, 4,5, 6. Also, Al-Bsoul [2, Example 2.1] introduced
a topological space where every proper subspace is T1 and the
whole space is not T1. So, we shall rewrite the defiﬁlition of

4
proper hereditary property as the next definition.

Definition 1.1. A property P is properly hereditary property
denoted by PHP if there exists a cardinal number u such that
given any topological space X with |X| = u and all proper
subspaces have the property P, then the whole space has the
property P.

In this paper, |A] denotes the cardinal number of the set A
and | denotes the topological space ([0,1],z,,).

2. Properties Looks like Separation Axioms

Arenas [1] proved that T; for all i=0, 1, 2, 3 are properly
hereditary properties. In 2003, Al-Bsoul [2] showed that some
of non-familiar separation axioms: T1 T1 TT,1, T, are

properly hereditary properties. In this sectlon we shaII show

that the topological properties: Functionally Hausdorff, Tz,
3

completely regular, normal, perfectly normal and Ry are PHPs.

Definition 2.1. [3] A topological space X is functionally
Hausdorff if for any two distinct points a and b in X, there is
a continuous function f: X — I suchthat f (a) = 0 andf (b) =
1.

Theorem 2.1. Functionally Hausdorff is PHP.

Proof. Let X be a topological space with |X| = 3 and all
proper subspaces are functionally Hausdorff. Since, all proper
subspaces are functionally Hausdorff, then all proper
subspaces are T1, so X is T1. Assume that x and y are distinct
points in X, since |X| = 3, so there is z € X — {x, y}. Hence,
X-{z} and X-{y} are functionally Hausdorff proper subspaces,
then there are continuous functions f,:X —{y} > 1 and
fo:X —{z} > 1 such that f,(x) = f,(x) =1 and f,(2) =
() =0.

Define f: X > I'by f(t) = f,(t)f,(¢) forall t ¢ {y,z} and
f(t) = 0 otherwise. Since f is a multiplication of two
continuous functions on X — {y,z}, so f is a continuous
function on X — {y, z}, hence we shall show that f is a
continuous function on {y, z}. Let ¢ > 0.

Case 1: t =y, so there is an open set U in X —{z}
containing y such that f,(U) < [0, ¢), since X is Ty, then {z}
is a closed set in X, moreover X — {z} is an open set in X, so
Uisopenin X, also f(u) = f,(wf,(w) < f,(w) < & for any
u=yand f(y) =0 < g, thenf(U) < [0,¢).

Case 2: t = z, so similarly for t = y.

Thus, f is a continuous function satisfy f(x) =1 and
f(y) = 0, therefore X is functionally Hausdorff. O

Definition 2.2. [4] A space X is Ry-space if any open set is a
union of closed sets.

It is easy to see that X is R,-space if for each open set U in
X and a in U, there is a closed set A suchthata € A € U.

Theorem 2.2. Ry-space is PHP.
Proof. Let X be a topological space with |[X| = 3 and all
proper subspaces are R,. Given an open set U in X.
Case 1: U = X, we are done.
Case 2: U c X, thenthereisx ¢ U. Letp € U. Since, |X| =
3,thenthereisy € X — {x, p}
1. yeU. Since, X —{y} is a proper R,-subspace,
hence there is a closed set F, in X — {y} suchthatp €
€ U - {y}, so there is a closed set F € X such
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that F, =FNnX—{y}, then peFCSF,U{y}c
U-{Hhu{yrcU.
2. y¢U, since X—{x} and X —{y} are proper
subspaces, then there are closed sets F, and F,, in X —
{x} and X — {y}, respectively, suchthat p € £, € U
and p € F, < U. Moreover, there are closed sets F;
and F, in X such that F, = F; N X — {x} and F, =
F,NnX—{y}.Define F=F, NF,,SOpeEF=F N
FReFEuiDn(Fu{y})=FnF,cU.
Therefore, the whole space X is Ry-space. O

Definition 2.3. A space X is Tz if every compact subset of X
3

is closed.

Definition 2.4. [2] A space X is T 1 if every convergent
3

sequence converges to unique limit point.

It is easy to show that every Tz is T, 1. Last idea will help
3 3

us to show that T’ 2 is properly hereditary property.
3

Theorem 2.3. Tz is PHP.
3

Proof. Let X be a topological space with |X| = 3. Assume
that all proper subspaces of X are T1§' then each proper

subspaces are T%, hence X is T1§' Suppose that F is a

nonclosed compact set in X, then there exists p € F and p €

Bd(F), so there isanet (x;) in F such that x; — p, since (x;)

is a net in compact subspace F, then (x;) has a convergent

subnet (xAB) inFtoq € F,also X isT,1, then p = q, implies
3

F is closed, therefore X is T’ 2. O

3

Theorem 2.4. The completely regular is PHP.

Proof. Let X be a topological space with |X| = 3 such that
all proper subspaces are completely regular. Assume that A be
aclosedsetin Xanda ¢ A

Case 1: A° # @, then there is p € A such that p has a
neighborhood U, < A. Since, X — {p} is completely regular,
hence there is a continuous function g: X — {p} — I such that
g(A—{p}) =0 and g(a) = 1. Define f:X -1 by f(t) =
gt) at t#p and f(p) =0. For each &> 0, then
f (e 1) =g ((1]) and f7([0,€)) = g7*([0,€)) U
{p} are open sets in X.

Case 2: A° = @, since X is regular, there are two disjoint
open sets U and V such that a € U and A € V, thus U€ is
closed, a # U and U¢® # @, then apply Case 1, there is a
continuous function f:X — I such that f(U°)=0 and
f(a) =1, hence f(A) =0 and f(a) =1, therefore X is
completely regular.

The last result shows that T,1 and all the equivalent
2

properties to T,1 like gauge space [5] are PHP.
2

Based on Al-Bsoul [2] T), is PHP without proof. Next, we
will show that T}, is PHP.

A set A is locally closed if A — A is closed. A topological
space X is Tp if each singleton point is locally closed. O

Theorem 2.5. T}, is PHP.
Proof. Let X be a topological space with |X| = 3 such that
all proper subspaces are Tj,. Assume that x € X.

Case 1: If {x} = X, since |X| = 3,sothereare a,b € {x} —
{x}. So, X — {a} and X — {b} are proper T, subspaces, then
{x} — {a,x} and {x} — {b, x} are closed sets in {x} — {a} and
m — {b} respectively. Hence, there are closed sets of F, and
F, in X such that X —{x,a}=F,n(X—{a}) and X —
{x,b} = F, nX — {b}

1. Ifa€F, orb€F, thenF, =X — {x} = {x} — {x}
or Fy = X — {x} = {x} — {x}, s0 {x} — {x} is closed
in X.

2. Ifag¢F,andb €& F,,thenF, =X —{a,x}and F, =
X —{b,x}, thus FLUF,=X—{a,x}UuX—
{b,x} =X - ({a,x}n{bx}) =X —{x}, s0 {x}—
{x}isclosed in X.

Case 2: If {x} = X, then {x} isa proper subspace, so {x} —
{x} is closed in {x}, thus it is closed in X. O

Definition 2.5. [3] A space X is perfectly normal if for each
pair of disjoint closed sets A and B in X there is a continuous
function f: X — I such that A = f~1(0) and B = f~1(1). A
space X is Ty if X is a T, perfectly normal space.

Al-Bsoul proved that T,, Ts and T, are properly hereditary
properties. Next Theorems show that normal, completely
normal and perfectly normal are properly hereditary
properties.

Theorem 2.6. Normality is PHP.

Proof. Let X be a topological space with |[X| = 4 and all
proper subspaces are normal space. Assume that A and B are
disjoint closed sets in X

Case 1: X = AU B, thus A and B are clopen sets, hence X is
normal.

Case 2: There are at least two points pand g in X — (AU
B), since X — {p} is a normal proper subspace, so there are
two disjoint open sets U and UL in X — {p}, thus there are
two open sets U, and U in X such that UY = U, U X — {p}
and UL = Uz n X — {p} containing A and B, respectively,
furthermore U, N U € (U nUE) U {p} < {p}. Similarly,
there are two open sets V, and Vz in X such that V, nVy S
(VIny)u{ql c{q}. Now, H=U,nV, and G = Uz N
Vg are disjoint open sets containing A and B, respectively.

Case 3: There is exactly one point p in X — (A U B). Since,
|X| = 4, then one of the two sets has at least two distinct
points x and y. Without loss of generality, assume that
{x,y} € A. Since, X — {x} is a normal proper subspace, thus
there are two disjoint open sets Uf and U} in X — {x}
containing A — {x} and B, respectively. Moreover, there exist
Uy and Ug openin X suchthat Uy = Uy, N X —{x}and Ug =
UinX—{x}, also U,nUz< UFnU}) U{x}c{x}
Similarly, there are two disjoint open sets V, and Vz in X —



Omar Al-Odat, Adnan Al-Bsoul

{y}suchthat V) =V, nX —{y}and VJ’ =V n X — {y}, s0
VanVs s (VY n1p)u{y} c{y}. Now, H=U,UV, and
G = Ug N Vy are disjoint open sets in X containing A and B,
respectively. Therefore, X is normal. O

Corollary 2.7. Completely normal is PHP.

Theorem 2.8. Perfectly normal is PHP.

Proof. Let X be a topological space with |X| = 4 and let all
proper subspaces are perfectly normal. Assume that A and B
are disjoint closed sets in X.

Case 1: A° = @ or B° # @. Without loss of generality,
assume that A° # @, then there is p € A has a neighborhood
U, € A. Since, X — {p} is perfectly normal, hence there is a
continuous function g: X — {p} - I such that g=*(0) = A —
{p}and g~1(1) = B. Define f: X - I by f(t) = g(t) for all
x #p and f(p) = 0. For each &£ >0, then f~1((¢,1]) =
g (e 1D) and £71([0,8)) = g7([0,€)) U {p} are open
setsin X.

Case 2: A° = @ and B° = @, since X is normal, there are
two disjoint open sets U and V in X suchthat A € U and B <
V, thus U¢ is closed with U’ = @ and AN U° = @, then
apply Case 1, there are continuous functions f;, f,: X — I such
that f,71(0) = U°, fi*(1) = A, f;*(0) =B and f; (1) =
V¢, hence there is a continuous function f: X — I defined by
f) = @O+ f®)/2) such that f1(1)=A4 and
f71(0) = B, therefore X is perfectly normal. O

3. Riesz's Separation Axiom and Related
Axioms

Csdszar [6] introduced Riesz separation axiom and some
related Axioms. In this section, we shall show that these
separation axioms are properly hereditary properties.

Definition 3.1. [6]
A topological space X is said to be
1. Ty ifitisa T,-space and for a subset A of X, with p
and q different elements in A’, there is a subset B of
Asuchthatp € B'and q ¢ B'.
2. S ifpeqimpliesq ¢ pforallp,qginX.
3. S, if p&{q} implies that p and g have disjoint
neighborhoods for all p, g in X.
4. Py if given any two distinct points p and g satisfy
D¢ @ and p € A for any subset A € X, there is a
subset B € A suchthatp € Band q ¢ B.
5. Qg if given any two distinct points p and g satisfy
q¢ @ and p € A for any subset A € X, there is a
subset B € A suchthatp € Band q ¢ B.
6. S, ifforanyp € A where A is asubset of X and 4 is
not compact there is a subset B € A such that p ¢ B
and B is not compact.

Lemma 3.1. [6] Let X be a topological space. X is Ty if given
any set A € X and two distinct points p, q € 4, there is B €
Asuchthatp € Band g € B.
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Theorem 3.2. Tx-space is PHP.

Proof. Let X be a topological space with |X| = 3 and all
proper subspaces are Tg. Let A € X and p, q are two distinct
points in A. Since |X| >3, so there is x € X —{p,q}.
Moreover, X — {x} is a T proper subspace, then there is B <
Asuchthatpe B “andqeB  thuspeBand q ¢
B.

Itis easy to see that S; is PHP. The next Theorem show that
S, is PHP. O

Theorem 3.3. S, is PHP.

Proof. Let X be a topological space with |X| = 3 such that
all proper subspaces are S,. Assume that p # q in X withp ¢
{q3, since |X| = 3, then there is x € X — {p, q}.

Case 1: x & {q}, hence there are disjoint open sets U, and
U, in X — {x} containing p and q, respectively. Also, there are
disjoint open sets V, and V; in X — {p} containing x and q,
respectively. Thus, there are open sets Uy, U,, V; and V, in X
suchthat U, =U; N X —{x}, Uy = U, nX —{x}, , =V N
X—{x}andV; =V, nX — {x}.Now, U =U;andV = U, N
V, are disjoint open sets containing p and q, respectively.

Case 2: x € {q}, then p & {x}, since X — {x} and X — {q}
are proper S,-subspaces, then there are disjoint open sets U,
and U, in X —{x} containing p and g, respectively, and
disjoint open sets V, and V, in X — {g} containing p and x,
respectively. Hence, there are open sets U;, U,, V; and V, in
X such that U, =U; NX —{x}, Uy =U,nX —{x}, V, =
mnX—{x}tandV, =V, nX —{x}. Now, U = U; nV; and
V = U, are disjoint open sets containing p, q, respectively. [

Theorem 3.4. P,-space is PHP.

Proof. Let X be a topological space with |[X| = 3 and all
proper subspaces are Pz. Let A € X and p, g be two distinct
points in A such that p € A — {q}. Since |X| = 3, so there is

x € X —{p,q}. Since X —{x} is a proper Pz-subspace, so
thereis B, € A — {x}suchthatp € B, " andq ¢ B, ),
thus there is a closed set B € X such that B, = B N X — {x}

and B € B, U {x}, moreover q & B, U {x}, impliesq ¢ B. O

Theorem 3.4. Qg-space is PHP.

Proof. Let X be a topological space with |[X| = 3 and all
proper subspaces are Qz. Let A € X and p # q be distinct
points in A such that p € A and q ¢ {p}. Since |X| = 3, s0
there is x € X — {p, q}. Since, X — {x} is a proper Q-space,

—X-

so there is B, € A — {x} such that p € B, =
B_xx_m, thus there is a closed set B € X such that B, = B n
X —{x} and B € B, U {x}, moreover q & B, U {x}, implies
q¢B. O

and q €

To prove the next result we shall give our next observation.

Lemma 3.6. A space X is compact if there exists a point p in
X such that each member in the class {U¢: U is an open set
containing p} is compact.
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Proof. Let U be an open cover of X. Then, there is U, € U
containing p, thus Uy is compactand V = U — {U,} covering
Uy, so there is finite subcover {Vy,V,, ..., .} of V, so the class
{(V1,Va, ..., Va3 U {U,} covering X, therefore X is compact. [

A similar observation is valid for Lindeléf and countably
compact.

Theorem 3.7. S,,-space is PHP.
Proof. Let X be a topological space such that all proper

subspaces are S,,. Assume that A € X such that A is not
compact and p € A. In each of the two Cases: A = X and 4 #

X, there is B in A such that p ¢ B and B is not compact
according to Lemma (3.6). O

4. Connected Spaces

In this section we shall show the properties of: locally
connected, pathwise-connected, strongly connected, locally
strongly connected and totally disconnected are PHP.

Definition 4.1. [7] A space X is locally connected if X has
base consisting of a connected set.

Lemma4.1. Let X be atopological space and A be a subspace
of X. If B is a connected set in A, then B is connected in X.

Arenas showed that local connectedness T; is properly open
hereditary property. Next, we will show that local connected
is properly hereditary property.

Theorem 4.2. Locally connected is PHP.

Proof. Let (X, 7) be a topological space with |X| = 2 such
that every proper subspace is locally connected. Assume that
a € X and U is an open set in X containing a, then there is
b # a, and since X — {b} is proper subspace, thus there is an
open connected set B in X — {b} containing a such that a €
B € U — {b}. It implies that B is an open connected set in X
according to Lemma (4.1). O

Theorem 4.3. Pathwise connected is PHP.

Proof. Let X be a topological space with |X| = 3 such that
all proper subspaces are pathwise connected. Assume that x
and y are two distinct points in X, since |X| = 3, thereisa €
X —{x,y}, as X —{a} is a proper pathwise connected
subspace, hence there is a continuous function g: I - X — {a}
such that g(0) = x and g(1) = y, thus the function f:1 - X
defined by f(t) = g(t) for all t € I is continuous. Therefore,
X is pathwise connected. O

Definition 4.2. [8] A space X is strongly connected if any
continuous function f: X — (Z,t..) is constant. A subset A
of X is strongly connected if A is a strongly connected
subspace.

Theorem 4.4. Strongly connected is PHP.

Proof. Let X be a topological space with |X| = 3 such that
all proper subspaces are strongly connected. Suppose that
f:X > (Z,7t.p) be a continuous function which is not

constant, so there exist a and b in X such that f(a) # f(b),
hence the restriction function on the proper subspace {a, b} is
a non-constant continuous function, hence the proper
subspace {a, b} is not strongly connected, contradiction.
Therefore, X is strongly connected. O

Definition 4.3 [8] Space X is locally strongly connected if it
has a basis consisting of strongly connected open sets.

Lemma (4.1) showed a feature for a connected set. It is easy
to see that the strongly connected set has the same feature.

Theorem 4.5. Locally strongly connected is PHP.

Proof. Let (X, 1) be a topological space with |X| = 2 such
that every proper subspace is local strongly connected.
Assume that a € X and U be open in X containing a, then
there is g # a, since X — {q} is a proper subspace, thus there
is an open strongly connected set B containingaanda € B <
U — {q}, implies B is strongly connected open in X. O

Definition 4.4. [3] X is totally disconnected if the only
nonempty connected subsets of X are the one point sets. In
other words, X is totally disconnected if all subspaces A with
|A] > 1 of X are disconnected.

Theorem 4.6. Totally disconnected is PHP.

Proof. Let X be a topological space with |X| = 3 and each
proper subspace is totally disconnected. Thus, each proper
subspace A with |A| > 1 is disconnected, then there exists a €
X such that X — {a} is disconnected, so there are two open sets
U, and U, in X such that U; n U, < {a}

Case 1: a ¢ (U, nU,), then A=U, U{a} is a proper
disconnected subspace, so there are two disjoint open sets V;
and V, in A such that V; UV, = A, hence a € V; or a € V,.
Without loss of generality, assume that a € V,, thus V; is an
open set in Uy, then V; is an open set in X, since I/, is an open
set in A, so there isan open set G in X suchthatV, =GN A
and GUU, cV,UA°UU,=V,UlU, S GUU,, thus GU
V, is an open set in X, therefore V, U U, and V; are open sets
inXsuchthatV, n (V,UU,) =@andV; U (V,UU,) =X.

Case 2: a € U; N Uy, thus |U;| > 1 for every i = 1,2, then
U, is disconnected, equivalently there are two open sets V; and
V, inU; suchthat V; UV, = U, and V; NV, = @. Since, U, is
an open set in X, then V; and V, are open sets in X. Without
loss of generality, Assume that a € V,, implies V; and V, U U,
are open sets in X such that V, n (V,uU,) =@ and V; N
(V, U U,) =X . So, X is disconnected, therefore X is totally
disconnected. O
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