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Abstract: ‎In this article‎, ‎we apply open-plus-closed-loop control 

method to drive the synchronization between two fractional-order 

Lorenz-Stenflo systems‎. ‎Based on the stability theorems‎, ‎sufficient 

condition for synchronization is proposed‎. Numerical simulations 

are presented to demonstrate the application of the theoretical 

results.‎ 
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1. Introduction 

Chaotic dynamics have been investigated and studied in 

many real-world applications such as secure communication‎, 

‎data encryption‎, ‎power systems‎, ‎medicine‎, ‎biology and 

chemical reactors‎. ‎Similar to their integer-order counterparts‎, 

‎fractional-order differential systems can display chaotic 

dynamics‎. ‎Motivated by potential applications in chaos 

synchronization‎, ‎control chaotic dynamics has attracted 

significant interest‎. ‎Some work has been done in the field of 

the chaos and control in fractional‎-‎order systems‎, ‎including 

Chua system [1]‎, ‎fractional-order Chen system [2]‎, 

‎fractional-order Lorenz system [3]‎, ‎fractional-order Rossler 

system [4] and Newton‎-‎Leipnic system [5]. 

In addition to the above works‎, ‎several methods relating to 

chaos control is provided by the researchers; such as linear 

state feedback [6]‎, ‎the more general synthesis Lyapunov-type 

method [7]‎, ‎adaptive control [8, 9]‎, ‎the bang-bang controller 

[10]‎, ‎the inverse system method [11]‎, ‎Linear Matrix 

Inequalities (LMI) based control [12]‎.‎ 

Recently‎, ‎Jackson and Grosu have developed the concept 

of the Open-Plus-Closed-Loop (OPCL) method of control 

[13, 14]‎. ‎OPCL method uses Taylor expansion for obtaining 

a general coupling term for synchronization of two systems‎. 

The aim of the OPCL method is to entrain complex dynamics 

to arbitrary given goal dynamics, by adding a suitable control 

term to the system. Recently, this method has been applied 

and developed for some related problems of control [13, 14]. 

The method has been also used for chaotic control [15] and 

chaos synchronization [16]. ‎‎‎Moreover‎, ‎Tian et al. [17] have 

proposed a nonlinear OPCL control in which the controlled 

system is expanded to a higher order in terms of the goal  

dynamics‎.‎‎ 

In this article, OPCL method has been used to control and 

analyze Lorenz-Stenflo chaotic system presented by 

fractional differential equations. For this purpose, the rest of 

article has organized as follows. Section 2 has been devoted 

to the OPCL scheme to control a chaotic system. In Section 

3, the fractional-order Lorenz-Stenflo system has been 

studied. The fixed point of this system and necessary 

conditions for chaos has been stated in this section. In 

Section 4, the accuracy of the method has been presented by 

using numerical simulation. Finally, the conclusions have 

been drawn in Section 5. 

2. ‎ Open-Plus-Closed-Loop Scheme 

OPCL scheme has first developed by Jackson and Grosu [13, 

14] in 1995‎. ‎This method gives precise deriving for any 

continuous system in order to reach any desired dynamics‎. 

‎Consider a fractional-order system 

,)),(()(
n

RytyFtyD 


      (1) 

where‎, ‎ )(tyD

 ‎, ‎Caputo's fractional-order derivative of y(t)‎, 

‎is defined as [18]‎:  
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 n ‎, ‎when ceiling function    is‎ ‎the smallest integer 

greater than or equal to .  

‎The OPCL method offers a scheme for system (1)  to attain 

a dynamics .)(
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Rtx  ‎To explain this scheme, suppose 
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‎and H is a matrix with negative real part eigenvalues 

(Hurwitz matrix)‎, ‎whose elements can be chosen as simple as 

possible‎. ‎If ij
x

F
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 is a constant‎, ‎we choose ij
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x

F
H ‎Otherwise‎, ‎we need to introduce 

one or more parameters in the matrix H so that this matrix is 
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a Hurwitz matrix. ‎‎ ‎Now,‎ according‎ to‎ this‎ scheme,‎ system‎

defined‎by‎ 

),()()( xyDyFtyD 

  

has an asymptotic behavior  if )0()0( xy  is sufficiently 

small‎.  

To apply OPCL scheme in synchronization of two 

identical chaotic systems, we let ‎  
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

       (3) 

‎as derive (master) system and define response (slave) system 

as 
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Defining )()()( txtyte  , ‎the error dynamic between (3) 

and (4) is then obtained by 
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Using Taylor series expansion 
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and keeping the first order term in (6) and putting (6) into 

(5)‎, ‎we obtain‎ 
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  In order to analyze the stability of two fractional-order 

systems which are synchronized by OPCL method, we may 

consider the following theorem.  

 
Theorem    1. ‎The commensurate fractional-order system 
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satisfied for all eigenvalues  of A‎,  

 stable if and only if it is asymptotically stable‎, ‎or those 

critical eigenvalues which satisfy 
2
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geometric multiplicity one‎‎[19]. 

  

Remark 1. ‎According to the OPCL control method‎, ‎when 

control matrix H  is a Hurwitz matrix‎, ‎the error system (7) is 

asymptotically stable and so‎, 0)( te ‎. 

3. System Description 

In this article, we consider a generalization of the Lorenz 

system ‎[20]‎ in four dimensional space which was first 

derived by Swedish physicist Lennart Stenflo to described 

the low-frequency short-wavelength gravity atmospheric 

waves [21, 22]‎. ‎The fractional‎ - ‎order of this system can be 

described as‎: 
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‎where 
4

,
3

,
2

,
1

xxxx are the state variables and rdcba ,,, , are 

positive constant parameters of the‎ system. Obviously, one of 

the fixed points of this system is )0,0,0,0,0(
0



E ‎. 

‎Linearization around this fixed point gives the following 

eigenvalues. 

).94.5,9.3,7.0,1(0       (9) 

‎Apart from this trivial point‎, ‎for dcar  )1( there are two 

other fixed points‎: 
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whose eigenvalues  computed‎ ‎at equilibrium 



E are given by‎ 

).05426.2,2842425.217713.0,2(  i     (12) 

‎According to Theorem 1, ‎a necessary condition for the 

fractional system (8) to exhibit a chaotic attractor is‎ 

.
2

|})arg({|min


 ii
      (13)‎ 

Therefore‎, system (8) is chaotic whenever 96012.0 .  As 

we can see in Figures 1 and Figure 2, system (8) is chaotic 

for ,965.0 and it is stable for 95.0 . 

 

 
Figure 1. Chaos in system (8) for 965.0 . 
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Figure 2. The attractor of Lorenz-Stenflo system in ),,( 421 xxx  

space for .95.0   

 

4. Numerical Example 

Consider the fractional‎ - ‎order Lorenz‎ - Stenflo system (8) 

and fix 965.0 ‎, ‎as derive system‎. Then constant matrix ‎H‎‎ 

for response system can be selected as 
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where‎, ‎ 1,5.1,26,7.0,1  rdcba and 2,1 pp  are two 

parameters that has to be determined for ‎‎H‎‎ as a Hurwitz 

matrix‎. In this case, t‎he characteristic equation of matrix H is‎ 
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(14), respectively, then using OPCL control scheme the 

response system forms as‎‎‎‎ 
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‎and the error system (7) forms as  
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Consequently, by Remark 1, the error vector ‎ )(te ‎ 

converges to zero.‎ As a numerical example, if we choose the‎‎‎‎‎ 

initial conditions  

)5.1,20,5,5.1())0(4),0(3),0(2),0(1( xxxx , 

)5.0,25,10,5.1())0(4),0(3),0(2),0(1( yyyy ‎ 

‎‎‎and solve the fractional-order systems (8)‎‎and‎ (15) by using 

the improved predictor‎ - ‎corrector algorithm [24], then the 

numerical results can be shown in Figures 3-6‎. ‎In this 

example, if we solve above resultant error system (7), then, 

as we can see in Figure 7, the error vector will converge to 

zero, asymptotically. This means that synchronization has 

been occurred between drive system (8) and response system 

(15). 

 

 
Figure 3. Time series of state variables )(1 tx and )(1 ty . 

 

Figure 4. Time series of state variables )(2 tx and )(2 ty . 

 
Figure 5. Time series of state variables )(3 tx and )(3 ty . 
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Figure 6. Time series of state variables )(4 tx and )(4 ty . 

 

Figure 7. The time evolution of error components between systems 

(8) and (15). 

 

5. Conclusion 

In this article‎, ‎an OPCL coupling scheme is used to achieve 

the synchronization between two fractional‎-‎‎order Lorenz‎-

‎‎Stenflo systems‎. Hurwitz matrix has plied an important role 

in coupling and synchronizing of derive and response 

systems. Since, if all eigenvalues of Hurwitz matrix have 

negative real parts, then by Matignon stability theorem the 

resultant error system will converge to zero as required.  
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