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Abstract:  Collocation method using quintic B-splines finite 

element have been developed for solving numerically the Hirota-

Satsuma coupled MKdV equation. Accuracy of the proposed 

method is shown numerically by calculating conservation laws, 2L  

and L  norms on studying of a soliton solution. It is shown that 

the collocation scheme for solutions of the MKdV equation gives 

rise to smaller errors and is quite easy to implement. Numerical 

experiments support these theoretical results.  
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1.   Introduction 

Nonlinear coupled partial differential equations are very 

important in a variety of scientific fields, especially in fluid 

mechanics, solid state physics, plasma physics, plasma 

waves, capillary-gravity waves and chemical physics. The 

effort in finding exact and numerical solutions to a nonlinear 

equation is important for the understanding of most nonlinear 

physical phenomena. In this paper, we consider a generalized 

Hirota-Satsuma coupled MKdV equations which were 

introduced by Wu et al. In [1], the authors introduced a 

44  matrix spectral problem with three potentials and 

proposed a corresponding hierarchy of nonlinear equations. 

The coupled MKdV system is very complicated and not easy 

to solve by direct integration method and the homogeneous 

balance method et al. 

    The generalized Hirota-Satsuma coupled KdV and 

coupled MKdV equations have been studied by many authors 

via different approaches. Recently, Fan [2] has provided a 

suggestion to construct soliton solutions for these equation 

by using an extended tanh-function method and symbolic 

computation. Solitary solutions for various nonlinear wave 

equations have been investigated using different methods 

which can only solve special kind of nonlinear problems due 

to the limitations or shortcomings in the methods. The type 

of equations we are handing is attracting many researches 

and a great deal of work has already been done, for example, 

Jacobi elliptic function method by Yu et al.[3], the projective 

Riccati equations method by Yong and Zhang [4], the 

algebraic method by Zayed et al.[5], variational iteration 

method by He and Wu [6], Adomian decomposition method 

by Kaya [7] and homotopy perturbation method by Ganji and 

Rafei [8]. The aim of this study is to establish the finite 

element B-spline collocation method for solving MKdV 

equation. The outline of this work is as follows 

    In section 2, the governing equation is introduced. Section 

3 contains the quintic B-spline collocation method to solve 

the our interest problem. Finally in section 4, to test the 

ability of the proposed scheme numerical and exact solutions 

is compared for a test problem. 

 

2.  Governing equations 

Two typical equations in hierarchy are as follows  

    A new generalized Hirota-Satsuma coupled KdV equation  

,)3(3
2

1
= xxxxxt vwuuuu   

,3= xxxxt uvvv   

,3= xxxxt uwww                                            (1) 

 and a new coupled MKdV equation  
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,3333= 2
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 where the subscripts t  and x  denote differentiation with 

respect to t  and x , and   is an arbitrary constant. Equation 

(1) becomes a generalized KdV equation for 0=u  and 

MKdV equation for 0=v , respectively [2]. 

    Here we consider the Hirota-Satsuma coupled MKdV 

equation as  

0,=3)3(
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3
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1 2
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0,=3333 2
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 with the following boundary and initial conditions  

0,=),(0,=),(,=),(,=),( 21 tbvtavtbutau   

],(0,

;0=),(0,=),(0,=),(0,=),(

Tt

tbvtavtbutau xxxx
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,),(=,0)(),(=,0)( bxaxgxvxfxu          (4) 

 where   is positive parameter and subscripts x  and t  

denote differentiation and )(xf  and )(xg  are localized 

disturbance inside the considered interval and will be chosen 

later. 
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    In sequence a numerical scheme based on finite element 

method is proposed to solve the problem (3)-(4). 

 

3.  Quintic B-spline collocation method 

(QBCM) 

Partition the interval ],[ ba  as 

.,1,2,=,=,=<<<= 110 Nmxxhbxxxa mmN  

 At the nodes mx , the quintic B-splines mQ , 

2,2,=  Nm  , are defined by formula 5  

For quintic B-splines near end boundaries, it is 

necessary to introduce 10 -additional knots outside the 

solution domain to provide the support for the quintic B-

spline functions, positioned at  
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The set of quintic B-splines 212 ,,,  NQQQ   forms a 

basis over the problem domain ],[ ba , [11]. 

    A numerical solution of (3)-(4) will be derived by using 

the collocation method based on quintic B-splines. 

Collocation approximant can be expressed for ),( txu  and 

),( txv  in terms of element parameters m  and m , 

respectively, and quadratic B-splines )(xQm , 

2,,2,=  Nm   as 
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 where mQ  is the quintic B-splines and m  and m  are 

time-dependent parameters to be determined from the quintic 

B-spline collocation form of the Hirota-Satsuma equation. 

    By using the approximation (6) and quintic B-splines (5), 

the nodal value u  and v  and its first and second derivatives 
'u , 

'u , 
'v  and 

'v  at the nodes 2,,2,=,  Nmxm   

are obtained in terms of the element parameters as 

,266626=)(= 2112   mmmmmmm xuu   
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                                                                                            (7) 

    Therefore equation (3) leads to a system of 2)(2 N  

algebraic equation in the 10)(2 N  unknowns. Substituting 

the collocation approximants (6)-(7) in the system (3) and its 

evaluation at the knots give a nonlinear system of differential 

equations as
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    where 
0

 denotes differentiation with respect to time and  
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 are known as nonlinear terms. 

    Replacing the time derivative of the parameter 
0  and 

0  by usual finite difference approximation 
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 where ,,0,1,= Nm    

 

),(15/215= 223

1 mm zdthth    

 

),(753026= 223

2 mm zdthth    

 

),(753026= 223

3 mm zdthth    

 

),(15/215= 223

4 mm zdthth    

,15/215= 2

1 mdthth   

,7530= 2

2 mdthth   

,7530= 2

3 mdthth   

.15/215= 2

4 mdthth   

    The above system consists of the 2)(2 N  equations 

with the 2)(2 N  unknown parameters. The elimination of 
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and efficiently solved with a variant of the Thomas 
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    These system are solved by way of the Thomas algorithms. 

    To cope with the nonlinearity in the system (9), parameters 

ii  , , 2,2,=  mmi   in mmm kdz ,,  is linearized 
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by replacing the nth time parameter 
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of the solutions is increased with the following corrector step 
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    The matrix system (10) is solved to get the initial 

condition parameters. On determining the initial parameters 

from the system above, calculation of the solutions are 

iterated using system (9) at successive times. By using the 

obtained parameters from system (9), nodal values and its 

derivatives of order 2  can be worked out from equations  

(7). 

 

4.  Numerical experiments 

In this section, we will present numerical results of the 
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Example 1 . For the problem (3)-(4) consider following 

assumptions  

 ),(=,0)( xtanhxu  

 ),(2
2

5
=,0)( 2 xtanhxv                 (14) 

 and boundary conditions 0=)(60,=)40,( tutu   and 

0=)(60,=)40,( tvtv   together with derivative 

boundary conditions. 

    With respect to these conditions the exact solution may be 

derived as  

 ),
2

5
(=),( txtanhtxu   

 ).
2

5
(2

2

5
=),( 2 txtanhtxv         (15) 

 Now let 0.1=t  and 0.125=h , the run of the proposed 

numerical algorithm is carried up to time 20=t  over the 

problem domain 6040  x . The maximum root mean 

square errors and conversation invariant are presented in 

table 1 and figures 1 and 2.   

 
Figure  1.  Absolut error between exact and  numerical 

solutions  for u . 

 

Example 2 . As another example,  the problem (3)-(4) 

consider following initial and boundary conditions 

),(1=,0)( xtanhxu   
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                         0=)(60,=)40,( tutu  ,                (16)          

and 0=)(60,=)40,( tvtv   together with derivative 

boundary conditions. 

 

 

 

Table  1.  The comparison between exact and approximate solutions (error norms) when 0.1=t , 0.125=h , and 

6040  x  

 

 

 

 

 

 

 

 

 

 

 

time   
3

2 10uL    
3

2 10vL    
310uL    

310vL   

0  0  0  0  0  

4  4108.459218   
4101.343156   

5107.422084   
5102.380029   

8  4107.414878   
4101.823145   

4101.368505   
4102.183528   

12  4106.393594   
4102.241967   

4101.869759   
4101.380925   

16  4105.703538   
4102.596435   

4102.215365   
4101.53864   

20  4105.216854   
4102.908314   

4102.382659   
4101.125429   
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Figure  2.  Absolut error between exact and  numerical 

solutions for v . 

. 

With respect to these conditions the exact solution 

can be obtained as  

 ),2(1=),( txtanhtxu   

 ).2(21=),( txtanhtxv             (17) 

 Similar to the first example we consider 0.1=t  and 

0.125=h . The run of the algorithms is carried up to time 

20=t  over the problem domain 6040  x . The 

maximum root mean square errors and conversation invariant 

are presented in table 2 and figures 3 and 4. 

5.  Conclusion 

The main purpose of this paper has been to developed a 

numerical procedure based on finite element method to solve 

the MKdV equation. The proposed method have been 

constructed by using the collocation method with quintic B-

splines as interpolation functions. As an advantages of this 

method one may point out that quintic B-spline functions are 

handy in writing the approximate solutions in the numerical 

methods if the partial differential equations involve higher-

order derivatives. The proposed method can be used to solve 

other classes of partial 

 

 

 differential equation whit high order derivative if the initial 

and boundary conditions would be available 

 

 
Figure  3.  Absolut error between exact and  numerical 

solutions for u . 

 

 

 
  

Figure  4.  Absolut error between exact and  numerical 

solutions for v . 

   

 

  

   

 

 

 

 

Table  2.  The comparison between exact and approximate solutions (error norms) when 0.1=t , 0.125=h ,  

and 6040  x  

 

 

 

 

 

 

 

 

 

 

  

time  
uL2  vL2  uL  vL  

0  0  0  0  0  

4  0.00921616  0.0289541  0.00659199  0.0136491  

8  0.01451657  0.0420694  0.00665642  0.0135369  

12  0.01930959  0.0519743  0.00654202  0.0138621  

16  0.02373622  0.0602728  0.00658223  0.0126491  

20  0.02805751  0.0675596  0.00660171  0.0125689  
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