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Abstract: In this paper, by using Leggett-Williams fixed-point
theorem and Holder inequality, we study the existence of three
positive solutions for higher-order two-point boundary value
problem (BVP):

(-1)"u® (t)=w(t) f (tu(t)), tefa,b],
u®(a)=u®(b)=0, ie{012,..,n-1},
where a)(t) is L —integrable function for some
1<p<+wo, NeN, b>a>0 and

feC ([a, b] X [0, +oo) , [0, +oo)) . The results are

illustrated with an example.
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1. Introduction

In this paper, the focus is on the existence of three positive
solutions for higher-order two-point boundary value problem
such that:

(-1)"u®™ (t)=w(t) f (to(t)), te[ab], (1)
u®(a)=u®(b)=0, ie{012..,n-1, (2)
where a)(t) is L —integrable function for some

1< p<+ooand neN. Inaddition f and @ satisfy

(A) o(t) is
1< p <+ and thereexists A >0 such that
w(t)> 1 ae. on[a,b], and

feC ([a, b] X [O, +oo) , [O, +oo)) .

The theory of multi-point boundary value problems for
ordinary differential equations arises in different areas of
applied mathematics and physics. For example, the vibrations
of a guy wire of uniform cross-section is composed of N
parts of different densities that can be set up as a multi-point
boundary value problem. Many problems in the theory of
elastic stability can be handled as multi-point boundary value
problems too. Higher order boundary value problems occur
in the study of fluid dynamics, astrophysics, hydrodynamic,
hydromagnetic stability, and astronomy, be a mandlong wave
theory, induction motors, engineering and applied physics.
The boundary value problems of higher order have been

LP —integrable function for some

(A)

examined due to their mathematical importance and
applications in different areas of applied sciences, see the
related studies [1-10] and the references therein. Many
authors have studied the higher-order boundary value
problems, they only considered that f is non-decreasing or

non-increasing in t, or the boundary condition depends only
on derivatives of even orders; see the related studies [11-17]
and the references therein.

Inspired and motivated by the works mentioned above,
in this paper we study the existence of three positive

solutions for BVP (1) —(2). The arguments are based upon

a fixed point theorem due to Leggett and Williams which
deals with fixed points of a cone-preserving operator
defined on an ordered Banach space [18] . The current
paper is organized as follows. In section 2, we provide some
lemmas that will be used to prove our main results. In section

3, the main results of BVP (l)—(Z) will be stated and
proved, and we give an example to illustrate our results.

2. Preliminaries

We shall consider the Banach space C [a, b] equipped with

the norm ||u||=max

a<t<b

u(t)‘ forany Ue C[a,b] and

C'[ab]={ueC[ab]:u(t)=0,te[a,b]}.

Definition 2.1. Let E be a real Banach space. A

nonempty closed set K < E is said to be a cone provided
that

(i)cu+c,veK forall ¢, >0,¢,>0,and

(ii)u eK,-ueK implies u=0.

Every cone K induces an ordering in E givenby u<v

ifandonly if v—ueK.

Definition 2.2. The map SB:K —[0,+00) is said to be

nonnegative continuous concave functional on a cone K

of a real Banach space E provided f:K —)[O,+oo) is

continuous and forall Ue K,veK,

B(tu+(1-t)v)=tB(u)+(1-t) B(v), Vte[a,b].
In arriving our results, we need the following four

preliminary lemmas. The first is well known.
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Lemma 2.1. (see[6]).

a+b
Let y(t,u(t)) e C([a,b]x[0,0)) , then the BVP Lemma2.3.Let 5 e (a’Tj , then for all

{(1)n ue (1) = y(tu(t)),  te[ab] @) (t,s)e[8,b—5]x[a,b], we have
u®(a)=u®(b)=0,i€{0,2,2,..,n-1}, G, (t,5)>6, (5)% (10)
has a unique solkljjtion Z(rzjnl 6 (5) 22%(3 ( ) (11)
u t)ZQGJ (t,s)y(s,u(s))ds, (4) Where 0< 6, (5) <1 is a constant given by
where 3 2 2 e\
en(5)=(5_a)n[45 —6bs 6+(Ea_b§)—3ab +b j

G, (t,S):iG(t,r)Gj_l(r,S)dS, i e{2,3,...,n},(5)

Proof. For (t,5)e[8,b—5]x[a,b], from (6) we
where G, (t,5)=G(t,s) is such that

find
( ) %, ast<s<b, W, a<t<s<b
G, (t,s)= G(t,S)= -
(S—s)w’ a<s<t<h. W, a<s<t<b
—-a b-a
(6) (5-a)(b—s)
It is obvious that b—a , ast<s<b
>
G,(t:s)>0, (t;s)e(ab)x(ab). (7) (s=a)(b-(b-5) ____._,
Lemma 2.2. For all (t,s)<e[a,b]x[a,b], we have b_a A==t
b—a nfl(s_a)(b_s) . >(5—a)(s—a)(b—8) 12
en(t,s)s( . j D) new. (@) R (12)
Proof. Let (t,s)e[a,b]x[a,b], itis clear from Hence (10) is true for n=1. Suppose that (11) is
(6) that true for n=k >1. Then, using (5),(7) and (12),
_ _ for (t,s)e|o,b—0o(x|a,b|, we get
G(t’s)é(s a)(:1 5) 8 (t.s)e] b] [a.b]
ie. (8) is true for n=1. Assume (8) holds for Gk*l(t’s)zlG(t’T)G" (z.5)de
n=k>1. Then, for (t,s)e[a,b]x[a,b], it follows N J. 6(t,7)G, (.5)dr
from (5),(7) and (9) that S
b
G..(t,s)=|G(t,7 7,8)dr b5 (g _ _ _ _ _
ca(t:5) I (t.7)6. (:5) S omale=a)b-r), (o (s-a)b-s)
2 ( ~ k‘l(s—a)(b—s) y b-a b-a
< dr _ b—
e ST ()25
b-a
(b j )(b- S)_ So, (11) is true for n=k +1. The proof is complete.
O
Thus (8) is true for n=k +1. The proof is complete. Define a cone K by
O K={ueC'[ab]:u(t)=0,te[a,b]}.

It is easy to see that K is closed convex cone in
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C*[a,b].
Now, define an integral operator T : K —C*[a,b]

by

(Tu)(t)= TGJ. (t.s)eo(s) f(s,u(s))ds, jeN’

IG(t’S)Gj—l(S’T)CO(T) f(z,u(z))dzds.

D — T

We know that ueC*[a,b] is a solution of BVP

(1)—(2) if and only if u is a fixed point of operator
T.

Lemma 2.4. Assume (A) and (A,) hold. Then
T(K)cK T:K>K s
continuous.

Proof. Since the proof of completely continuous is
standard, we need only to prove T (K)c K. In fact,

and completely

for
y e K and since f(t,u(t))zo and w(t)>0 for
any (t,u(t))e[a,b]x[o,oo),then Ty >0. O

Now, let O<d<l<r be given and let B be
nonnegative continuous concave functional on the cone
K . Define the convex sets K, and K(,1,r) by

K, ={ueK:|u|<I},
and
K(ﬂ,',r):{UEKZ|Sﬂ(U),”UHSI’}.
The key tool in our approach is the following

Leggett-Williams fixed point theorem.
Theorem 2.1. (see [18]). Let E be a Banach space and

KcE beaconein E. T:K, — K, beacompletely
continuous operator and £ be nonnegative continuous

concave functional on K with B(u)<|u| for all

ueK,. Suppose there exist 0<d <l<r<c such
that

(i) ue{K(B1r):B(u)>1} =D and B(Tu)>I

forall ue K(A.1,r),

(i) [Tul<d for |u|<d,

(iii) B(Tu)>I for ue K(A,1,c) with [Tu|>r.
Then T has at least three positive solutions u,, u,

and
u, satisfying

27

|lu,| <d, 1< B(u,), |us]|>d and B(u,)<I.
We will employ Holder inequality.

Lemma 2.5. (Hélder). Let f eL”[a,b] with p>1,

geLl'[ab] and %Jr%:l. Then fg e L'[a,b] and
[ fal, <[], 9],

Let fel'[ab], gel”[ab]. Then fgeL'[ab]

and
| fal, <]/ ], lal. -

3. Main Results

In this section , we apply Theorem 2.1 and Lemma
25 to establish the existence of triple positive

solutions for BVP (1)—(2) .

We consider the following three cases for
wel’[a,b],p>1 p=1land p=co.
For convenience , we introduce the following

notation:
j-1
= = limsupmax ). D{Ej lel. ...
6 q 1™l

U—o0 te[a,b] u

Theorem 3.1. Assume (A ) and (A,) hold.
Furthermore, suppose that there exist constants

0<d<|<%§c such that

(H) f"<=,

6l
6,(5)(b-a)1’

(H,) f(tu)>
for (t,u)e[a,b_g]x[a,b],56[&%’},neN*,

(H) f(tu)<=, for (tu)<[ab]x[o.d].

Then BVP (1)—(2) has at least three positive
solutions

U, U, and u, satisfying

|lu,| <d, 1< B(u,), |us]|>d and B(u,)<I.

Proof. Let A= min u(t). Then A(u) is

te[ﬁ,bfﬁ]
nonnegative continuous concave functional on K with
B(u)<|ul forall ueK.

| .
We denote r=—. From (H,), there exist
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0<o-<l and >0 such that f(t,u)<ou and
> -
u>l.Let 7 Ogurggésbf(t,u).Then

f(t,u)<ou+nte[ab],0<u<+wo, (13)

D7 , I :I—* and
1-Do ( 6

) ae)
e(s)= (s

#_ Then, for u eK, it follows
—a

from (8) and (13) that

Set € > max

I 555

<J(%52) RO o n) sy
<(252] (ol 2D sy
(252) e )
(252 ounle, o,

Which shows that Tu e K.
Hence, we have shown that if (H,) holds, then T

maps K_c into K, .
We verify that {u/ueK(B,1,r): S(u)>1} =2
and B(Tu)>1 forall ueK(B,1r).

(6 +1)|

, forte[a,b]. Then

7 Jow)
lueK(BLr):Bu)>1}=2.
,) and (11), we have

B(Tu)= min (Tu)(t)

te[5,b—5]

Take ¢, (t) =

{U/UEK

This shows that {
Therefore, from (H
(

(s-2)(b-s) f(s,u(s))ds

A b-a
o 6l t(s—a)(b-s) .
_(b_a)£ o ds>1.

If ueK,,then it follows from (H,) that
b

(Tu)(t) =IGj (t,s)o(s) f (s,u(s))ds

a

(s=2)(-9) 1

22 (s

b-a

j-1
$(%52) (5 el el =¢.

Finally, we assert that if u e K(3,1,¢) and |[Tu||>r,
then B(Tu)>1.

Suppose U e K (,1,¢) and |Tu|>r, then it follows
from (11) that

B(Tu)= min (Tu)(t)

te[5,b—5]

> 5 [Tu| > 1.
To sum up, the hypotheses of Theorem 2.1 hold.
Therefore, BVP (1)—(2) has at least three positive

solutions u;, u, and U, such that

lu|<d, 1< B(u,),|us|>d and B(u,)<l. O

The following corollarys deals with the case p=+c0.
Corollary 3.1. Assume (A ), (A,),(H,),(H,) and
(H;) hold. Then BVP (1)—(2) has at least three
positive solutions U, U, and U, such that

lu,| <d, 1< B(u,), |us|>d and B(u;)<

Proof. Let |w||_|le], replace ||a)||p||e||q and repeat the

argument above. O
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Finally, we consider the case p=1. Let

. 1
(H,) f <5
(H,) f(t,u)S%,for(t,u)e[a,b]x[o,d],

where

. (b-a)™
o=(252] o,

Corollary 3.2. Assume (A),(A,),(H,) and (H;)
hold. Then BVP (1)—(2) has at least three positive
solutions u;, u, and U, such that

|lu,| <d, 1< B(u,), |us|>d and B(u;)<l.
Proof. Set

c'> max D'n , I :L* and
1-D'o’ ( 6

b_ajj_l 0;(5)

e(S):(s—a)(b—s)
b-a
Then, for ueK,, it follows from (8) and (13)
that

, Where O<o-'<i.
DI

(T0)()= [ (t)o(s)  (u(s)s
<j(252) R ouenyasye
<J(252) R gy
<(252) (e[ 20 s
<(%52) el <c-

Which shows that Tu € K_.. Hence, we have shown
that if (H, )holds, then T maps Ko into K_..

If ueK,,then it follows from (H,) that
b

(Tu)(t) =£Gj (t,s)o(s) f (s,u(s))ds

IA

29

) (e

Finally, we assert that if u e K(3,1,¢) and |Tu||>r,
then S(Tu)>1.

Suppose U e K (,1,c) and |Tu|>r, then it follows
from (11) that

p(Tu)= min (Tu)(t)

> 5" |[Tu| > 1.
To sum up, the hypotheses of Theorem 2.1 hold.
Therefore, BVP (1)—(2) has at least three positive

solutions u,, u, and u, such that
|lu,| <d, 1< B(u,), |us|>d and B(u;)<l. O

Remark 3.1.
We remark that the condition (H,) in Theorem 3.1

can be replaced by the following condition

(Ha)'

f Si, where

(M) 1
Corollary 3.3. If the condition (H,) in Theorem

3.1is replaced by (H,)" or (H,)", respectively, then

the conclusion of Theorem 3.1 also holds.
We construct an example to illustrate the
applicability of the results presented.

Example 1. Let 5:%, n=3,a=0,b=1and p=1.

It follows from p=1 that q=co. Consider the
following boundary value problem
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~u®?(t)=w(t) f (tu(t)), tel=[01],
u®(0)=u®(1)=0, i=012,
where @(t)=t+2 and

where g = f(t, (t))

It is easy to see by calculating that
w(t)=A=2, forae.te[0,1].
By simple calculation, we obtain

2 2
93(5)=i(EJ | 5*:i(2) |
64\ 96 6416
It follows from @(t)=t+2 and e(t)=t(1-t) that

. 5
Jol, = [(t+2)at ==,

0
and

e, Il =t o -y | .

g—w

It is easy to verify that

(1Y 25
o= (3] lel =35

Choosing 0<d <I<%£c,wehave

o =1

f°°=1<7—2=i,
5 D
3
f(t,u)=1§*l =16318241000I
>1769472I _ 6l
121 6,(5)(b—a)a

for all (tu)e{%%}x[l%}
and

f(t,u)=d <%:

%, v(t.u)e[0,1]x[0.d],

which shows (H,)—(H,) and (Hs) hold.

Thus all assumptions and conditions of Theorem 2.1
are satisfied. Hence, Corollary 3.2 implies that BVP

(1)—(2) has at least three positive solutions u,, U,
and U, such that

|lu,| <d, 1< B(u,), |us|>d and B(u;)<l.
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