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Abstract: In multiple regression model, regression variables are
usually assumed to be independent from each other. When this
assumption is not established, the model would be inappropriate
and therefore the results might be incorrect. So, biased regression
methods are applied. Ridge regression and principal components
regression are two methods of biased regression methods. In this
paper, Monte Carlo simulation tests were used for estimating
coefficients of ridge and principal components regression. These
two methods were compared using minimum squared error (MSE).
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1. Introduction

In a regression model, regression variables are assumed to be
independent from each other. When regression variables are
not independent from each other and there is multi
collinearity among them, estimating regression coefficients
of minimum squared error would have large variance and
they would also have averagely large length. In fact, absolute
value of minimum squared estimates would be very large;
thus, they are very unstable, which makes the model
inappropriate and results in incorrect results. In Section 2,
large variance and estimated coefficients length of minimum
squares are examined. Section 3 introduces ridge regression
and selection methods of ridge parameter. Section 4
introduces principal components regression and Broken Stick
approach, which is one of selection methods of the number of
components for remaining in regression model. Section 5
uses Monte Carlo simulation and MSE to compare ridge
regression and principal components regression.

2. Regression model

2.1 Introducing regression model

Consider the following standard regression model:
y=Xf+e (1)
where y is an mx1 wvector of dependent variable
observations, X is an n X p matrix of observations on p
regression variables {# = 1}, fisap % 1 vector of unknown
regression coefficients and e is an n = 1 vector of random
errors so that E(eé) = ¢*I, and E(e) =0 in which I, is
identity matrix. In the standard model (1), assume that the
variables are standardized; then, XX is correlation matrix of
regression variables and Xy vector is correlation coefficients
between regression variables and dependent variable y. It is

known that minimum squared regression coefficients are
estimated as follows:

£ = (%) "ty )
2.2 Investigating variance of regression coefficients
In standard model (1), assume that there are only two
regression variables x; and x3; so, matrix XX is:

e Tz
XX = 1 ] (3)
where 75 is correlation coefficient between x; and x..
Inverse of matrix XX is obtained as follows:
. -1 - -]
M=(ix) =T T (@)
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and estimating regression coefficients using Eq. (2) includes:
- Tip—T12T2y
B=— = (5)
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where 1, is correlation coefficient betweeny and x, and 7,

is correlation coefficient between y and x; .

Since L’{ﬁj-} = ﬂa}j-az (M;; is the j-th diagonal component of

matrix M), if there is strong correlation between x, and x4,

then:

Iyl — 1= v(g) = Me* — = j=1.2
(6)

Eﬂ“{'ﬁr.ﬁ:} =Moo' —tw

Thus, the estimated variance of regression coefficients would

be very large.

If there are more than two regression variables, components

of main diagonal of matrix & = {XX} : are as follows:

M:=—— j=l,...p

W 1-gj

where HJ.-: is multiple determination coefficient, which is
obtained from regression of each x; against other regression
variables. If there is" strong multicollinearity between
regression variables, ,RJ'" would get closer to 1 and, since

V() =Myot =2

variance of regression coefficients

2
1-R;

would be very large.

2.2 Investigating squared distance of estimated

coefficients from their real value
Squared distance £ from vector 8 is:

12=(g-p) (6 -p) (7)
the hope of which is:
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E@) = £[(6-8) (6-8)] ®
= Z E {ﬁ_l _ _Ej-}:
_ Z V(E,) = oer(iix)

- -1
Since W{X}C} is equal to sum of its special values, then
the following can be written:
el
E(L?) = g* EJH 9)

where i; =0 are special values of XX matrix. In case of

existence of multi colinearity between regressions variables,
at least one of ;s would be large and distance of estimating

minimum squares £ from actual value of # would be large.

3. Ridge regression

3.1 Introducing ridge regression

Ridge regression is one of the methods for obtaining biased
estimators of regression coefficients, which was first
presented by Horl and Konard (1970). In Eq. (2), instead of
using XX, XX + &I in which k>0 is used and ridge
estimation is defined as follows:
Be=(Xx +1:0) " 2y (10)
where | is # x p identity matrix and k is a constant larger
than zero, which is called ridge parameter or bias parameter.
In Section 2, it was assumed that the variables were
standardized. So, XX matrix will be correlation matrix
between regression variables and its special values are
obtained. /1 is matrix of special values and D is the
corresponding matrix of orthogonal eigenvectors of 4 s; thus:

DXXD = A = diagonal (1,,45..... 4y) (11)
where  A,., is a diagonal matrix in  which
Mzlzozl =0
The following is defined:

X=XD ,a=Dg (12)
Then, regression model (1) will pe as follows:
=Xf+e=XDDf + ¢ (13)

=X'a+te
Minimum squared error for Eq. (13) will be obtained as
follows:

(14)

Therefore, estimating ridge (OIiR) is defined as follows:

G, = (X' X + ko)X y (15)
Mean squared error for ridge regression is:
k2ot
MSE(@,) = o Ii;; Ay +k‘.+z[ 1 .1+k:‘13 (16)

so that e is error variance and a;, is the i-th component of O

3.2 Selection methods of ridge parameter

Below, several methods of selecting ridge parameter are
introduced:

3.2.1  Horl and Konard's method:

Horl and Konard (1970) proposed estimating ridge parameter
as follows:

- b
kux = max (E (17)
3.2.2  Horl, Konard and Balvadine's method
Horl, Konard and Balvadine (1977) proposed another
estimation method for ridge parameter as follows:
=3
Kuxg = ]fi = ?l]?Muz (18)
Sp=1"1

3.2.3 Lavlez and Wang's method
Lavlez and Wang (1976) proposed the following ridge
parameter estimation:

. _ pﬁz
3.2.4  Howking, Spead and Leen's method
Howking, Speed and Leen (1976) estimated ridge parameter

as follows:

(19)

. Il -1:'1:

k
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3.25 Khalaf and Shoker's method
Khalaf and Shoker (2005) proposed a new method for ridge

parameter selection as follows:
max (A5

(20)

kys = (n-p-DF +maxd)max (o] (21)
3.2.6  Deragid and Kashier's method
Deragid and Kashier (2010) proposed another estimation
method by changing ridge estimation kggg as follows:
- 52 1
kpx = max (l], ];2—'& - ni[’!f’Jm)
where VIF, is variance inflation factor of the j-th regression
variable and
(vIF,)
max

= max (VIF,) j=1.2...p

. R R . . - -1
in which components of main diagonal of matrix (XX) ~ are
variance inflation factors.

3.2.7  Kibria's method
Kibria (2003) proposed using arithmetic mean, geometric

mean and medlan = as ridge parameters, which are:

kAH =‘Et If—z (23)
ﬁz
ke = ; (24)
IIP_ & z‘
— =37
kyep = Medion {%} d=12...p (25
L

4. Principal components regression

In principal components regression method, instead of using
regression variables, principal components are used as
regression variables. Thus, the replaced regression variables
are independent from each other. In principal components
regression model, a subset of principal components is used
instead of all components. Assume g first components are
used in regression model (g<p); then, e is estimated as
follows:
ergy w3l ar
“Irz{xlr Xq ) Xy
= A;'D, X'y

so that X = XD, and A, are diagonal matrix of g first
special values (where 4; = A; =+ 4,) and D is a matrix

(26)
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with q corresponding special value vector. In Eq. (12), & is
defined as @ = DB. Then, f =Da can be written and
estimated value of # using principal component method is
equal to:

ﬁﬂ?ﬂ: Da (27)
and by replacing & with Bgc, the following is given for the
reduced model:

Brc =DA;D; Xy (28)
and minimum squared error of principal components
regression are: .

MSE(Bpc) = FZELH_[ + X aldB)? (29)

so that d; ' is the i-th vector of special values from matrix XX.
There are different ideas about selecting the number of
components for presence in regression model. Kasier (1960)
proposed leaving the components with special values of
greater than 1 in the model. Jolaiev considered 0,74 as the
remaining criterion. Cumulative percent of variance was also
proposed by people such as Mendel, Kerzanoski, Tang,
Hang, Jackson and many others. In cumulative percent
method, among total variations, the first few components that
have 80 to 90 percent of changes are remained in regression
model. Sometimes, considering details of the model and
discretion of the researcher, the first few components that
make up 70% of total changes are remained in the model.
Another method was proposed by Frontier (1976) and
Legendre (1983) which is called Broken Stick model and is
as follows:
b; is a criterion for selecting the number of principal
components in the model and is defined as follows:

by =30, k=1,..p (30)
Values of A;s are compared with the corresponding values
of by from large to small, respectively. For the first value of
k which &g = &, the comparison is stopped and special
value before k, i.e. Ay_i.meafy, are remained in principal
components regression model. Another form of &; was also
introduced by Legendre (1998) as follows:

5. Monte Carlo simulation of
variables

McDoland and Galarnio (1975), Vichern and Churchill
(1978), Gibbons (1981), Kibria (2003), Al-e Hassan and Al-
e Kaseb (2010) and many other researchers have made
regression variaible using Monte Carlo simulation as follows:

regression

x ;=1 =92z + vz, i=Laon j=1...p (32)
in which Z;; is placebo standard random variable and ¥~ is

correlation coefficient between regression variables. Large,
medium and small values are considered for the correlation.

Values of ‘rz are considered equal to 0.81, 0.49, 0.25, 0.16,

0.09, 0.98 and 0.94. Using Eqg. (32) and the }*2 values,
regression variables are made and then the produced
regression variables are standardized. n observations for the
dependent variable y are obtained as follows:

Vi Thxptrrp bty te i=1la.n (33)
in which ;s are placebo normal numbers which are

independent from (ﬂ,ﬂz:] normal. The dependent variable
is also standardized.

In this project, n was equal to 50 observations and p was
equal to 20. Using MATLAB software, values of x;; and

¥;; were estimated. Different methods of ridge regression
were applied using Egs. (17) to (25) for estimating value of
ridge parameter. MSE values of different ridge regression
methods were obtained by Eq. (16). The number of principal
components for remaining in principal components
regression model was obtained using Broken Stick method
and MSE value of principal components regression was
obtained by Eq. (29). In the following tables, results of the
simulation are presented. In each table, the methods are
sorted in terms of MSE value from small to large. Values of
k and number of components for remaining in regression
model are also given in the tables. Moreover, these tables
show ratio of MSE of ridge regression methods to MSE of
Broken Stick method.

b =230 (31)
' Table 1.
¥ =0.16 v = 0.09
MSE () MSE (o) Method
ME(Bad] MSE k Metho MSE(Bad] MSE k
d
0.780851 0.38261 0.00176000 AM 0.746567 0.359291 0.00210000 GM
0.780853 0.382618 0.00106300 MED | 0.746588 0.359301 0.00140000 ME
0.780894 0.382638 0.00134000 GM 0.7446588 0.359301 0.00140000 HKB
0.780918 0.38265 0.00110000 HKB | 0.746648 0.35933 0.00038066 DK
0.780967 0.382674 0.00068350 DK 0.746648 0.35933 0.00038660 HK
0.780988 0.382684 0.00049513 HK 0.746661 0.359336 0.00038064 KS
0.780988 0.382684 0.00049513 KS 0.746694 0.359352 0.00010313 HSL
0.781024 0.382702 0.00001989 LW 0.746694 0.359352 0.00001858 LW
0.791228 0.387702 0.00860000 HSL 0.741335 0.359784 0.01055000 AM
1 0.49 Based on the 16 compone PC 1 0.481254 Based on the 18 compone PC
Table 2.
5 =102
¢ = 0.49 y' =025
MSE (H] MSE K Method | JSEl&x MSE K Method
MSE(Beel MSE(Bzc)
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0.951562 0.451950 0.0002450 HK 0.936204 0.441420 0.0084500 GM
0.941565 0.451951 0.0004607 GM 0.936267 0.44145 0.0008490 MED
0.941569 0.0004358 0.4519530 HKB 0.936282 0.441457 0.0003658 DK
0.941571 0.4519540 0.0002456 KS 0.936314 0.441472 0.0005185 AM
0.941571 0.4519540 0.0002456 DK 0.936373 0.441500 0.0003700 HK
0.941575 0.451956 0.0004798 MED | 0.936373 0.441500 0.0003700 KS
0.941581 0.451959 0.0004887 AM 0.936373 0.441500 0.0003700 HKB
0.941592 0.451964 0.0001220 HSL 0.936729 0.441668 0.0001155 HSL
0.941598 0.451967 0.00006013 LW 0.944284 0.445230 0.0000123 Lw

1 0.48 Based on the 16 compone PC | 1 0.471 Based on the 17 compone PC
i} Table 3. i}
¥ =0.94 ¥ =0.81
MSE(@y) Method MIE( @) Method
:-iszr_.s',::} MSE k 3 153(5';:] MSE k
0.749423 0.361297 0.0001770 GM 0.706268 0.333500 0.0000041 LW
0.749601 0.361383 0.0001784 MED | 0.706692 0.33370 0.0001980 KS
0.749601 0.361383 0.0001766 HKB | 0.706692 0.33370 0.0001971 HK
0.749601 0.361383 0.00017709 HK 0.706692 0.33370 0.0001971 DK
0.749601 0.361383 0.00017709 DK 0.706713 0.33371 0.0001525 HSL
0.749734 0.361447 0.0000016 KS 0.706722 0.333714 0.0002302 HKB
0.749734 0.361447 0.0001775 AM 0.857687 0.405 0.01070 GM
0.749759 0.361459 0.000003616 LW 0.945284 0.46363 0.0109603 MED
0.750773 0.3661948 0.0006257 HSL 0.945637 0.44653 0.0108074 AM
1 0.4821 Based on the 7 compone  PC 1 0.472 Based on the 14 compone  PC
Table 4.
y' =.9801
MSE(fy) Method
WeE (B .S‘;g} MSE K

0.840976 0.41006 0.0001548 KS

0.841051 0.410096 0.0001632 MED

0.841084 0.4101126 0.0001648 GM

0.841124 0.410132 0.0001633 AM

0.841218 0.4101779 0.00015483 HKB

0.841675 0.4104009 0.00016108 HSL

0.845785 0.412405 0.00016763 DK

0.845786 0.412405 0.00016763 HK

0.855185 0.41699 0.000047 LW

1 0.4876 Based on the 14 compone  PC

. 6.2 Comparing ridge regression and principal
6. Conclusion components

6.1 Comparing different selection methods of ridge
parameter

In the above tables, at all levels of correlation, kpy value
was smaller than other selection methods of ridge parameter
and MSE value was larger than them. At all correlation levels
of Kibria mean methods, two or three means had very close
MSE to each other and were slightly different from other ks.
In high and low correlation values, two methods of KS and
HK had very close MSE value to each other. In general,
MSE values of different methods of selecting k in ridge
regression were close to each other.

According to the above tables, with increasing value of
correlation coefficient, a less number of principal
components were selected for remaining in principal
components regression model. At all correlation levels, MSE
of principal components regression was larger than that of
ridge regression. In fact, based on MSE, ridge regression
worked better than principal components regression. As can
be seen in the tables, with increasing correlation value, MSE
value of ridge regression and principal components
regression got closer to each other.
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