$ Journal of Computer Science & Computational Mathematics, Volume 3, Issue 2, June 2013 19

On Approximation of Functions by Product Means

H. K. Nigam

Department of Mathematics, Faculty of Engineering & Technology
Mody Institute of Technology and Science (Deemed University),
Laxmangarh, Sikar (Rajasthan), India,
Corresponding addresses
harekrishnan@yahoo.com

Abstract: In this paper, a new theorem on degree of approximation
of conjugate of a function f e Lip(&(t),r)using (C1)(E,q)

product summability means of conjugate Fourier series has been
established.
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1. Introduction

Alexits [1], Sahney and Goel [12], Chandra [2], Qureshi and
Neha [10], Liendler [6] and Rhoades [11] have determined
the degree of approximation of a function belonging

to Lipa class by Cesaro, Norlund and generalized Nérlund

single summability methods. Working in the same direction
Sahney & Rao [13] and Khan [4] have studied the degree of
approximation of function belonging to Lip(a,r) class by

Norlund and generalized Norlund means. Thereafter Qureshi
[8,9] discussed the degree of approximation of conjugate of

functions belonging to Lipe class and Lip(a,r) class by

Norlund means of conjugate Fourier series. But nothing
seems to have been done so far to obtain the degree of
approximation of conjugate of a function belonging
to Lip(&(t),r)class by (C,1)(E,q) product summability

method. The Lip(£(t)r) class is a generalization of Lipa
class and Lip(a,r) class. Therefore, in present paper, a

theorem on degree of approximation of conjugate of a
function Lip(&(t), r) class by (C,1)(E,q) product summability

means of conjugate Fourier series has been proved.
2. Definitions and Notations

Let f(x) be periodic with period 277 and integrable in the
sense of Lebesgue. The Fourier series of f(x) is given by

1 < .
f(x)~ % +> (a, cosnx+b, sinnx)  (2.1)
n=1
with n™ partial sums s (;X).
The conjugate series of the Fourier series (2.1) is
> (a, sinnx —b, cos nx) (2.2)

n=1

. h . - (f-
with n™ partial sums s ( ;).

L, - norm is defined by

1
2r ?
||f||r:(_[|f(x)|rdx] r>1
0

and let the degree of approximation be given by (Zygmund

[14])

(23)

(2.4)

r!

En(f):rrtﬂnHtn —f
where t,(X) is some n™ degree trigonometric polynomial.
Afunction f € Lipe if
f(x+t)-f(x)= O( |t|“) for0<ar <1 (2.5)
f(x)e Lip(e,r), if

(1 [ (x+1)- f(x}folxji ~of{"),

O<a<l and r=1
(definition 5.38 of Mc Fadden [7], 1942).

(2.6)

Given a positive increasing function §(t) and an integer
r>1, f(x)eLip(&(t)r) if
1

ﬁr [f(x+1)- f(X]rdxjr =0(¢t) @7

If £(t)=t" then Lip(&(t),r) class coincides with the class
Lip(oc, r) and if r — oo then Lip(oc, r) reduces to the
class Lipa.

Let z U, be a given infinite series with the sequence of its
n=0

n™ partial sums {s, }.

The (C, 1) transform is defined as the n"" partial sum of (C, 1)
summability




EY

20 Journal of Computer Science & Computational Mathematics, Volume 3, Issue 2, June 2013
1
= Zsk —Ssasn—oow (28 @+q) Z(1+q) o(n+1), (32)
n+ k=t
t ) satisfies the following conditions:
then the series Z u, issummable tos by (C,1) method. é( ) g
n=0
If @ be a decreasing sequence, (3.3)
t
n(n
(E,q)=E¢ =1nz( Jq"" s, —>s as noow. (29 1
(l+ Q) ok = r r
N "ty (t) 1
then the infinite series Zun is said to be summable (E,q) to J‘ dtl =0 (3.4)
2 &) n+1

n=0
the definite number s (Hardy[3]).

The (C,1) transform of the (E,q) transform defines (C,1)(E,q)

transform of the partial sum S of series iun and we
n=0

denote it by CIEY. Thus if

1 ZEq—>s as N —» o

n+1&
e

ClEl =

1+q) (2.10)

where Er? denotes the (E,q) transform of S, and C,f

denotes (C,1) transform of S_ . Then the series iun is said
n=0

to be summable by (C,1)(E,q) method or summable

(C,1)(E,q) to a definite number s.

We use the following notations:

w(t)= f(x+t)+ f(x—t)

1 |1
T = Integral part of { = f

)
cos| v+t
- 2

sin(t/2)

— 1 n 1 k [k
O D& oy ZU‘*

3. Main Theorem
We establish the following theorem:

3.1 Theorem:
If f (X) conjugate to a 27 -periodic function f belonging

to Lip(&(t),r) class, then its degree of approximation by
(C,1)(E,q) summability means of conjugate series of Fourier

series is given by
1 1

ClEY -

n—n

SENY

where C E denotes C*E transform as defined in
(2.10), provided

and
N
()| :
IKL()'J dt =o{(n +1)"} (3.5)
1<l
n+1
where 6 is an arbitrary number such that
3(1—5)—1>O, %+%:1, 1<r<ow, conditions

(34) and (3.5) hold uniformly in x and C E? is
(C,1)(E,q) means of the series (2.2) and

Va

1 1
f(x)= —le(t)cotat dt (3.6)
4. Lemmas
4.1 Lemmal:
Rn(t):o(%j for 0<t <
t n+1

Proof: For 0<t< i, sin(t/2)>(t/z) and

n+1
cosnt| <1
1
cos| v+ — |t
k—v ( 2)

‘K 1 2nn+1§(1+q zk:(qu

sin(t/2)
1
L oo 1 k(K cos(v+2]t
< k—v
" 27(n+1) S 1+ q) ;(vjq sin(t/2)

1 n 1 K k k—v
2t +1) & (1+q) VZ—;(VJ |
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= t k (1+q)k

:oﬁ
t
4.2 Lemma 2:

For 0<a<b<oo, 0<t < andanyn, we have

-0 g [ g ar S

k=t

Proof: For OSi <t<z, sin(t/2)>(t/x)
n+1

o 1 n 1 k
Kn t =
( X 2z(n+1) 5| W+q) =

1

= 2t(n+1 2

1 | 1 K (k
< e
2t(n+1) k_o[(l iqf {Zo[v
1 n 1

J
: 2tn+1)|&| 1+q)* Re{g@]qu em}
ity

N—
S
Il
o
—
H
+
o |
~—=
py)
15
<
LM~
< x
N
o
=~
<
1)
—~
<
+
N
\.:/
H_/

LN
[N

1 |E
< R
2t(n+1) (3| ©

Il
<}
=y
+
o)
~
=

1@ 1 ) e e

+ Re velv (41)
s e

Now considering first term of
1

o(mj @

Now considering second term of (3.1) and using Abel’s

leema
2t(nl+1)kzi;{(1+q {Zk:( j v t}
2t(nl+1) n, (1+1q) S“n?’ﬁio @q“e‘”

_ o{ﬁ (1+q) Zﬁ} @3)

k=r
Combining (4.1), (4.2) and (4.3), we get

Kn(t)=o((n’:1)]+o((n+l)(l+q)’

5. Proof of the Theorem

n

=T

@+ q)kJ (4.4)

Let sq(f;x) denotes, the n" partial sum of the series (2.2).
Then following Lal [5], we have

) B L cos[n th
Sn(X)— f(X):z—JW(t)4tdt
%o sin—
2
Therefore using (2.2) the (E,q) transform (E]))  of
gn(f;X) is given by

Eﬁ_?(x)_ (1+q " ! surﬁl t/2) {Z[quk Cos[k +;jt}dt

Now denoting (C,1)(E,q) transform of gn by (CiEﬁ), we
write

Crea -~ )= 272'([11- +1) k“o H(1+lq) }I si::l(ft/)z) {io[tjqk COS[V i ;jt}dt}

~ [wOKa )t
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n

1
Jtl
0

+ T w(t)Ka(t)dt

=1, +1, (say) (5.2)

Applying Holder’s inequality and the fact that
l//(t) € Lip({(t), r), condition (3.4), Lemma 1 and second
mean value theorem for integrals, we have

1 1
1 1 s

Sl | [ feolco])
s T o T

o T

ol (L)1) T(%)

1
forsome 0 <e< ——
n+1

1
1

-2s+1 ms
ol
n+1 n+1 —23+1€

- oig(n%lj(n +1) ‘2}

= O{(n 1) g[nilj} % +% =1

Now using Leema 2, we have

(5.2)

Using Hoélder’s inequality, conditions (3.3) and (3.5), we
have
} 1

s[5 ] {t_llg)(tﬂ}rdt | I{f_@z}sdt :

n+l n+l

—ofn+1 T g{i’j Sd_y |

~ 1 n+1 d
= O{(n +1)° 1§[n_+1)} J ys((s—}/z)_,_z
1

3

— 51 1 (N+1)5@ 2 _ o021
_O{(n+1) 9{n+1j}{ s(2-0)-1 }
i O{(” ) g(niﬂ)}{(” + 1)(”)‘5}
0{5 (Lj(n + 1)1_2}
n+1

= o{(n +1) g(n%lj} %{ -1 (5.4)

Similarly, using Holders inequality, conditions (3.3) & (3.5)
and mean value theorem, we have

e Ve 1 e 1|
'{ I d‘} {I e S d‘}

r S

[

n+l n+l

L
s

[

w |~

~of(n+1y

—_
N\H'—u?_‘
AN
TN
Yl |
ol
w
Q.
<

1

of wrdty )12 ]
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for some 1 <g<(n+1)
T
1

s(1-6)-1 s(-6)-1 5
=0 (n +1)§ g(nilj}{(n +1) s(1—a;—561) }

{
- o{ (n+1)r g(ij} s+l (55)

Thus, we get

CIEY - T‘ = O{(n +1)% 5(—

1
n—n

This completes the proof of main theorem.

6. Applications

Following corollaries can be derived from our main theorem:

Corollary 1: If f(t) = t“ then the degree of approximation

of a function T conjugate to 2z —periodic function

f e Lip(e, 1), 1<0£<1 is given by

Proof: We have

1

(17
]
{(n +1)% g(ﬁj} = o{zfc,ﬁ

1

=h —frdx}r
1
E,?—T‘rdx}

or

0Q) = 0{1”
‘ K —?Hr = O{(n 1) g(n%lj}

for if not the right-hand side will be O(1), therefore

S
" (n+0)r

Corollary 2: If r— oo in corollary 1, we have for

O<a<l,
1
=O _—
ZER (o

Corollary 3: If &(t) =t* and g, = 1 then the degree of

1

CﬁE;‘—T‘ dx} .0

1n_?

CEY-f

n—n

approximation of a function f (x), conjugate to 2= -periodic

function f € Lip (at, 1) 1o <1 isgivenby
r

(] ~—
" (n+1)""
Corollary 4: If r — oo in corollary 3, we have for
O<ac<l,
- 1
CE), - f| =
et ol
Remark:

Independent proofs of above corollaries 1 and 3 can be
obtained along the same lines of our theorem.
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